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ON THE POSITIVE DIMANT STRONGLY p-SUMMING MULTILINEAR OPERATORS
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In 2003, Dimant V. has defined and studied the interesting class of strongly p-summing multilin-

ear operators. In this paper, we introduce and study a new class of operators between two Banach

lattices, where we extend the previous notion to the positive framework, and prove, among other re-

sults, the domination, inclusion and composition theorems. As consequences, we investigate some

connections between our class and other classes of operators, such as duality and linearization.
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INTRODUCTION AND PRELIMINARIES

The theory of summing linear operators returns to A. Grothendieck in the 1950s after that,

it was developed by A. Pietsch in 1967. Many authors have extended differents summabil-

ity concepts to multilinear operators. For example, V. Dimant in [6] defined the concept of

strongly p-summing multilinear operators. Next, D. Achour and L. Mezrag in [2] introduced

and studied the new notion called Cohen strongly p-summing multilinear operators, this last

notion was extended by D. Achour and A. Belacel to the positive linear case (see [1]) and, by

A. Bougoutaia and A. Belacel to the positive multilinear case (see [3]). In this way, our objec-

tive is to extend the concept of Dimant strongly p-summing multilinear operators to positive

framework, also to study its ties with other known classes of summability. On the other hand,

this work presents a continuation of the article [3].

We begin this section by recalling briefly some basic notations and terminology. Through-

out this paper, n and m are positive integers, X, X1, . . . , Xm, Y will be Banach spaces and

E, E1, . . . , Em, F, G will be Banach lattices over K = R or C. Let 1 ≤ p ≤ ∞, and p∗ is the

conjugate of p, i.e., 1
p + 1

p∗ = 1. We write X∗ to denote the topological dual of X. The closed

unit ball of X is represented by BX. For a Banach lattice E, E+ will denote its positive cone,

let x+ := sup {x, 0}, x− := sup {−x, 0} be the positive part, the negative part of x, respec-

tively, and we have x = x+ − x−and |x| = x+ + x−. The Banach space of all continuous

m-linear operators from X1 × · · · × Xm into Y endowed with the sup norm will be denoted by

L (X1, . . . , Xm; Y) . If Y = K, we write L(X1, . . . , Xm). In the case X1 = · · · = Xm = X, we will

simply write L(mX; Y) and an m-linear operator T : E1 × · · · × Em → F is called positive if

T
(

x1, . . . , xm
)
∈ F+, whenever

(
x1, . . . , xm

)
∈ E+

1 × · · · × E+
m .
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Q. Bu and G. Buskes in [4], and D.H. Fremlin in [7] introduced a lattice tensor prod-

uct, called the positive projective tensor product. The projective cone on the tensor product

E1 ⊗ · · · ⊗ Em is defined as

E+
1 ⊗ · · · ⊗ E+

m =

{ n

∑
i=1

x1
i ⊗ · · · ⊗ xm

i : x
j
i ∈ E+

j , j = 1, . . . , m, n ∈ N

}
.

The positive projective tensor norm on E1 ⊗ · · · ⊗ Em is defined as

‖u‖|π| = inf

{ n

∑
i=1

m

∏
j=1

∥∥x
j
i

∥∥ : x
j
i ∈ E+

j , n ∈ N, |u| ≤
n

∑
i=1

x1
i ⊗ · · · ⊗ xm

i

}

for every u ∈ E1 ⊗ · · · ⊗ Em. By E1⊗̂|π| · · · ⊗̂|π|Em we will denote the complete positive

m-fold projective tensor product of E1, . . . , Em (Fremlin projective tensor product). Then

E1⊗̂|π| · · · ⊗̂|π|Em with the above norm is a Banach lattice; we will use the next notation

Ê = E1⊗̂|π| · · · ⊗̂|π|Em.

Every T ∈ L(E1, . . . , Em; F) has an associated linear operator TL ∈ L(Ê; F) defined by

∀xj ∈ E+
j , j = 1, . . . , m, TL

(
x1 ⊗ · · · ⊗ xm

)
= T(x1, . . . , xm) (see [4] for details). Let

δm : E1 × · · · × Em −→ Ê denote the canonical m-linear operator, that is δm

(
x1, . . . , xm

)
=

x1 ⊗ · · · ⊗ xm. Then T = TL ◦ δm.

