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ASYMPTOTICS OF APPROXIMATION OF FUNCTIONS BY CONJUGATE POISSON
INTEGRALS

Among the actual problems of the theory of approximation of functions one should highlight
a wide range of extremal problems, in particular, studying the approximation of functional classes
by various linear methods of summation of the Fourier series. In this paper, we consider the well-
known Lipschitz class Lip,#, i.e. the class of continuous 27r—periodic functions satisfying the Lips-
chitz condition of order &, 0 < & < 1, and the conjugate Poisson integral acts as the approximating
operator. One of the relevant tasks at present is the possibility of finding constants for asymp-
totic terms of the indicated degree of smallness (the so-called Kolmogorov-Nikol’skii constants) in
asymptotic distributions of approximations by the conjugate Poisson integrals of functions from the
Lipschitz class in the uniform metric. In this paper, complete asymptotic expansions are obtained
for the exact upper bounds of deviations of the conjugate Poisson integrals from functions from the
class Lip,a. These expansions make it possible to write down the Kolmogorov-Nikol’skii constants
of the arbitrary order of smallness.

Key words and phrases: Poisson integral, asymptotic expansion, conjugate function, Kolmogorov—
Nikol’skii problem.
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1 INTRODUCTION

Let C be the space of 2m-periodic continuous functions equipped with the norm
Ifllc = max|£()].

Denote by W any set of 27t-periodic functions with absolutely continuous derivatives up
to order (r — 1) such that esssup | f()(t)| < 1.
t

The set of functions that are conjugate to those from the class W' is denoted by W'. That is
W =<f: flx) = —i/n (x+ 1) cot £ dt = —i/n (f) cot - dt
U = )t 2T Ty 2%
W)= fr+0 = fx=1), few},

Any f € Cis contained in the class Lip; «, 0 < a < 1, if

Vi b ER  |f(h)— f(ka)] < |t — "
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Let us consider a boundary value problem (in the unit circle) for the equation Au = 0,
where A is the Laplace operator in polar coordinates. We can rewrite this equation as follows

Fu low 10
o> pop  pPox?
A solution P, (f; x) of (1) that satisfies the boundary conditions

0, 0<p<l, —m<x<m (1)

w(p,x)|pq = f(x), —nm<x<m,

where f is a summable 27t-periodic function, is of the form

1 T
Plfiv) =~ [ flet+ Ky (0,
where
1 o0
Kp(t) = 5+ Y p* coskt =
k=1
The quantity P,(f; x) is called the Poisson integral of a function f, and, respectively, K,(t) is
called the kernel of the Poisson integral.
In the paper, we consider the conjugate Poisson integral, i.e. the quantity of the following
form

1—p?
2(1—2pcost+p?)’

Po(fi0) = Pp(Fix) == [ fla+ Ry, ®

where
psint

1—2pcost + p?

Ko(t) = i oF sinkt = 3)
k=1

is the kernel of the conjugate Poisson integral.
Let % C C be a certain class of functions. According to Stepanets [12], the problem of
establishment of asymptotic equalities for the quantity

EMLP,) . = ?1615 1f() = Po(f:-)]|

is called the Kolmogorov—-Nikol’skii problem.
If we determine the explicit form of a function ¢(p) such that

E(MMP) e = () +o(p(p)  asp—1-,

then we say that the Kolmogorov-Nikol’skii problem for the Poisson integral P, is solved on
the class 91 in the metric of the space C.

Definition 1. A formal series Y. ¢n(p) is called a complete asymptotic expansion of a function
n=0

f(p) asp — 1—, if for an arbitr;ry natural number m the following equation holds

£(o) = io gn(0) 40 (gm(p)  asp—1-,

andVn € N
gnt1(0)| = o(lgn(p)])  asp—1—.
In what follows, this fact we denote by

f(o) = io on(0).
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Approximation properties of the method of approximation by Poisson integrals on classes
of differentiable functions are well studied. The Kolmogorov-Nikol’skii problem for the Pois-
son integral on the classes W' was solved by Natanson in [10].

Timan [14] obtained the exact values of approximative characteristics € (W’; P,) o In the
paper [9] Malei determined the complete asymptotic expansion of the upper bounds of devi-
ations of Poisson integrals from functions of the class W'. Later, this expansion was reproved
by Stark [11].

The complete asymptotic expansion of the quantity £ (W'; D) c in powers of lasd — oo
was obtained by Baskakov [2] in the case of ¥ = 1,2,3 and by Kharkevych, Kal’chuk [5] for
any natural r. Later, the Kolmogorov-Nikol’skii problem for the Poisson integral on classes
of differentiable functions was solved in works [7, 8,15, 18-21]. Simultaneously, approxima-
tion properties of the method of approximation by Poisson integrals on classes of conjugate
functions are studied not enough.

