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DETERMINING OF UNKNOWN FUNCTIONS OF DIFFERENT ARGUMENTS IN

MINOR COEFFICIENT AND RIGHT-HAND SIDE OF SEMILINEAR

ULTRAPARABOLIC EQUATION

PROTSAKH N.P.1 , FLYUD V.M.2,3

In this paper, we consider the inverse problem for semilinear ultraparabolic equation. The equa-

tion has two unknown functions of different arguments in its minor coefficient and in right-hand

side function. The sufficient conditions of the existence and the uniqueness of solution on some

interval [0, T], where T depends on the coefficients of the equation, are obtained.
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INTRODUCTION

Different problems for ultraparabolic equations appear in modeling of physical, biologi-

cal and financial processes [4, 7, 10, 17]. The unique solvability of the direct problems for the

ultraparabolic equations was investigated in the works [2, 4, 7, 10, 11, 17]. The conditions of

the existence and the uniqueness of the solution for the inverse problems for semilinear ultra-

parabolic equations with single or several unknown parameters in its right-hand side function

were found in [16,17], with two time dependent coefficients in minor term and in its right-hand

side were found in [15], for the linear ultraparabolic equation with the unknown spatial type

minor coefficient were found in [8].

In this paper, we find the conditions of the existence and the uniqueness of the solution

for the inverse problem for the semilinear ultraparabolic equation on some time interval [0, T],

where T depends on the data of the problem. The unknown functions of different arguments

are in the minor term and in the right-hand side of the equation. In order to obtain the main

results, we set the initial, boundary and the integral type overdetermination conditions and

we use the method of successive approximations.

The problems of determination of the minor coefficient or right-hand side function in other

types of equations were studied in [1, 3, 6, 12–14, 18]. The authors used the methods of the

integral equations, regularization and the Shauder principle [6, 8, 12, 14], the method of semi-

groups, of finite difference approximations, numerical and iterative methods [3, 13], the meth-

ods of successive approximations [15–17].
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1 STATEMENT OF THE PROBLEM

Let Ω ⊂ R
n and D ⊂ R

l be bounded domains with the boundaries ∂Ω ∈ C2 and ∂D ∈ C1;

T ∈ (0, ∞), x ∈ Ω, y ∈ D, t ∈ (0, T), G = Ω × D, ΠT = D × (0, T), Qτ = Ω × D × (0, τ),

τ ∈ (0, T], ΣT = ∂Ω × D × (0, T), ST = Ω × ∂D × (0, T), n, l ∈ N.

We shall use the spaces L∞(·), L2(·), W1,2(·), Ck(·), C([0, T]; L2(G)), C1(D; C1(Ω)) from [5,

pp. 32, 37, 38, 44, 147] and introduce spaces

V1(QT) := {w : w, wxi
∈ L2(QT), i = 1, . . . , n, w

∣

∣

ΣT
= 0};

V2(QT) := {w : w ∈ W1,2(QT), w|S1
T
= 0, w

∣

∣

ΣT
= 0};

V3(QT) := {w : w ∈ V2(QT), wxixj
∈ L2(QT), i, j = 1, . . . , n}.

In this paper we shall study the following inverse problem: find the sufficient conditions

of the existence and the uniqueness of a triple of functions (u(x, y, t), c(t), q(x)) that satisfies

the equation

ut +
l

∑
i=1

λi(x, y, t)uyi
−

n

∑
i,j=1

(aij(x)uxi
)xj

+ (c(t) + b(x, y))u

+ g(x, y, t, u) = f1(x, y, t)q(x) + f2(x, y, t), (x, y, t) ∈ QT,

(1)

and the conditions

u(x, y, 0) = u0(x, y), (x, y) ∈ G, (2)

u|ΣT
= 0, u|S1

T
= 0, (3)

∫

G
K1(x, y)u(x, y, t) dx dy = E1(t), t ∈ [0, T], (4)

∫

ΠT

K2(y, t)u(x, y, t) dy dt = E2(x), x ∈ Ω, (5)

where u(x, y, t), c(t), q(x) are unknown functions, ν is the outward unit normal vector to ST,

S1
T :=

{

(x, y, t) ∈ ST :
l

∑
i=1

λi(x, y, t) cos(ν, yi) < 0
}

.

Denote S2
T :=

{

(x, y, t) ∈ ST :
l

∑
i=1

λi(x, y, t) cos(ν, yi) ≥ 0
}

, Γ2 = ∂D \ Γ1.

Suppose that the following assumptions hold:

(H1): there exists Γ1 ⊂ ∂D ⊂ R
l−1 such that S1

T = Ω × Γ1 × (0, T);

(H2): aij ∈ L2(Ω), i, j = 1, . . . , n,
n

∑
i=1

aij(x)ξiξ j ≥ a0|ξ|
2 for almost all x ∈ Ω and for all ξ ∈

R
n, a0 > 0;

(H3): λi ∈ C(QT), λiyi
∈ L∞(QT), i = 1, . . . , l;

(H4): b ∈ L∞(G), b(x, y) ≥ b0 for almost all (x, y) ∈ G, where b0 is a constant;

(H5): g(x, y, t, ξ) is measurable with respect to (x, y, t) in QT for all ξ ∈ R
1 and is continuous

with respect to ξ for almost all (x, y, t) ∈ QT, moreover, there exists g0 > 0 such that

|g(x, y, t, ξ)− g(x, y, t, η)| ≤ g0|ξ − η| for almost all (x, y, t) ∈ QT and all ξ, η ∈ R
1;
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(H6): f1, f2 ∈ C(QT);

(H7): u0 ∈ W1,2(G), u0|∂Ω×D = 0, u0|Ω×Γ1
= 0;

(H8): K1 ∈ C1(D; C1(Ω)), K1

∣

∣

∂Ω×D
= 0, K1|Ω×Γ2

= 0, K2 ∈ C1([0, T]; C1(D)), K2(y, T) = 0,

K2(y, 0) = 0, y ∈ D, K2

∣

∣

Γ2×(0,T)
= 0;

(H9): E1 ∈ W1,2(0, T), E1(0) =
∫

G
K1(x, y)u0(x, y) dx dy, E2 ∈ W1,2

0 (Ω).