The adjoint of an m-linear operator T ∈ L (X1, . . . , Xm; Y) is defined as follows

T∗ : Y∗ −→ L (X1, . . . , Xm) , y∗ −→ T∗(y∗) : X1 × · · · × Xm −→ K

with T∗(y∗)
(

x1, . . . , xm
)
= y∗

(
T
(
x1, . . . , xm

))
.

We denote by ℓn
p (X) the space of all sequences (xi)

n
i=1 in X equipped with the norm

‖(xi)
n
i=1‖p =

(
n

∑
i=1

‖xi‖
p

) 1
p

,

and by ℓn
p,weak (X) the space of all sequences (xi)

n
i=1 in X equipped with the norm

wp ((xi)
n
i=1) = ‖(xi)

n
i=1‖ℓn

p,weak(X) = sup
ϕ∈BX∗

(
n

∑
i=1

|〈xi, ϕ〉|p
) 1

p

.

It is well known that for 1 ≤ p ≤ ∞ and (ϕi)
n
i=1 ∈ ℓn

p∗,weak (Y
∗) we have

∥∥(ϕi)
n
i=1

∥∥
ℓn

p∗,weak
(Y∗)

= sup
ϕ∈BY∗∗

(
n

∑
i=1

|ϕ (ϕi)|
p∗
) 1

p∗

= sup
y∈BY

‖ϕi (y)‖p∗ .

Consider the case where X is replaced by a Banach lattice E, and define

ℓn
p,|weak| (E) :=

{
(xi)

n
i=1 : (|xi|)

n
i=1 ∈ ℓn

p,weak (E)
}

.
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Let B+
E∗ = BE∗ ∩ E∗+. If x1, . . . , xn ≥ 0, we have that

∥∥(xi)
n
i=1

∥∥
ℓn

p,|weak|
(E)

= sup
ξ∈B+

E∗

(
n

∑
i=1

〈xi, ξ〉p

) 1
p

.

The notion of strongly p-summing multilinear operators was initiated by V. Dimant in [6],

such that an m-linear operator T ∈ L (X1, . . . , Xm; Y) is strongly p-summing, 1 ≤ p ≤ ∞, if

there exists a positive constant C such that for every x
j
1, . . . , x

j
n ∈ Xj, 1 ≤ j ≤ m, we have

(
n

∑
i=1

∥∥∥T
(

x1
i , . . . , xm

i

)∥∥∥
p
) 1

p

≤ C sup
ϕ∈BL(X1,...,Xm)

(
n

∑
i=1

∣∣∣ϕ
(

x1
i , . . . , xm

i

)∣∣∣
p
) 1

p

. (1)

The class of all strongly p-summing m-linear operators from X1 × · · · × Xm into Y, which is

denoted by Lm
ss,p (X1, . . . , Xm; Y), is a Banach space with the norm dm

s,p (.) , where dm
s,p (T) is the

smallest constant C such that the inequality (1) holds. Furthermore, L. Mezrag and K. Saadi

in [8] showed that, T∗ belongs to the class of Cohen strongly p∗-summing operators, then T

belongs to the class of strongly p-summing multilinear operators.

We recall some definitions that we need in the sequel.

Definition 1 ([1]). Let 1 ≤ p < ∞. An operator u : E −→ X is said to be positive p-summing if

there exists a constant C > 0 such that the inequality

∥∥u (xi)
n
i=1

∥∥
p ≤ C

∥∥(xi)
n
i=1

∥∥
ℓn

p,|weak|
(E)

= C sup
x∗∈B+

E∗

(
n

∑
i=1

〈xi, x∗〉p

)1/p

(2)

holds for every positive integer n and for all x1, . . . , xn ∈ E.

For p = ∞

sup
1≤i≤n

‖u (xi)‖ ≤ C
∥∥(xi)

n
i=1

∥∥
ℓn

∞,|weak|
(E)

.

We denote by Π+
p (E, X) the space of positive p-summing operators from E into X.

Π+
p (E, X) becomes a Banach space with norm π+

p (.), π+
p (u) is giving by the infimum of the

constant C > 0 that verify the inequality (2). We have Π+
∞(E, X) =L(E, X).