Note that the first estimates of £ (Wl ; Py) - were obtained by Nagy [13]. Later, the general
expressions that allow one to get asymptotic expansions of the quantity &£ (Wr ; P5) - in powers
of % as 0 — oo were determined by Baskakov [1].

The present paper is an extension of the paper [6], where the corresponding results for
the classes Lip, 1 were obtained in terms of (1 — p). In what follows, we establish a complete
asymptotic expansion of the quantity

E(Lipl(x;ﬁp)cz sup ||£(-) ;-)HC, 0<a<1.
feLipy a

This expansion allows one to write down the Kolmogorov-Nikol’skii constants of an arbitrary
order.

2 MAIN RESULTS

The following statement is true.

Theorem 1. For 0 < « <1 the following complete asymptotic expansion holds asp — 1—
7T

_ u—1 1\% »a o ‘ 1 2k+-2
Lip, a; P e I D G v A— P
E(Lipy @ Pp)c = 51n"‘2”<np> nk:o( ) 2k —a+2 <np>

204 o 2k+2 oo 7 1N\ —2k—3 (4)
+ Y (1) <1 —) 2/ < (@2i=1)m—ut)
e = 1Y =
—2k-3 —2k-3 —2k-3
— ((2i—1)7‘(+u3) +<2m’+u3) = (27'ci—u%) ) us du.
Proof. Note first, that the kernel of the conjugate Poisson integral (3) can be rewritten as

- 1t 1 .t (1—p)?
K,(t) = = cot= — = cot = -
plt) = G0ty — 5Ot st 1 2

Whence, in view of 27t-periodicity of functions f, we get

P(f ) — t (1-p)?
Po(f,x) =5 /f (x + 1) Cot2 T 2pcost 1 772
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Eo/(f(x%—t)—f(x—t))coté 1_2);02_’_‘) dt
%/(f(x—l—t)—f(x—t))coti A-p2 4

0

2 1—2pcost+ p?

/ (2m4+x—t) f(x+t))cot£ (1-p)*

2 1—2pcost—+ p? a.
ForO0<t<nm
CotE (1- p) >0,
2 1—2pcost+ p?
functions f belong the class Lip; «, therefore it holds
1P, ( x)—f(x)]<z/%t cot . (1-p)° dt
P - 21 2 1—2pcost+ p?
0
n (5)
+§/(n—t) ¢l (1-p) dt
27 J 2 T 2pcost+p2
2
Let [g(t)],,, be an odd 27r-periodic extension of the function g of the form
t 0<t< %
t)=glat)=1¢ " - 6
8(t) = gla,t) {(ﬂ—t)"‘, f<i<n 6)

The function f*(t) := 2*~1[g(#)],,, belongs to the class Lip; &, and we can see that the right
hand side of (5) coincides with P,(f*,0) — f*(0). Indeed, taking into account that f* is odd
we get

7 _ )2
P70 = F1(0) = % /f*(t)COtél—é:?cosz‘erz

- ( - ()
1 “ t 1-p
Eo/f (t>COt2 1—2pcost + p? a.

The right hand side of (7) coincides with the right hand side of (5). Hence

E(Lip; &;Pp)c = [Pp(f",0) — f*(0)].

(8)
Let us rewrite the kernel of the conjugate Poisson integral (3) in the following form
— 0 O _n(1
Ko(t) = Zelr‘"k sinkt =) e 1m(f’)ksinkt. )
k=1 k=1

It is known, that the Fourier cosine transform of the function e~ #* takes the form [3, Ch. VII]

_ 1 t+u t—u
CDc(u)—m{ﬁ2+(t+u)2+ﬁ2+(t_u)z}- (10)
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Further we shall need the Poisson formula [16, Ch. II]:

V7 (‘DT@ vy, @(m)) - Va (@ vy f(nw>> , (1)
n=1 n=1

where w'y =21, w > 0. Setting w = 1, v = 27 in (11) and taking into account (10) with
B= ln , from (9) we obtain

K,,(t):%<e1“<%>"sinkt)‘ f( " sinkt) = m{%q>c(0)+liq>c(znk)}
=1 - (12)
ot > t + 27k t — 27tk
_ﬁ2+t2+k§(ﬁ2+<t+znk>2+ﬁ2+<t—znk>2>'

Therefore, combining (2) and (12), we can write the conjugate Poisson integral in the fol-
lowing equivalent form

T 7T
- 1 t 1 § 2k
R0 =L [p a1 [ rn§ i
PO ﬂ_nf()ﬁz+t2 ﬂ nf (=1 B+ (¢ +27k)?