Definition 1. A triple of functions (u(x, y, t), c(t), q(x)) is a solution of the problem (1)–(5), if

u ∈ V3(QT) ∩ C([0, T]; L2(G)), c ∈ C([0, T]), q ∈ L2(Ω), it satisfies (1) for almost all (x, y, t) ∈

QT and the conditions (2), (4), (5) hold.

Remark 1. For the case c(t) = c∗(t), q(x) = q∗(x) from (1), where c∗ ∈ C([0, T]), q∗ ∈ L2(Ω)

are known functions, the results of the unique solvability of the initial-boundary value prob-

lem (1)–(3) are proved with the use of [11, Theorem 1, 2; Lemma 1], [17, Theorem 3.4.3] and are

represented in the following theorem.

Theorem 1. Suppose that the conditions (H1)–(H7) hold, and, besides:

1) aijxi
∈ L∞(Ω), byk

∈ L∞(G), fsyk
∈ L2(QT), c∗ ∈ C([0, T]), q∗ ∈ L2(Ω), i, j = 1, . . . , n,

k = 1, . . . , l, s = 1, 2;

2) there exists a constant g1 such that for almost all (x, y, t) ∈ QT and all ξ ∈ R
1 the inequa-

lities |gyi
(x, y, t, ξ)| ≤ g1, i = 1, . . . , l, hold true and g(x, y, t, 0)|S1

T
= 0;

3) fs|S1
T
= 0, s = 1, 2.

Then there exists a unique function u∗ ∈ V2(QT) ∩ C([0, T]; L2(G)) that satisfies the condition

(2) and the equality

∫

QT

(

u∗
t v +

l

∑
i=1

λi(x, y, t)u∗
yi

v

+
n

∑
i,j=1

aij(x)u∗
xi

vxi
+ (c∗(t) + b(x, y))u∗v + g(x, y, t, u∗)v

)

dx dy dt

=
∫

QT

( f1(x, y, t)q∗(x) + f2(x, y, t))v dx dy dt

(6)

for all functions v ∈ V1(QT). Moreover, u∗ ∈ V3(QT) ∩ C([0, T]; L2(G)), u∗ satisfies the con-

dition (2) and the equation (1) for almost all (x, y, t) ∈ QT. The derivatives of u∗ have the

following estimates

∫

QT

l

∑
i=1

(u∗
yi
)2 dx dy dt ≤ M0,

∫

QT

(u∗
t )

2 dx dy dt ≤ M,

where the constants M0, M depend on u0, and on the coefficients and the right-hand side

function of (1).
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2 THE EQUIVALENT PROBLEM

In this section, we shall find the equivalent problem for the problem (1)–(5). Denote:

A1(t) := E′
i(t)−

∫

G
K1(x, y) f2(x, y, t) dx dy,

A2(x) :=
∫

ΠT

K2(y, t) f2(x, y, t) dy dt +
n

∑
i,j=1

(aij(x)E2xi
(x))xj

,

B1(x, y, t) :=
l

∑
i=1

(λi(x, y, t)K1(x, y))yi
+

n

∑
i,j=1

(K1xj
(x, y)aij(x))xi

− K1(x, y)b(x, y),

B2(x, y, t) := −K2t(y, t)−
l

∑
i=1

(λi(x, y, t)K2(x, y))yi
+ K2(x, y)b(x, y),

F1(x) :=
∫

ΠT

K2(y, t) f1(x, y, t) dy dt.

Assume that

F1(x) 6= 0 for all x ∈ Ω, E1(t) 6= 0 for all t ∈ [0, T]. (7)

Lemma 1. The solution of the problem (1)–(5) satisfies the equalities

c(t) =
∫

G

K1(x, y) ( f1(x, y, t)q(x)− g(x, y, t, u)) + B1(x, y, t)u

E1(t)
dxdy −

A1(t)

E1(t)
, t ∈ [0, T],

q(x) =
∫

ΠT

K2(y, t)c(t)u + B2(x, y, t)u + K2(y, t)g(x, y, t, u)

F1(x)
dy dt −

A2(x)

F1(x)
, x ∈ Ω.

(8)

Proof. Let (u(x, y, t), c(t), q(x)) be a solution of the problem (1)–(5). After differentiation of (4)

once with respect to t we derive the formula
∫

G
K1(x, y)ut(x, y, t) dx dy = E′

1(t), t ∈ [0, T]. (9)

By using of the relations (1) and (9) we get

∫

G
K1(x, y)

(

f1(x, y, t)q(x) + f2(x, y, t)−
l

∑
i=1

λi(x, y, t)uyi
− b(x, y)u

+
n

∑
i,j=1

(aij(x)uxi
)xj

− c(t)u − g(x, y, t, u)
)

dx dy=E′
1(t), t∈ [0, T].

(10)

Integrating by parts in (10), in view of the condition (H8), we obtain

−E1(t)c(t) +
∫

G

(

K1(x, y) f1(x, y, t)q(x) + B1(x, y, t)u

− K1(x, y)g(x, y, t, u)
)

dx dy = A1(t), t ∈ [0, T].
(11)

From (5) and (1) we get

∫

ΠT

K2(y, t)
(

ut − f1(x, y, t)q(x)− f2(x, y, t) +
l

∑
i=1

λi(x, y, t)uyi
+ b(x, y)u

−
n

∑
i,j=1

(aij(x)uxi
)xj

+ c(t)u + g(x, y, t, u)
)

dx dy = E′
2(t), t ∈ [0, T],
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and after integrating by parts in the first term of this formula, we derive

∫

ΠT

(

K2(y, t)(c(t)u + g(x, y, t, u)) + B2(x, y, t)u
)

dxdy − F1(x)q(x) = A2(x), x ∈ Ω. (12)

Using the condition (7) after dividing the system of equations (11), (12) respectively on

E1(t) 6= 0 and F1(x) 6= 0, we obtain (8).