Definition 2 ([5]). Let 1 ≤ p ≤ ∞. A continuous linear operator u : X −→ Y is strongly

p-summing if there is a positive constant C such that for all (xi)
n
i=1 ⊂ X and

(
y∗i
)n

i=1
⊂ Y∗ we

have
n

∑
i=1

|〈u(xi), y∗i 〉| ≤ C
∥∥(xi)

n
i=1

∥∥
p

∥∥(y∗i )
n
i=1

∥∥
ℓn

p∗,weak
(Y∗)

.

The class of all strongly p-summing operators between X and Y is denoted by Dp(X, Y).

The infimum of all the constants C in the inequality defines the norm dp (.) on Dp(X, Y). We

have D1(X, Y) = L(X, Y) the Banach space of all bounded linear operators from X into Y.

Definition 3 ([1]). Let 1 ≤ p ≤ ∞. An operator u : X −→ F is positive strongly p-summing if

there exists a constant C > 0 such that for all finite sets n ∈ N, (xi)
n
i=1 ⊂ X and

(
y∗i
)n

i=1
⊂ F∗

we have
n

∑
i=1

|〈u(xi), y∗i 〉| ≤ C
∥∥(xi)

n
i=1

∥∥
p

∥∥(y∗i )
n
i=1

∥∥
ℓn

p∗,|weak|
(F∗)

. (3)
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The class of all positive strongly p-summing operators between X and F is denoted by

D+
p (X, F) . The infimum of all the constants C in the inequality (3) defines the norm d+p (.)

on D+
p (X, F) .

Definition 4 ([2]). An m-linear operator T : X1 × · · · × Xm −→ Y is Cohen strongly p-summing

if and only if there is a constant C > 0 such that for any x
j
1, . . . , x

j
n ∈ Xj, 1 ≤ j ≤ m, and any

y∗1 , y∗2 , . . . , y∗n ∈ Y∗

∥∥∥
〈

T(x1
i , . . . , xm

i ), y∗i

〉∥∥∥
ℓn

1

≤ C

(
n

∑
i=1

m

∏
j=1

∥∥∥x
j
i

∥∥∥
p

Xj

) 1
p

sup
y∈BY

‖y∗i (y)‖ℓn
p∗

. (4)

The smallest constant C, which is noted by dm
p (T), such that the inequality (4) holds, de-

fines a norm on the space Dm
p (X1, . . . , Xm; Y) of all Cohen strongly p-summing operators from

X1 × · · · × Xm into Y which is a Banach space.

Definition 5 ([3]). Let 1 ≤ p ≤ +∞. An m-linear operator T : X1 × · · · × Xm −→ F, m ∈ N∗, is

Cohen positive strongly p-summing multilinear operator if there is a constant C > 0 such that

for any x
j
1, . . . , x

j
n ∈ Xj, 1 ≤ j ≤ m, and any y∗1 , . . . , y∗n ∈ F∗

∥∥∥
〈

T(x1
i , . . . , xm

i ), y∗i

〉∥∥∥
ℓn

1

≤ C

(
n

∑
i=1

m

∏
j=1

∥∥∥x
j
i

∥∥∥
p

Xj

) 1
p

‖(y∗i )
n
i=1‖ℓn

p∗,|weak|
(F∗) . (5)

Moreover, the class of all Cohen positive strongly p-summing m-linear operators from

X1 × · · · × Xm into F is denoted by Dm+
p (X1, . . . , Xm; F) . Our space is a Banach space with

the norm dm+
p (.), which defined by the smallest constant C such that the inequality (5) holds.

1 POSITIVE STRONGLY p-SUMMING MULTILINEAR OPERATORS

In this section we introduce and study a new class of operators between two Banach lattices,

where we extend a notion defined by V. Dimant. We prove a natural analog to the Pietsch

domination theorem for this class.

Definition 6. Let 1 ≤ p ≤ ∞. An m-linear operator T ∈ L (E1, . . . , Em; F) is said to be positive

strongly p-summing if there exists a constant C > 0 such that for every x
j
1, . . . , x

j
n ∈ E+

j ,

j = 1, . . . , m, we have

(
n

∑
i=1

∥∥∥T
(

x1
i , . . . , xm

i

)∥∥∥
p
) 1

p

≤ C sup
ϕ∈B+

L(E1,...,Em)

(
n

∑
i=1

(
ϕ
(

x1
i , . . . , xm

i

))p
) 1

p

. (6)

Moreover, the class of all positive strongly p-summing m-linear operators from E1 ×· · ·× Em

into F is denoted by Lm+
ss,p(E1, . . . , Em; F). Our space is a Banach space with the norm dm+

s,p (.),

which defined by the smallest constant C such that the inequality (6) holds.