17 — 27tk o
__/f* A R T .
T (t — 271k)?
—7T
Now we proceed to calculating of the term I,:
17 ©  t+427k 17 E+2
h=—[fw) Lo = [
T =B+ (t+27k)? T B2+ (t+2m)
—TT —TT
. (14)
1 _ t44m
+ = /f* dt+"'212,1+12,2+"'
/32 + (t +4n)?
—7T
Making appropriate substitutionsin Iy 1, I, - - -, we get
1 3 ; 1 5 ;
= — “(t)—5—— dt, I :—/*tidt,"'
1 ﬂ/f(>ﬁ2+t2 2,2 T f()‘B2+t2
T 37
Hence, from (14), we obtain
+0c0
L1 / FE () dt (15)
2= g e
T

One can verify that the term I3 takes the following form

— 27tk 1
/f /32+(t—2nk :5/ /52+f2 " o

Combining (13) with (15) and (16), we obtain

“+00
Pf0 =2 [ gt 17)
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It is known [12, p. 93], that a conjugate for f function can be represented in the form
+o0
l / —M dt. (18)
T t

Therefore, from (17) and (18), taking into account that the function f* is odd, we get

R A O N .
Po(f*,0) — f*(0) = /(ﬁ2+t2 (/ /) ﬁz—i—tz at

o (19)
282 . 1
3 0/ F O ™
Hence, from (8) and (19), we have
_2F T zn RV Ao
7
From (6) we get
s n s a—1
LIS ST (4 pa (1)
t(B2+12) t2 / HE2 + B2 _/ 2 B
05+ ) e (7 p
(21)
+o0 +o0
a2 B ulX*l
B (/ / 1+u? du
0 %
According to [4, p. 306]
T oyl T T
/ 1+u2 5 cosec—-—. (22)

Let us make transformations in the second integral from the right-hand side of (21), apply-
ing geometric series

72 5 k=0
28 2k+2—u (23)
- i (—1)"<7>
= 2k+2 —«

Combining formulas (21), (22) and (23), we obtain

[8(t)]2n e (1 1)0{2 p- _i (_1)]( 211’1% 2k+2—a o
t(B? + 12) 0 2sin’yt A 2%k+2-a\ 7 '

O\Nl::
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Then, we use geometric series for calculating the second integral from the right-hand side

of (20):
+oo ) 2kt
1 t
[ #5 =Rty B () [ e o

From (24) and (25), we get

R

£(Lip1B,)c = (2mn1) — L
P1&;Fp)Cc = p/) 2sinit

( )2k+271x

— -1 L dt— dt.
+7'ck§)( ) < ) / t3+2k 2k+2—a

7

For the function [g(t)],, on [5 ; +0c0) the following relations hold

(—t+@i-1)n)", te[F+4(i-1)% F+(4i—-3)%F],
2(t)],. = —(t=Qi-1)m)", te [5+4i-3)5 5+ 4i-2)5],
O —(—tr2mi),  te [T (4i-2)E T4 (4i-1)E],
(t —2mi)", te[F+@i—-1)% Z+4i%],
where i = 1,2,.... Splitting the integral f "l 5 Jﬁ” dt into the sum of integrals and making
corresponding substitutions in each of them, we get (4).
The theorem is proved. ]

Results of the theorem give us an opportunity to write down the Kolmogorov—Nikil skii
constants of an arbitrary order in asymptotic expansions in terms of In L as p — 1—.
Let us consider the class of functions Lip; 1. The following statement holds.

Corollary 1. The complete asymptotic expansion holds as p — 1—

11 1\ & (—1)k
& (Lip, 1,Pp)C—lnF—)—%<lnE> +k21(2k+1)(k+1)

« (v - 1) (Zm=)
b (41 _1)2k+1 (4i+1)2k+1 T 0
Proof. Putting « = 1 in (20), we obtain
+oo
2 2
£(Lip, 1,5,)c = 22~ / t 52 - ig dt, )

where [g1(t)],,, is as it was introduced earlier, an odd 27-periodic extension of the function g;

of the form
(1) = £, 0<t<
A
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Making transformations that are analogous to that in (21)—(25), from (27) we get

& (Lip, 1, P =In-+4+— -1 <ln—>
(Lipy 1 Bpc =In o+ 23 (1)} (in

. (28)

2k+1
y /[gmmzndt_ 1 (2
J 3+2k 2k+1\ 7

2

To calculate the integral in the right-hand side of (28), let us write it down as a sum of the
integrals on corresponding intervals. For this reason we use the following form of the function
81
—t+(2i—1)m, te[-5F+@2i-1)m —F+2mri],