Lemma 2. There exists a number T such that the solution of the system (8) exists for each fixed

u∗ ∈ V3(QT) ∩ C([0, T]; L2(G)).

Proof. Let us use the method of successive approximations. Let c1(t) = 0, q1(x) = 0, t ∈ [0, T],

x ∈ Ω,

cm(t) =
∫

G

K1(x, y)

E1(t)
f1(x, y, t)qm−1(x) dx dy

+
∫

G

B1(x, y, t)u∗ − K1(x, y)g(x, y, t, u∗)

E1(t)
dx dy −

A1(t)

E1(t)
, t ∈ [0, T], m ≥ 2,

(13)

qm(x) =
∫

ΠT

K2(y, t)

F1(x)
cm−1(t)u∗ dy dt

+
∫

ΠT

B2(x, y, t)u∗ + K2(y, t)g(x, y, t, u∗)

F1(x)
dy dt −

A2(x)

F1(x)
, x ∈ Ω, m ≥ 2.

(14)

The successive differences

cm(t)− cm−1(t) =
∫

G

K1(x, y) f1(x, y, t)

E1(t)

(

qm−1(x)− qm−2(x)
)

dx dy, t ∈ [0, T], m ≥ 3, (15)

qm(x)− qm−1(x) =
1

F1(x)

∫

ΠT

K2(y, t)
(

cm−1(t)− cm−2(t)
)

u∗ dy dt, x ∈ Ω, m ≥ 3. (16)

Squaring (15) and (16) and integrating (16) with respect to x for m ≥ 3, give us inequalities

(cm(t)− cm−1(t))2

≤
mes D

(E1(t))2

∫

G
(K1(x, y) f1(x, y, t))2 dx dy

∫

Ω
(qm−1(x)− qm−2(x))2 dx, t ∈ [0, T],

(17)

∫

Ω
(qm(x)− qm−1(x))2 dx

≤ mes D
∫

QT

(

K2(y, t)

F1(x)

)2

(u∗)2 dx dy dt
∫ T

0
(cm−1(t)− cm−2(t))2 dt.

(18)

From (17) and (18) it follows that

∫

Ω
(qm(x)− qm−1(x))2 dx ≤ C0

∫

Ω
(qm−2(x)− qm−3(x))2 dx, m ≥ 4,

where C0 := (mes D)2
∫

QT

(K1(x, y) f1(x, y, t))2

(E1(t))2
dx dy dt

∫

QT

(

K2(y, t)

F1(x)

)2

(u∗)2 dx dy dt. Due to

the fact that u∗ ∈ V3(QT) ∩ C([0, T]; L2(G)), there exists T, such that C0 < 1. Then
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∫

Ω
(qm(x)− qm−1(x))2 dx ≤ (C0)

m−3
2 K2, m ≥ 4,

where K :=
(

max
{

∫

Ω
(q3(x)− q2(x))2 dx; C

1
2
0

∫

Ω
(q2(x)− q1(x))2 dx

})1/2
. Then inequalities

‖qm+k − qm; L2(Ω)‖ ≤
m+k

∑
i=m+1

‖qi − qi−1; L2(Ω)‖ ≤
m+k

∑
i=m+1

(C0)
i−3

4 K ≤ (C0)
m−2

4 K

1−(C1)
1
4

hold for all

k ∈ N, m ≥ 4. Besides,

‖cm+k − cm; C[0; T]‖ ≤
m+k

∑
i=m+1

‖ci − ci−1; C[0; T]‖

≤
m+k

∑
i=m+1

(

sup
[0,T]

mes D

(E1(t))2

∫

G
(K1(x, y) f1(x, y, t))2 dx dy

)
1
2
‖qi−1 − qi−2; L2(Ω)‖

≤
m+k

∑
i=m+1

(

sup
[0,T]

mes D

(E1(t))2

∫

G
(K1(x, y) f1(x, y, t))2 dx dy

)
1
2 (C0)

m−3
4 K

1 − (C0)
1
4

, m ≥ 5.

From here it follows that for any ε > 0 there exists m0 such that for all k, m ∈ N, m > m0,

the inequalities ‖cm+k − cm; C([0, T])‖ ≤ ε and ‖qm+k − qm; L2(Ω)‖ ≤ ε are true. Hence, the

sequence {cm}∞
m=1 is fundamental in C([0, T]), and {qm}∞

m=1 is fundamental in L2(Ω). Passing

to the limit in (13), (14) as m → ∞, we obtain (8).

Lemma 3. Let the assumptions of Theorem 1 and (7), (H8), (H9) hold. The triple of functions

(u(x, y, t), c(t), q(x)), where u ∈ V3(QT) ∩ C([0, T]; L2(G)), c ∈ C([0, T]), q ∈ L2(Ω), is a solu-

tion of the problem (1)–(5) if and only if it satisfies (1) for almost all (x, y, t) ∈ QT, and (2), (8)

hold.

Proof. Necessity is proved in Lemma 1.

Sufficiency. Let c∗ ∈ C([0, T]), q∗ ∈ L2(Ω), u∗ ∈ V3(QT) ∩ C([0, T]; L2(G)) and let these

functions satisfy (2), (8) and (1) for almost all (x, y, t) ∈ QT. Then u∗ is a solution of the

problem (1)–(3) with c∗ and q∗ instead of c and q in (1).