Proposition 1 (Ideal property). Let T ∈ L (E1, . . . , Em; F). Let R be a positive operator in

L(F, G) and Sj be a positive operator in L(Fj, Ej), 1 ≤ j ≤ m.
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1) If T is positive strongly p-summing, R ◦ T is positive strongly p-summing and

dm+
s,p (R ◦ T) ≤ ‖R‖ dm+

s,p (T) .

2) If T is positive strongly p-summing, T ◦ (S1, . . . , Sm) is positive strongly p-summing and

dm+
s,p (T ◦ (S1, . . . , Sm)) ≤ dm+

s,p (T)
m

∏
j=1

∥∥Sj

∥∥ .

Proof. 1) Let T ∈ Lm+
ss,p(E1, . . . , Em; F). Then for every x

j
1, . . . , x

j
n ∈ E+

j , j = 1, . . . , m, we have

(
n

∑
i=1

∥∥∥R ◦ T
(

x1
i , . . . , xm

i

)∥∥∥
p
) 1

p

≤ ‖R‖

(
n

∑
i=1

∥∥∥T
(

x1
i , . . . , xm

i

)∥∥∥
p
) 1

p

≤ ‖R‖ dm+
s,p (T) sup

ϕ∈B+
L(E1,...,Em)

(
n

∑
i=1

(
ϕ
(

x1
i , . . . , xm

i

))p
) 1

p

.

So R ◦ T ∈ Lm+
ss,p(E1, . . . , Em; G) and dm+

s,p (R ◦ T) ≤ ‖R‖ dm+
s,p (T) .

2) Let T ∈ Lm+
ss,p(E1, . . . , Em; F). Then

( n

∑
i=1

∥∥T◦
(
S1, . . . , Sm

)(
x1

i , . . . , xm
i

)∥∥p
) 1

p

≤ dm+
s,p (T) sup

ϕ∈B+
L(E1,...,Em)

( n

∑
i=1

(
ϕ
(
S1(x1

i ), . . . , Sm(xm
i )
))p

) 1
p

≤ dm+
s,p (T)

m

∏
j=1

∥∥Sj

∥∥ sup
ϕ∈B+

L(E1,...,Em)

(
n

∑
i=1

(
1

∏
m
j=1 ‖Sj‖

ϕ (S1, . . . , Sm)
(
x1

i , . . . , xm
i

))p
) 1

p

≤ dm+
s,p (T)

m

∏
j=1

∥∥Sj

∥∥ sup
ψ∈B+

L(F1,...,Fm)

(
n

∑
i=1

(
ψ
(
x1

i , . . . , xm
i

))p
) 1

p

.

We have T ◦ (S1, . . . , Sm) is positive strongly p-summing multilinear operator and

dm+
s,p (T ◦ (S1, . . . , Sm)) ≤ dm+

s,p (T)
m

∏
j=1

∥∥Sj

∥∥ .

For the proof of the next theorem, we will use the full general Pietsch domination theorem

recently presented by D. Pellegrino et al. in [9], where, in [6], V. Dimant used Hahn-Banach

theorem.

Theorem 1. An m-linear operator T ∈ L (E1, . . . , Em; F) is positive strongly p-summing if and

only if there exist a regular probability measure µ on B+
L(E1,...,Em)

with the weak star topology,

and a positive constant C such that

∥∥∥T
(

x1, . . . , xm
)∥∥∥ ≤ C

( ∫

B+
L(E1,...,Em)

(
ϕ
(
x1, . . . , xm

))p
dµ(ϕ)

) 1
p

(7)

for every
(
x1, . . . , xm

)
∈ E+

1 × · · · × E+
m . Moreover, in this case

dm+
s,p (T) = inf {C which satisfies the inequality (7)} .
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Proof. Suppose that T is positive strongly p-summing. We will verify the hypotheses of the

general Pietsch domination theorem. We put





G = K,

H = L (E1, . . . , Em; F) ,

Z = E+
1 × · · · × E+

m ,

K = B+

(E1⊗̂π ···⊗̂πEm)
∗ ,

x0 = (0, . . . , 0) .