[gl(t)]ZTE = {

t — 271, te[-F+2m; —F+(i+1)n].
We obtain
+oo — S +2mi —F+Qi+1)n
(g1(1)], & —t+Q2i-1)m t — 27t
/ $3+2k -t = Z / $3+2k dt + / $3+2k dt | . (29)
z =l \cz iy — T 42mi

Having calculated the integral on the right-hand side of (29) and made corresponding
transformations, we obtain

—+00
510 5, (23 1
| Caad dt‘(%) ESNES))

7 (30)
> 1 1
x | k+ - .
Taking into account (30), from (28) we get (26).
The Corollary 1 is proved. ]

In the paper we have also obtained another form of the expansion (26), in terms of the gen-
eralized Riemann zeta function (the Hurwitz zeta function) (see definition, e.g., [17, Ch. XIII]).
It is quite relevant because in approximation of functions by the Poisson integrals we obtain
asymptotic expansions with non-explicit form of the coefficients. The Hurwitz zeta function
gives a possibility to get sharp values of the Kolmogorov-Nikil skii constants.

Corollary 2. The complete asymptotic expansion holds as p — 1—

=11 1N (1)
&(Lip, 1,Pp)c—ln5—;<ln5> +,§1(2k+1)(k+1)

1 3 5 2 1)\ %2
X <m{§<2k+1;1>—§<2k+1;1)}—1> <%ln5> ,

o
where ((z;q) = Z() W, Rez > 1, is the Hurwitz zeta function.
n=

(31)
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Proof. Taking into account that

- 1 1 & 1 1 3
Z (4i — 1)1 T 42kl X~ 32kl 42k+1C <2k+1q>'

i=1 i=0 (i+ %)
> 1 1 5

= C2k+1; —) ,
i; (4i+1)FT 4

from (30) we derive
810 4 _ (2)*T 1
$3+2k i (2k+1)(k+1)

X <k+ﬁ (c <2k+1;§> —§<2k+1;2>>>.

The Corollary 2 is proved. ]

+0c0

Ml —

(32)

Note that (32) holds for k = 1,2, ... . In the case k = 0 the Hurwitz zeta function is not de-

termined. Therefore the corresponding coefficient is individually calculated in the expansion
(31).
Note also that Corollary 1 is a generalization of the B. Nagy result [13]. The estimation

2
& (Lip, 1;Fp)czlnl+o <lnl> N
p P
follows from Corollary 1 that coincides with the indicated result.
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AxTyaABHMMU 3apadaMi Teopil HabAVKeHHsT (pyHKIIiMN € PO3B’sI3aHHS IIMPOKOTO KOAA €KCTpe-
MaABHMX 3aAay, 30KpeMa, AOCAIAKeHHSI IMTaHb allpOKCcuManii (pyHKIIOHAABHMX KAACiB pisHMMM
AiHIHEMMM MeTOAaMM T ACYMOBYBaHHsI psiaib @yp’e. B AaHil po6OTi po3rASAQETHCS BiAOMIMIL KAAC
Aimomis Lip,a, To6To KAac HellepepBHMX 27T-TIepioAMIHMX (PYHKIIIMN, IO 32 A0BOABHSIIOTh YMOBY
Airmmst mopsiaky «, 0 < « < 1, a B IKOCTi HabAVKAIOWOTO OllepaTopa BUCTYIIAE CITPSIKeHNIA iHTe-
rpaa Ilyaccona. AOCUTD aKTyaABHOIO 3aAadelo Ha AAHUIA 9ac € MOXKAMBICTb 3HAXOAKEHHS KOHCTaHT
P aCUMIOTOTUYHMX AOAAHKAX BKa3aHOTO CTeMeHsI MaAOCTi (Tak 3BaHMX KOHCTaHT Koamoroposa—
HikoABCHKOro) B aCMMITOTHYHIMX PO3KAAAAX BEAMUMH HabAVDKeHb CIIpsDKeHMMM iHTerpasamu ITy-
accoHa pYHKIIIN 3 Kaacy Aimmmris B piBHOMipHiit MeTpumi. B po6oTi oTpyMaHO MOBHI aCMMITOTH-
YHi pO3KAAAM AASI TOUHMX BEPXHIX MeX BiAXMAEHbD CIIpsKeHMX iHTerpaais Ilyaccona Bia pyHKIIN 3
Kaacy Lip;a. AaHi po3KaaAM Aar0Th MOXKAMBICTD 3ammcaTi KoHCTaHTU Koamoroposa-Hikoabcbkoro
AOBIABHOTO HOPSIAKY MAAOCTI.

Korwouosi cnoea i ¢ppasu: iHTerpan IlyaccoHa, acMMOTOTMYHMI PO3KAAA, CIIpsIKeHa pyHKIIis, 3a-
aava Koamoroposa-Hixoabcbxoro.