We set E∗
1(t) =

∫

G
K1(x, y)u∗(x, y, t) dx dy, t ∈ [0, T], E∗

2(x) =
∫

ΠT

K2(y, t)u∗(x, y, t) dy dt,

x ∈ Ω. In exactly the same way as in the proof of necessity, we obtain

E∗
1(t)c

∗(t) =
∫

G

(

K1(x, y) f1(x, y, t)q∗(x) + B1(x, y, t)u∗ − K1(x, y)g(x, y, t, u∗)

)

dx dy

− (E∗
i (t))

′ +
∫

G
K1(x, y) f2(x, y, t) dx dy, t ∈ [0, T],

F1(x)q∗(x) =
∫

ΠT

(

K2(y, t)c∗(t)u∗ + B2(x, y, t)u∗ + K2(y, t)g(x, y, t, u∗)

)

dy dt

−
∫

ΠT

K2(y, t) f2(x, y, t) dy dt −
n

∑
i,j=1

(aij(x)E∗
2xi

(x))xj
, x ∈ Ω.

(19)

On the other hand c∗(t), q∗(t) and u∗(x, y, t) satisfy (8), and therefore it is easy to get the

following equalities
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E1(t)c
∗(t) =

∫

G

(

K1(x, y) f1(x, y, t)q∗(x)+B1(x, y, t)u∗−K1(x, y)g(x, y, t, u∗)

)

dx dy

− (Ei(t))
′ +

∫

G
K1(x, y) f2(x, y, t) dx dy, t ∈ [0, T],

F1(x)q∗(x) =
∫

ΠT

(

K2(y, t)c∗(t)u + B2(x, y, t)u∗ + K2(y, t)g(x, y, t, u∗)

)

dy dt

−
∫

ΠT

K2(y, t) f2(x, y, t) dy dt −
n

∑
i,j=1

(aij(x)E2xi
(x))xj

, x ∈ Ω.

(20)

It follows from (19), (20) that

(E∗
1 (t)− E1(t))c

∗(t) = −(E∗
1 (t)− E1(t))

′, t ∈ [0, T], (21)

n

∑
i,j=1

(aij(x)(E∗
2 (x)− E2(x))xi

)xj
= 0, x ∈ Ω. (22)

Integrating (21) with the use of the equality E∗
1(0) = E1(0) =

∫

G K1(x, y)u0(x, y) dx dy, we get

E∗
1(t) = E1(t), t ∈ [0, T]. Besides from (22) and (H9) it follows that E∗

2(x) = E2(x), x ∈ Ω.

Hence, u∗(x, y, t) satisfies the overdetermination conditions (4), (5).

3 MAIN RESULTS

Denote

λ1 := max
i

ess sup
QT

|λiyi
(x, y, t)|, f3 := sup

Ω

∫

ΠT

(

f1(x, y, t)
)2

dy dt,

C1 := sup
[0,T]

4 mes D

(E1(t))2

∫

G

(

K1(x, y) f1(x, y, t)
)2

dx dy,

C2 := sup
[0;T]

4

(E1(t))2

∫

G
(B1(x, y, t))2 + (g0)

2(K1(x, y))2 dx dy,

C3 := sup
[0;T]

4

(E1(t))2

(

(A1(t))
2 +

∫

G
(K1(x, y))2 dx dy

∫

G
(g(x, y, t, 0))2 dx dy

)

,

C4 := sup
Ω×[0,T]

4

(F1(x))2

∫

D

(

K2(y, t)
)2

dy,

C5 := sup
Ω

8

(F1(x))2

∫

ΠT

(B2(x, y, t))2 + 2(g0)2(K2(y, t))2 dy dt,

C6 := sup
Ω

(

4
∫

Ω

(A1(x))2

(F1(x))2
dx + 16

(

∫

ΠT

K2(y, t)

F1(x)
g(x, y, t, 0) dy dt

)2)

,

and γ0 := γ0(Ω) is the coefficient in Friedrichs’ inequality

∫

Ω
|v(x)|2 dx ≤ γ0

∫

Ω

n

∑
i=1

|vxi
(x)|2 dx, v ∈ W1,2

0 (Ω). (23)
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Assume that there exist numbers T and δ such that the following inequalities are true

T <

(

1

C4C1M1

)1/2

,

T4C2
4C1M1( f3C2M1 + f3C3 − δC1M2

1)

+ T3C4C1M1 f3C5 + T2C1C4(C6 f3 + δM2
1 + M1) < 1,

(24)

2a0

γ0
+ 2b0 − λ1l − 2g0 − 2M3 − 3δ > 0, (25)

where

M1 :=
1

δ

∫

QT

( f2(x, y, t))2 + (g(x, y, t, 0))2 dx dy dt +
∫

G
(u0(x, y))2 dx dy;

M2 := M1 +
f3

δ(1 − C4C1M1T2)

(

C4C2M2
1T2 + C4C3M1T2 + C5M1T + C6

)

;

M3 :=

(

C1C4C2M2
2T2 + C1(C4C3T + C5)M2T

1 − C4C1M2T2
+ C2M2 + C1C6 + C3

)1/2

.

Denote

M4 :=
C4C2M2

2T2 + C4C3M2T2 + C5M2T + C6

1 − C4C1M2T2
,

M5 := 3 mes D
∫

QT

(

K1(x, y) f1(x, y, t)

E1(t)

)2

dx dy dt,

M6 := 3 sup
[0,T]

∫

G

(B1(x, y, t))2 + (g0)
2(K1(x, y))2

(E1(t))2
dx dy,

M7 := 4M4T sup
Ω×[0,T]

∫

D

(

K2(y, t)

F1(x)

)2

dy,

M8 := 4 sup
Ω

∫

Π

(B2(x, y, t))2 + (K2(y, t)g0)
2 + (K2(y, t)M2)

2

(F1(x))2
dy dt,

M9 :=
M6 + M8

1 − max{M5; M7}
, M10 := max{M4; f3},

M11 := min

{

T;
1

2a0
γ0

+ 2b0 − λ1l − 2g0 − 2M2 − 2δ

}

M10

δ
, M12 := M9M11,

M13 := 3 mes D sup
[0,T]

∫

G

(

K1(x, y) f1(x, y, t)

E1(t)

)2

dx dy dt, M14 :=

√

M12 M13 +
M6M10

δ
.