It is not difficult to see that the notion of positive strongly p-summing multilinear operator

is precisely the concept of R − S-abstract p-summing, where

R : B+
(E1⊗̂π ···⊗̂πEm)∗

× E+
1 × · · · × E+

m × K −→ [0, ∞) ,

R
(

ϕ,
(

x1, . . . , xm
)

, λ
)
= |λ|

(
ϕ
(

x1, . . . , xm
))

,

S : L(E1, . . . , Em; F)× E+
1 × · · · × E+

m × K −→ [0, ∞) ,

S
(

T,
(

x1, . . . , xm
)

, λ
)
= |λ|

∥∥∥T
(

x1, . . . , xm
)∥∥∥ ,

here R and S satisfy the conditions of full general Pietsch domination theorem. Then the result

follows immediately.

We need a small review about R − S-abstract p-summing.

Let X, Y and Z be (arbitrary) sets, H be a family of mappings from X to Y, G be a Banach

space and K be a compact Hausdorff topological space. Suppose that the maps

R : K × Z × G −→ [0, ∞) ,

S : H× Z × G −→ [0, ∞)

be such that:

a) for each f ∈ H, there is x0 ∈ Z such that R (ϕ, x0, b) = S ( f , x0, b) for every ϕ ∈ K and

b ∈ G;

b) the mapping Rx,b : K −→ [0, ∞) defined by Rx,b (ϕ) = R (ϕ, x, b) is continuous for every

x ∈ Z and b ∈ G;

c) it holds that R (ϕ, x, ηb) ≤ ηR (ϕ, x, b) and ηS ( f , x, b) ≤ S ( f , x, ηb) for every ϕ ∈ K,

x ∈ Z, 0 ≤ η ≤ 1, b ∈ G and f ∈ H.

Definition 7 ([9]). Let R and S be as above and 0 < p < ∞. A mapping f ∈ H is said to be

R − S-abstract p-summing if there is a constant C1 > 0 so that

( m

∑
j=1

S
(

f , xj, bj
)p
) 1

p

≤ C1 sup
ϕ∈K

( m

∑
j=1

R
(

ϕ, xj, bj
)p
) 1

p

for all x1, . . . , xm ∈ Z and b1, . . . , bm ∈ G. The infimum of such constants C1 is denoted by

πRS,p ( f ) .
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Theorem 2 ([9]). Let R and S be as above, 0 < p < ∞ and f ∈ H. Then f is R − S-abstract

p-summing if and only if there exist a constant C > 0 and a regular Borel probability measure

µ on K such that for all x ∈ Z and b ∈ G,

S ( f , x, b) ≤ C

( ∫

K

(
R (ϕ, x, b)

)p
dµ (ϕ)

) 1
p

.

Moreover, the infimum of such constants C equals to πRS,p ( f ) .

Proposition 2. T ∈ L (E1, . . . , Em; F) is positive strongly p-summing if and only if there exist

a regular probability measure µ on B+
L(E1,...,Em)

with the weak star topology, and a constant

K > 0, such that the inequality

∥∥∥T
(

x1, . . . , xm
)∥∥∥ ≤ K

( ∫

B+
L(E1,...,Em)

(
ϕ
(
|x1|, . . . , |xm|

))p
dµ (ϕ)

) 1
p

,

holds for every
(
x1, . . . , xm

)
∈ E1 × · · · × Em.

Proof. For convenience, we prove the inequality for m = 2 only. Let (x, y) ∈ E1 × E2. By

Theorem 1, we have

‖T(x, y)‖ = ‖T(x+ − x−, y+ − y−)‖ =
∥∥T
(

x+, y+
)
− T

(
x+, y−

)
− T

(
x−, y+

)
+ T

(
x−, y−

)∥∥
≤
∥∥T
(

x+, y+
)∥∥+

∥∥T
(
x+, y−

)∥∥+
∥∥T
(

x−, y+
)∥∥+

∥∥T
(

x−, y−
)∥∥

≤ C1

( ∫

B+
L(E1,E2)

(ϕ(x+, y+))pdµ(ϕ)

) 1
p

+ C2

( ∫

B+
L(E1,E2)

(ϕ(x+, y−))pdµ(ϕ)

) 1
p

≤ C3

( ∫

B+
L(E1,E2)

(ϕ(x−, y+))pdµ(ϕ)

) 1
p

+ C4

( ∫

B+
L(E1,E2)

(ϕ(x−, y−))pdµ(ϕ)

) 1
p

≤ K

( ∫

B+
L(E1,E2)

(ϕ(|x|, |y|))p dµ(ϕ)

) 1
p

.

To prove the converse, just apply Theorem 1 for
(

x1, . . . , xm
)
∈ E+

1 × · · · × E+
m .

Proposition 3. If 1 ≤ p < q < ∞, then

Lm+
ss,p(E1, . . . , Em; F) ⊂ Lm+

ss,q(E1, . . . , Em; F) and dm+
s,q (T) ≤ dm+

s,p (T) .

Proof. Let T ∈ Lm+
ss,p(E1 × · · · × Em; F). Then by (7)

∥∥∥T
(

x1, . . . , xm
)∥∥∥ ≤ dm+

s,p (T)

( ∫

B+
L(E1,...,Em)

(
ϕ
(

x1, . . . , xm
))p

dµ(ϕ)

) 1
p

≤ dm+
s,p (T)

( ∫

B+
L(E1,...,Em)

(
ϕ
(

x1, . . . , xm
))q

dµ (ϕ)

) 1
q

,

for every
(

x1, . . . , xm
)
∈ E+

1 × · · · × E+
m . This implies that T ∈ Lm+

ss,q(E1 × · · · × Em; F) and

dm+
s,q (T) ≤ dm+

s,p (T) .
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Here is another important result.

Proposition 4. Let 1 ≤ p < ∞. Let A1 : E1 × · · · × Em1 → F1, . . . , Ak : E1+mk−1
× · · · × Emk

→ Fk

and T : F1 × · · · × Fk → F be non null continuous multilinear operators. If all A1, . . . , Ak are

positive strongly p-summing, then T ◦ (A1, . . . , Ak) is positive strongly p-summing and

dm+
s,p (T ◦ (A1, . . . , Ak)) ≤ ‖T‖

k

∏
j=1

dm+
s,p

(
Aj

)
for 1 ≤ j ≤ k.

Proof. From the domination theorem, there exist regular Borel probabilities µ1 on

B1 = B+
L(E1,...,Em1)

, . . . , µk on Bk = B+

L
(

E1+mk−1
,...,Emk

) such that for each
(
x1, . . . , xm1

)
∈

E+
1 × · · · × E+

m1
, . . . , (x1+mk−1 , . . . , xmk) ∈ E+

1+mk−1
× · · · × E+

mk
we have

∥∥A1(x1, . . . , xm1)
∥∥ ≤ dm+

s,p (A1)

( ∫

B1

(
ϕ1

(
x1, . . . , xm1

))p
dµ1 (ϕ1)

) 1
p

,

· · ·

∥∥Ak(x1+mk−1 , . . . , xmk)
∥∥ ≤ dm+

s,p (Ak)

( ∫

Bk

(
ϕk

(
x1+mk−1, . . . , xmk

))p
dµk (ϕk)

) 1
p

.

Fubini’s theorem gives us that for each
(

x1, . . . , xmk
)
∈ E+

1 × · · · × E+
mk

we have

∥∥A1(x1, . . . , xm1)
∥∥p

· · ·
∥∥Ak(x1+mk−1 , . . . , xmk)

∥∥p
≤

[ k

∏
j=1

dm+
s,p

(
Aj

) ]p

×
∫

· · ·
∫

B1×···×Bk

(
ϕ1

(
x1, . . . , xm1

))p
· · ·
(

ϕk

(
x1+mk−1 , . . . , xmk

))p
d (µ1 × · · · × µk) (ϕ1, . . . , ϕk) .