Theorem 2. Let M5 < 1, M7 < 1, M12 < 1, the hypotheses (7), (25), (H1)–(H9) hold, and

aijxi
∈ L∞(Ω), byk

∈ L∞(G), fsyk
∈ L2(QT), fs|S1

T
= 0, i, j = 1, . . . , n, k = 1, . . . , l, s = 1, 2. If T

satisfies (24), then a solution of the problem (1)–(5) exists in QT.

Proof. We construct an approximation (um(x, y, t), cm(t), qm(x)) to the solution of the problem

(1)–(5), where c1(t) := 0, q1(x) := 0, the functions cm(t) and qm(x), m ≥ 2, satisfy the system

of equalities

cm(t) =
∫

G

K1(x, y) f1(x, y, t)qm(x) + B1(x, y, t)um−1 − K1(x, y)g(x, y, t, um−1)

E1(t)
dx dy −

A1(t)

E1(t)
,

t ∈ [0; T], m ≥ 2,

(26)
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qm(x) =
∫

ΠT

K2(y, t)cm(t)um−1 + B2(x, y, t)um−1 + K2(y, t)g(x, y, t, um−1)

F1(x)
dy dt −

A2(x)

F1(x)
,

x ∈ Ω, m ≥ 2,

(27)

and um satisfies the equality

∫

Qτ

(

um
t v+

l

∑
i=1

λi(x, y, t)um
yi

v +
n

∑
i,j=1

aij(x)um
xi

vxj
+ (cm(t) + b(x, y))umv + g(x, y, t, um)v

)

dx dy dt

=
∫

Qτ

( f1(x, y, t)qm(x)+ f2(x, y, t))v dx dy dt, m ≥ 1, τ ∈ (0; T],

(28)

for all v ∈ V1(QT), as well as the condition

um(x, y, 0) = u0(x, y), (x, y) ∈ G. (29)

It follows from Theorem 1 that for each m ∈ N there exists a unique function um ∈

V2(QT) ∩ C([0, T]; L2(G)) that satisfies (28), (29). Now we show that cm(t) ≥ −M3 for all

m ∈ N, t ∈ [0; T]. Let cm(t) ≥ c0m for all t ∈ [0, T], where c0m ∈ R. At first, we shall find the

estimation for
∫

G

|um(x, y, τ)|2 dx dy. Let us choose v = um in (28):

∫

Qτ

(

um
t um +

l

∑
i=1

λi(x, y, t)um
yi

um +
n

∑
i,j=1

aij(x)um
xi

um
xj
+ (cm(t) + b(x, y))(um)2

+ g(x, y, t, um)um
)

dx dy dt=
∫

Qτ

( f1(x, y, t)qm(x)+ f2(x, y, t))um dx dy dt,

τ∈(0; T], m≥1.

(30)

Taking into account the hypotheses (H2)–(H7), from (30) we obtain the inequalities

∫

G
(um(x, y, τ))2 dx dy +

∫

S2
τ

l

∑
i=1

λi(x, y, t)(um)2 cos(ν, yi) dσ + 2a0

∫

Qτ

n

∑
i=1

(um
xi
)2 dx dy dt

+ (2c0m − λ1l + 2b0 − 2g0 − 3δ)
∫

Qτ

(um)2 dx dy dt ≤
1

δ

∫

Qτ

(

( f1(x, y, t))2(qm(x))2

+ ( f2(x, y, t))2 + (g(x, y, t, 0))2
)

dx dy dt +
∫

G
(u0(x, y))2 dx dy, τ ∈ (0; T], m ≥ 1.

(31)

After using of the inequality (23) in the third term of (31), we get

∫

G
(um(x, y, τ))2 dx dy +

∫

S2
τ

l

∑
i=1

λi(x, y, t)(um)2 cos(ν, yi) dσ

+
(2a0

γ0
− λ1l + 2c0m + 2b0 − 2g0 − 3δ

)

∫

Qτ

(um)2 dx dy dt ≤
1

δ

∫

Qτ

(

( f1(x, y, t))2(qm(x))2

+( f2(x, y, t))2 + (g(x, y, t, 0))2
)

dx dy dt +
∫

G
(u0(x, y))2 dx dy, τ ∈ (0; T], m ≥ 1.

(32)

Using the assumption 2a0
γ0

− λ1l + 2c0m + 2b0 − 2g0 − 3δ ≥ 0, from (32) we get the estimates

∫

G
(um(x, y, τ))2 dx dy ≤ M1 +

1

δ

∫

Qτ

| f1(x, y, t)|2(qm(x))2 dx dy dt, τ ∈ (0; T], m ≥ 1. (33)
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Rising up the both sides of (26) to the square and using Hölder inequality, we get the estimate

(cm(t))2 ≤ C1

∫

Ω
(qm(x))2 dx + C2

∫

G
(um−1)2 dx dy + C3, t ∈ [0; T], m ≥ 2. (34)

Rising up the both sides of (27) to the square and using Hölder inequality, after integrating

with respect to x, we get the estimate

∫

Ω
(qm(x))2 dx≤ C4

∫ T

0
(cm(t))2 dt

∫

QT

(um−1)2 dx dy dt+C5

∫

QT

(um−1)2 dx dy dt+C6, m ≥ 2. (35)

It is easy to prove the estimates for m ≥ 2 after using (33), (34), (35)