(8)

Let 1 ≤ i ≤ n and
(

x1
i , . . . , x

mk
i

)
∈ E+

1 × · · · × E+
mk

. Since

∥∥T ◦ (A1, . . . , Ak)
(

x1
i , . . . , x

mk
i

)∥∥ ≤ ‖T‖
∥∥A1

(
x1

i , . . . , xm1
i

)∥∥ · · ·
∥∥Ak

(
x

1+mk−1
i , . . . , x

mk
i

)∥∥,

by (8), we find

( n

∑
i=1

∥∥∥T ◦ (A1, . . . , Ak)
(
x1

i , . . . , xmk
i

)∥∥∥
p
)1/p

≤ ‖T‖
k

∏
j=1

dm+
s,p (Aj)

×

( n

∑
i=1

∫
· · ·

∫

B1×···×Bk

ϕ1

(
x1

i , . . . , xm
i

)p
· · ·ϕk

(
x

1+mk−1
i , . . . , x

mk
i

)p
d (µ1 × · · · × µk) (ϕ1, . . . , ϕk)

)1/p

.

(9)

For (ϕ1, . . . , ϕk) ∈ B1 × · · · × Bk we define ϕ1 ⊗ · · · ⊗ ϕk : E1 × · · · × Emk
−→ K by

(ϕ1 ⊗ · · · ⊗ ϕk)
(

x1, . . . , xm1 , . . . , x1+mk−1, . . . , xmk
)
= ϕ1

(
x1, . . . , xm1

)
· · · ϕk

(
x1+mk−1, . . . , xmk

)
.

Then

ϕ1 ⊗ · · · ⊗ ϕk ∈ L (E1 × · · · × Emk
) , ‖ϕ1 ⊗ · · · ⊗ ϕk‖ ≤ ‖ϕ1‖ · · · ‖ϕk‖
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and

( n

∑
i=1

ϕ1

(
x1

i , . . . , xm1
i

)p
· · · ϕk

(
x

1+mk−1
i , . . . , x

mk
i

)p
)1/p

=

( n

∑
i=1

(ϕ1 ⊗ · · · ⊗ ϕk)
(

x1
i , . . . , x

mk
i

)p
)1/p

≤ sup
ϕ1⊗···⊗ϕk∈B+

L(E1,...,Emk)

( n

∑
i=1

(
(ϕ1 ⊗ · · · ⊗ ϕk)

(
x1

i , . . . , x
mk
i

))p
) 1

p

.

(10)

Using (10) and the fact that µ1, . . . , µk are probability measures, by (9), we get

( n

∑
i=1

∥∥∥T ◦ (A1, . . . , Ak)
(

x1
i , . . . , x

mk
i

)∥∥∥
p
)1/p

≤ ‖T‖
k

∏
j=1

dm+
s,p

(
Aj

)
sup

ϕ1⊗···⊗ϕk∈B+

L(E1,...,Emk)

( n

∑
i=1

(
(ϕ1 ⊗ · · · ⊗ ϕk)

(
x1

i , . . . , x
mk
i

))p
) 1

p

.

Then from Definition 6, T ◦ (A1, . . . , Ak) is a positive strongly p-summing operator.

2 TIES WITH KNOWN OTHER CLASSES OF SUMMABILITY

Our main results of this section is to analyse some connections between the different classes

investigated in this paper.

Theorem 3. Let 1 < p ≤ ∞. If T ∈ L (E1, . . . , Em; F) is such that T∗ is a Cohen positive strongly

p∗-summing linear operator, then T is positive strongly p-summing multilinear operator.

Proof. Suppose that T∗ ∈ L (F∗;L (E1, . . . , Em)) is Cohen positive strongly p∗-summing linear

operator. By (3), we have

n

∑
i=1

|〈T∗(y∗i ), z∗i 〉| ≤ d+p∗ (T∗)

( n

∑
i=1

‖y∗i ‖
p∗
) 1

p∗

sup
ϕ∈B+

L(E1,...,Em)

( n

∑
i=1

(z∗i (ϕ))p
) 1

p

.

Let
(
x

j
i

)n

i=1
⊂ E+

j , 1 ≤ j ≤ m. We consider the linear form T(x1
i ,...,xm

i )
: L (E1, . . . , Em) −→ K

defined by T(x1
i ,...,xm

i )
(ϕ) = ϕ

(
x1

i , . . . , xm
i

)
. We have

n

∑
i=1

∣∣∣
〈

T
(

x1
i , . . . , xm

i

)
, y∗i

〉∣∣∣ =
n

∑
i=1

∣∣∣
〈

T∗(y∗i ), T(x1
i ,...,xm

i )

〉∣∣∣

≤ d+p∗ (T
∗)