∫

G
(um(x, y, t))2 dx dy ≤ M1 +

f3

δ(1 − C4C1T
∫

QT
(um−1)2 dx dy dt)

×

(

C4C2

(

∫

QT

(um−1)2 dx dy dt

)2

+(C4C3T + C5)
∫

QT

(um−1)2 dx dy dt + C6

)

, t ∈ [0, T];

(cm(t))2 ≤

C1C4C2

(

∫

QT
(um−1)2 dx dy dt

)2

+ C1(C4C3T + C5)
∫

QT
(um−1)2 dx dy dt

1 − C4C1T
∫

QT
(um−1)2 dx dy dt

+ C2

∫

G
(um−1)2 dx dy + C1C6 + C3;

(36)

∫

Ω
(qm(x))2 dx ≤

C4C2

(

∫

QT
(um−1)2 dx dy dt

)2
+ (C4C3T+C5)

∫

QT
(um−1)2 dx dy dt + C6

1 − C4C1T
∫

QT
(um−1)2 dx dy dt

.

Functions
∫

G
(um(x, y, t))2 dx dy for all m ∈ N are bounded with the same constant M2, when

M1 +
f3

δ(1 − C4C1T2M2)

(

C4C2M2
2T2 + (C4C3T + C5)M2T + C6

)

≤ M2

or (under the assumption 1 − C4C1T2M2 > 0)

T2C4M2

(

δC1(M2 − M1) + f3(C2M2 + C3)
)

+ T f3C5M2 + (C6 f3 − δ(M2 − M1)) ≤ 0. (37)

It is obvious that the inequality (37) has positive solutions under the conditions














( f3C5M2)
2 − 4C4M2

(

δC1(M2 − M1) + f3(C2M2 + C3)
)

(C6 f3 − δ(M2 − M1)) > 0,

C6 f3 − δ(M2 − M1) < 0,

1 − C4C1T2M2 > 0.

(38)

Taking into account the expression for M2 in (38), we conclude that system (38) is fulfilled for

all T > 0 from (24). Therefore from (36) it follows that for all T > 0 from (24)
∫

G
(um(x, y, t))2 dx dy ≤ M2, t ∈ [0, T], m ≥ 1,

|cm(t)| ≤ M3, t ∈ [0, T], m ≥ 1, (39)
∫

Ω
(qm(x))2 dx ≤ M4, m ≥ 1. (40)
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Remark, that if we take −M3 instead of c0m and take into account (25), we get

2a0

γ0
− λ1l + 2c0m + 2b0 − 2g0 − 3δ =

2a0

γ0
− λ1l − 2M3 + 2b0 − 2g0 − 3δ ≥ 0.

Thus, for all m ∈ N the inequality cm(t) ≥ −M3 holds, and we can choose c0m := −M3 for all

m ∈ N.

Now we show that {(um(x, y, t), cm(t), qm(x))}∞
m=1 converges to the solution of the prob-

lem (1)–(5). Denote zm := zm(x, y, t) = um(x, y, t) − um−1(x, y, t), rm(t) := cm(t) − cm−1(t),

sm(x) := qm(x)− qm−1(x), Km :=
∫ T

0
(rm(t))2 dt +

∫

Ω
(sm(x))2 dx, m ≥ 2.

Formulas (26), (27) for t ∈ [0, T] and m ≥ 3 imply the equalities

rm(t) =
∫

G

(

K1(x, y)

E1(t)
f1(x, y, t)sm(x) dx +

B1(x, y, t)

E1(t)
zm−1

−
K1(x, y)

E1(t)

(

g(x, y, t, um−1)− g(x, y, t, um−2)
)

)

dx dy, t ∈ [0; T], m ≥ 3,

sm(x) =
∫

ΠT

(

K2(y, t)

F1(x)

(

cm(t)um−1 − cm−1(t)um−2
)

+
B2(x, y, t)

F1(x)
zm−1

+
K2(y, t)

F1(x)

(

g(x, y, t, um−1)− g(x, y, t, um−2)
)

)

dy dt, x ∈ Ω, m ≥ 3.

(41)

We square both sides of equalities (41) and integrate the result with respect to t, take into

account that under the hypotheses (H5) we have

∫

Qτ

(g(x, y, t, um)− g(x, y, t, um−1))zm dx dy dt ≤ g0

∫

Qτ

(zm)2 dx dy dt, τ ∈ (0; T], m ≥ 2,

and |cm(t)um−1 − cm−1(t)um−2| = |cm(t)zm−1 + rm(t)um−2| ≤ |cm(t)zm−1|+ |rm(t)um−2|, then

we obtain

∫ T

0
(rm(t))2 dt ≤ M5

∫

Ω
(sm(x))2 dx + M6

∫

QT

(zm−1)2 dx dy dt, m ≥ 3, (42)

∫

Ω
(sm(x))2 dx ≤ M7

∫ T

0
(rm(t))2 dt + M8

∫

QT

(zm−1)2 dx dy dt, m ≥ 3. (43)

After adding (42) and (43), we get

Km ≤ M9

∫

QT

(zm−1)2 dx dy dt, m ≥ 3. (44)

It follows from (29) that zm(x, y, 0) = 0, (x, y) ∈ G, m ≥ 2. Hence, from (28) we get

1

2

∫

G
(zm(x, y, τ))2 dx dy +

∫

Qτ

( l

∑
i=1

λi(x, y, t)zm
yi

zm +
n

∑
i,j=1

aij(x)zm
xi

zm
xj
+ b(x, y)(zm)2

+
(

g(x, y, t, um)− g(x, y, t, um−1)
)

zm +
(

cm(t)um − cm−1(t)um−1
)

zm

)

dx dy dt

=
∫

Qτ

f1(x, y, t)sm(x)zm dx dy dt, τ ∈ (0; T], m ≥ 2.

(45)



328 PROTSAKH N.P., FLYUD V.M.

We note that (cm(t)um − cm−1(t)um−1)zm = cm(t)(zm)2 + rm(t)um−1zm, and therefore

∫

Qτ

(cm(t)um − cm−1(t)um−1)zm dx dy dt

≥
(

− M2 −
δ

2

)

∫

Qτ

(zm)2 dx dy dt −
1

2δ

∫ τ

0
(rm(t))2

(

∫

G
(um−1(x, y, t))2 dx dy

)

dt

≥
(

− M2 −
δ

2

)

∫

Qτ

(zm)2 dx dy dt −
M4

2δ

∫ τ

0
(rm(t))2 dt, τ ∈ (0, T], m ≥ 2.

(46)

For the last term in (45) we have

∫

Qτ

f1(x, y, t)sm(x)zm dx dy dt ≤
δ

2

∫

Qτ

(zm)2 dx dy dt +
f3

2δ

∫

Ω
(sm(x))2 dx.

Then, taking into account (H2)–(H7) and (46), from (45) we get inequalities

∫

G
(zm(x, y, τ))2 dx dy+

∫

S2
τ

l

∑
i=1

λi(x, y, t)(zm)2 cos(ν, yi) dσ+2a0

∫

Qτ

n

∑
i,j=1

(zm
xi
)2 dx dy dt

+
(

2b0 − λ1l−2g0−2M2 − 2δ
)

∫

Qτ

(zm)2 dx dy dt≤
M4

δ

∫ T

0
(rm(t))2 dt+

f3

δ

∫

Ω
(sm(x))2 dx,

τ ∈ (0; T], m ≥ 2.

(47)

After applying (23) to the third term of (47), we get the estimate

∫

G
(zm(x, y, τ))2 dx dy +

∫

S2
τ

l

∑
i=1

λi(x, y, t)(zm)2 cos(ν, yi) dσ

+
(

2b0 − lλ1 − 2g0 +
2a0

γ0
− 2M2 − 2δ

)

∫

Qτ

(zm)2 dx dy dt

≤
M4

δ

∫ T

0
(rm(t))2 dt+

f3

δ

∫

Ω
(sm(x))2 dx, τ ∈ (0; T], m ≥ 2.

(48)

In view of the conditions (24), (25), from (48) we find the estimates

∫

G
(zm(x, y, τ))2 dx dy ≤

M10

δ
Km, τ ∈ (0; T], m ≥ 2, (49)

and
∫

QT

(zm)2 dx dy dt ≤ M11Km, m ≥ 2. (50)

It follows from (44) and (50) that

Km ≤ M12Km−1 ≤ (M12)
m−2K2, m ≥ 3. (51)

From (41), it is easy to find the estimate

(rm(t))2 ≤ M13

∫

Ω
(sm(x))2 dx + M6

∫

G
(zm−1(x, y, t))2 dx dy, t ∈ [0, T], m ≥ 3. (52)

Further, with the use of (49) and (51), from (52) we get

|rm(t)| ≤ M14K
1
2
m−1, t ∈ [0, T], m ≥ 3. (53)
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By using (51), (53) and the assumption M12 < 1 we can show the estimate

‖cm+k − cm; C([0, T])‖ ≤
m+k

∑
i=m+1

sup
[0,T]

|ri(t)| ≤ M14

m+k

∑
i=m+1

K
1
2
i−1

≤
m+k

∑
i=m+1

M14(M12)
i−3

2 K
1
2
2 ≤

M14(M12)
m−2

2 K
1
2
2

1 − (M12)
1
2

, k ∈ N, m ≥ 3.

(54)

Besides,

‖qm+k − qm; L2(Ω)‖ ≤
m+k

∑
i=m+1

K
1
2
i−1 ≤

(M12)
m−2

2 K
1
2
2

1 − (M12)
1
2

, k ∈ N, m ≥ 3. (55)

It follows from (54), (55) that for any ε > 0 there exists m0 such that for all k, m ∈ N, m > m0,

the inequalities ‖cm+k − cm; C([0, T])‖ ≤ ε and ‖qm+k − qm; L2(Ω)‖ ≤ ε are true. Hence, the

sequence {cm}∞
m=1 is fundamental in C([0, T]), and {qm}∞

m=1 is fundamental in L2(Ω). Thus,

it follows from (49) and (47) that {um}∞
m=1 is fundamental in L2(QT) ∩ C([0, T]; L2(G)) and

{um
xi
}∞

m=1 is fundamental in L2(QT) and, hence,

um → u in L2(QT) ∩ C([0, T]; L2(G)), um
xi
→ uxi

in L2(QT), i = 1, . . . , n,

cm → c in C([0, T]), qm → q in L2(Ω), as m → ∞.
(56)

Theorem 1 implies the following estimates
∫

QT

l

∑
i=1

(um
yi
)2 dx dy dt ≤ M0,

∫

QT

(um
t )

2 dx dy dt ≤ M,

and, by virtue of the inequalities (39), (40), the constants M0, M are independent of m and these

estimations are true for all m ∈ N. Thus, we can select a subsequence of the sequence {um}∞
m=1

(we preserve the same notation for this subsequence), such that

um
yi
→ uyi

weakly in L2(QT), i = 1, . . . , l, um
t → ut weakly in L2(QT) (57)

as m → ∞. Taking into account (56), (57), from (26) and (27) we get that the triple of functions