( n

∑
i=1

‖y∗i ‖
p∗
) 1

p∗

sup
ϕ∈B+

L(E1,...,Em)

( n

∑
i=1

(
T(x1

i ,...,xm
i )
(ϕ)
)p
) 1

p

≤ d+p∗ (T
∗)

( n

∑
i=1

‖y∗i ‖
p∗
) 1

p∗

sup
ϕ∈B+

L(E1,...,Em)

( n

∑
i=1

ϕ
(

x1
i , . . . , xm

i

)p
) 1

p

.
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Taking the supremum over all sequences
(
y∗i
)n

i=1
with

( n

∑
i=1

∥∥y∗i
∥∥p∗

) 1
p∗

≤ 1, we obtain

( n

∑
i=1

∥∥T
(

x1
i , . . . , xm

i

)∥∥p
) 1

p

= sup
( n

∑
i=1
‖y∗i ‖

p∗
) 1

p∗ ≤1

( n

∑
i=1

∣∣〈T
(

x1
i , . . . , xm

i

)
, y∗i
〉∣∣
)

≤ d+p∗ (T
∗) sup

ϕ∈B+
L(E1,...,Em)

( n

∑
i=1

ϕ
(

x1
i , . . . , xm

i

)p
) 1

p

.

Then, T is positive strongly p-summing and dm+
s,p (T) ≤ d+p∗ (T

∗) .

Open problem. Is the inverse true?

Proposition 5. Let T ∈ L (E1, . . . , Em; F) and R be a positive operator in L(F, G). If R is positive

p-summing, then R ◦ T is positive strongly p-summing and

dm+
s,p (R ◦ T) ≤ π+

p (R) ‖T‖ .

Proof. Let R be an operator in Π+
p (F, G). From Definition 1, we have

∥∥R ◦ T
(

x1
i , . . . , xm

i

)∥∥
p
≤ π+

p (R) sup
y∗∈B+

F∗

( n

∑
i=1

〈
T
(

x1
i , . . . , xm

i

)
, y∗
〉p
)1/p

≤ π+
p (R) sup

y∗∈B+
F∗

( n

∑
i=1

〈
T(x1

i ,...,xm
i )

, T∗ (y∗)
〉p
)1/p

≤ π+
p (R) ‖T‖ sup

y∗∈B+
F∗

( n

∑
i=1

〈
T(x1

i ,...,xm
i )

,
T∗ (y∗)

‖T‖

〉p
)1/p

≤ π+
p (R) ‖T‖ sup

ϕ∈B+
L(E1,...,Em)

( n

∑
i=1

(
ϕ
(

x1
i , . . . , xm

i

))p
) 1

p

.

So R ◦ T ∈ Lm+
ss,p(E1, . . . , Em; G) and dm+

s,p (R ◦ T) ≤ π+
p (R) ‖T‖ .

Corollary 1. Let 1 ≤ p ≤ ∞. If TL ∈ Π+
p (Ê; F), then T ∈ Lm+

ss,p(E1, . . . , Em; F).

Proof. Let TL ∈ Π+
p (Ê; F). Since T = TL ◦ δm, by the above Proposition we have

T ∈ Lm+
ss,p(E1, . . . , Em; F) and dm+

s,p (T) ≤ π+
p (TL) .

Open Problem. Is the opposite implication in the last corollary true?
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Бугутая А., Беласел А., Хамдi Х. Про додатнi строгi за Дiмант p-сумовнi мультилiнiйнi операто-

ри // Карпатськi матем. публ. — 2020. — Т.12, №2. — C. 401–411.

У 2003 роцi В. Дiмант визначила i вивчала цiкавий клас строго p-сумовних мультилiнiйних

операторiв. У цiй роботi ми вводимо та вивчаємо новий клас операторiв мiж двома банахо-

вими гратками, де ми поширюємо попереднє поняття на позитивнi рамки та доводимо, серед

iнших результатiв, теореми про домiнування, включення та композицiю. Як наслiдок, ми вста-

новлюємо деякi зв’язки мiж нашим класом та iншими класами операторiв, такi як двоїстiсть

та лiнеаризацiя.

Ключовi слова i фрази: банахова гратка, теорема Пiтча про домiнування, додатний строго

p-сумовний мультилiнiйний оператор, додатний p-сумовний оператор, тензорна норма.