(u(x, y, t), c(t), q(x)) satisfies the system of equations (6) and

∫

Qτ

(

utv +
l

∑
i=1

λi(x, y, t)uyi
v +

n

∑
i,j=1

aij(x)uxi
vxj

+ (c(t) + b(x, y))uv + g(x, y, t, u)v
)

dx dy dt

=
∫

Qτ

(

f1(x, y, t)q(x)+ f2(x, y, t)
)

v dx dy dt

(58)

for all v ∈ V1(QT), τ∈(0; T]. It follows from (58) that

∫

Ω

(

utw +
l

∑
i=1

λi(x, y, t)uyi
w +

n

∑
i,j=1

aij(x)uxi
wxj

+ (c(t) + b(x, y))uw + g(x, y, t, u)w
)

dx

=
∫

Ω

(

f1(x, y, t)q(x) + f2(x, y, t)
)

w dx

(59)

for almost all (y, t) ∈ D × (0; T) and for all w ∈ W1,2
0 (Ω). From (59) we derive that u for almost

all (y, t) ∈ D × (0; T) is a weak solution of the Dirichlet problem for the elliptic equation

n

∑
i,j=1

(

aij(x)uxi

)

xj
= F(x, y, t), x ∈ Ω, u|∂Ω = 0, (60)
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where

F(x, y, t) = f1(x, y, t)q(x) + f2(x, y, t)− ut −
l

∑
i=1

λi(x, y, t)uyi
− (c(t) + b(x, y))u − g(x, y, t, u).

Since condition (3) is satisfied and F(·, y, t) ∈ L2(Ω) for almost all (y, t) ∈ D × (0; T), it follows

from Theorem 7.3 in [9, p. 130], that there exists the unique weak solution u of the problem

(60) and uxixj
(·, y, t) ∈ L2(Ω), hence, u(·, y, t) ∈ W2,2

0 (Ω) for almost all (y, t) ∈ D × (0; T).

Hence, u ∈ V3(QT) ∩ C([0, T]; L2(G)), the triple (u(x, y, t), c(t), q(x)) satisfies (1) for almost

all (x, y, t) ∈ QT, and by virtue of Lemma 3 (u(x, y, t), c(t), q(x)) is a solution of the problem

(1)–(5) in QT.

Theorem 3. Assume that the hypotheses of Theorem 2 are satisfied. Then the problem (1)–(5)

has at most one solution.

Proof. Assume that (u(1)(x, y, t), c(1)(t), q(1)(x)) and (u(2)(x, y, t), c(2)(t), q(2)(x)) are two solu-

tions of the problem (1)–(5). Then the triple of functions (ũ(x, y, t), c̃(t), q̃(x)), where

ũ(x, y, t) = u(1)(x, y, t)−u(2)(x, y, t), c̃(t) = c(1)(t)− c(2)(t), q̃(x) = q(1)(x)− q(2)(x), satisfies

the condition ũ(x, y, 0) ≡ 0, as well as the equality

∫

Qτ

(

ũtv +
l

∑
i=1

λi(x, y, t)ũyi
v +

n

∑
i,j=1

aij(x)ũxi
vxj

+ b(x, y)ũv + (c(1)(t)u(1) − c(2)(t)u(2))v

+(g(x, y, t, u(1))− g(x, y, t, u(2)))v
)

dx dy dt =
∫

Qτ

f1(x, y, t)q̃(x)v dx dy dt, τ ∈ [0, T],

(61)

for all v ∈ V1(QT) and the system of equalities

c̃(t) =
∫

G

K1(x, y) f1(x, y, t)q̃(x) + B1(x, y, t)ũ

E1(t)
dx dy

−
∫

G

K1(x, y)(g(x, y, t, u(1))− g(x, y, t, u(2)))

E1(t)
dxdy, t ∈ [0, T];

q̃(x) =
∫

ΠT

(K2(y, t)

F1(x)
(c(1)(t)u(1) − c(2)(t)u(2)) +

B2(x, y, t)

F1(x)
ũ

+
K2(y, t)

F1(x)
(g(x, y, t, u(1))− g(x, y, t, u(1)))

)

dy dt, x ∈ Ω,

(62)

holds. After choosing v = ũ in (61) we get

∫

Qτ

(

ũtũ +
l

∑
i=1

λi(x, y, t)ũyi
ũ +

n

∑
i,j=1

aij(x)ũxi
ũxj

+ (c(1)(t)u(1) − c(2)(t)u(2))ũ + b(x, y)(ũ)2

+(g(x, y, t, u(1))− g(x, y, t, u(2)))ũ
)

dx dy dt=
∫

Qτ

f1(x, y, t)q̃(x)ũ dx dy dt, τ ∈ (0; T].

(63)

It is easy to get from (62) and (H5) the inequalities

∫ T

0
(c̃(t))2 dt +

∫

Ω
(q̃(x))2 dx ≤ M9

∫

QT

(ũ)2 dx dy dt. (64)
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From (63) by the same way as from (45) we got (50), we find the following estimate

∫

QT

(ũ)2 dx dy dt ≤ M11

(

∫ T

0
(c̃(t))2 dt +

∫

Ω
(q̃(x))2 dx

)

(65)

and taking into account (64) from (65) we obtain

(1 − M12)
∫

QT

(ũ)2 dx dy dt ≤ 0.

Since M12 < 1, we conclude that
∫

QT

(ũ)2 dx dy dt = 0, hence, u(1) = u(2) in QT. Then (64)

implies c̃(t) ≡ 0, q̃(x) ≡ 0, and, therefore, c(1)(t) ≡ c(2)(t), q(1)(x) ≡ q(2)(x) in QT.
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У статтi розглянуто обернену задачу для слабко нелiнiйного ультрапараболiчного рiвня-

ння. Рiвняння мiстить двi невiдомi функцiї рiзних аргументiв в молодшому членi та в правiй

частинi. Отримано достатнi умови iснування та єдиностi розв’язку на iнтервалi [0, T], де T за-

лежить вiд коефiцiєнтiв рiвняння.

Ключовi слова i фрази: обернена задача, ультрапараболiчне рiвняння, мiшана задача, одно-

значна розв’язнiсть.


