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CONSTRUCTION OF THE FUNDAMENTAL SOLUTION OF A CLASS OF

DEGENERATE PARABOLIC EQUATIONS OF HIGH ORDER

In the article, using the modified Levy method, a Green’s function for a class of ultraparabolic
equations of high order with an arbitrary number of parabolic degeneration groups is constructed.
The modified Levy method is developed for high-order Kolmogorov equations with coefficients
depending on all variables, while the frozen point, which is a parametrix, is chosen so that an
exponential estimate of the fundamental solution and its derivatives is conveniently used.
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INTRODUCTION

A fundamental solution of the inverse Cauchy problem for degenerate parabolic equations
of second-order variables with smooth coefficients was constructed first by M. Weber [10]. Un-
der the same conditions on the coefficients, a fundamental solution of the Cauchy problem
was constructed in [5], in the case of Holder coefficients for second-order equations with two
degenerate groups. The Levy method was modified in [7], and in Banach spaces in [8], for the
second order Kolmogorov systems with one degeneracy group [4]. The Kolmogorov equation
of high order has features that make it easy to use the Levy method for constructing a fun-
damental solution. The parametric method was applied to a degenerate parabolic equation
of high order with one group of parabolic degeneracy variables in [2, 3, 9] and with two de-
generate groups in [1] and with four degenerate groups for Kolmogorov type systems of the
second order in [6]. We modified the Levy method with respect to the properties of a fun-
damental solution of high-order Kolmogorov-type equations with coefficients dependent only
on t, in particular a selected point which is a parameter so that an exponential estimate of the
fundamental solution and its derivatives is conveniently used.

1 DESIGNATION, TASK STATEMENT AND MAIN RESULTS

Let us denote by nj ∈ N, j = 1, p, n1 ≥ n2 ≥ · · · ≥ np, n0 =
p

∑
j=1

nj, x =
(

x1, . . . , xp

)

,

xj = (xj1, . . . , xjnj
), xj ∈ Rnj , x ∈ Rn0 , ξ =

(

ξ1, . . . , ξp

)

, ξ j = (ξ j1, . . . , ξ jnj
), ξ j ∈ Rnj , ξ ∈ Rn0 ,
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x(j) =
(

x1, . . . , xj

)

∈ R

j

∑
k=1

nk
, ξ(j) =

(

ξ1, . . . , ξ j

)

∈ R

j

∑
k=1

nk
, j = 2, p. Γ(α) is Euler’s gamma

function and B(a, b) is Euler’s beta function.

xj − ξ j +
j−1

∑
k=1

xk
(t − τ)j−k

(j − k)!
=

(

xj1 − ξ j1 +
j−1

∑
k=1

xk1
(t − τ)j−k

(j − k)!
, .., xjnj

− ξ jnj
+

j−1

∑
k=1

xknj

(t − τ)j−k

(j − k)!

)

,

ρ1 (t, x1, τ, ξ1) =
(

|x1 − ξ1| (t − τ)−
1
2b

)q
, q =

2b

2b − 1
, b ∈ N,

ρj

(

t, x(j), τ, ξ(j)
)

=

(∣

∣

∣

∣

∣

xj − ξ j +
j−1

∑
k=1

xk
(t − τ)j−k

(j − k)!

∣

∣

∣

∣

∣

(t − τ)−(j−1+ 1
2b)

)q

, j = 2, p,

ξ(t, τ) =

(

ξ1, ξ2 − ξ1 (t − τ), . . . , ξp +
p−1

∑
k=1

(−1)p−kξk

(t − τ)p−k

(p − k)!

)

.

We investigate the Cauchy problem for the equation

∂tu (t, x)−
p−1

∑
j=1

nj+1

∑
µ=1

xjµ∂xj+1µu (t, x) = ∑
|k|≤2b

ak (t, x)Dk
x1

u (t, x) , (1)

with the initial condition

u (t, x)

∣

∣

∣

∣ t = τ
= u0 (x) , 0 ≤ τ ≤ t ≤ T, (2)

where τ is a fixed number, and operator

∂t − ∑
|k|≤2b

ak (t, x)Dk
x1

, Dk
x1

=
(−1)k∂k1+···+kn1

∂xk1
1 . . . ∂x

kn1
n1

, |k| = k1 + · · ·+ kn1 , (3)

is uniformly parabolic in the sense of Petrovsky in the strip Π[0,T] = (t, x), x ∈ Rn0 , 0 ≤ t ≤ T.
Let us suppose that

1) ak (t, x), ∂xj
ak (t, x), j = 2, p, are continuous and bounded in Π[0,T],

2) there are constants α ∈ (0, 1], r ∈ (0, 1], such that for any x ∈ Rn0 , ξ ∈ Rn0 and t ∈ [0, T]

|ak (t, x)− ak (t, ξ)| ≤ c1

(

|x1 − ξ1|
α +

p

∑
j=2

∣

∣xj − ξ j

∣

∣

)

,

∣

∣

∣
∂xj

ak (t, x)− ∂xj
ak (t, ξ)

∣

∣

∣
≤ c1|x − ξ|r, j = 2, p.

Theorem 1. If conditions 1)–2) are satisfied, then equation (1) has a fundamental solution of
the Cauchy problem (1)–(2) Z(t, x; τ, ξ) at t > τ and the following estimations hold:

∣

∣

∣
∂xj

Z(t, x; τ, ξ)
∣

∣

∣
≤ A(t − τ)

−
p

∑
s=1

2b(s−1)+1
2b (ns+|ms|)

Φ (t, x; τ, ξ) ,

ms = 0, at s 6= j, mj = 1, j = 2, p;

∣

∣∂m1
x1

Z(t, x; τ, ξ)
∣

∣ ≤ Am1(t − τ)
−

n1+|m1|
2b −

p

∑
s=2

2b(s−1)+1
2b ns

Φ (t, x; τ, ξ) ,
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|m1| ≤ 2b, x ∈ Rn0 , ξ ∈ Rn0 , 0 ≤ τ < t ≤ T, where

Φ (t, x; τ, ξ) =
∞

∑
i=1

AsΓ

(

1 +
sα∗

2b

)

Γ

(

α∗

2b

)

Γ−1
(

1 +
α∗ (1 + s)

2b

)

× exp

{

−c0ρ1(t, x1, τ, ξ1)− 2−2spc0

p

∑
j=2

ρj

(

t, x(j), τ, ξ(j)
)

}

,

and positive constants A, Am1 , c0 depend on n0, 2b, c1, α, r, and the constant of parabolicity of
the operator (3) is sup

(t,x)∈Π[0,T]

|ak(t, x)| and α∗ = min(α, r).

Proof. To prove the theorem, we write equation (1) in the form

∂tu (t, x)−
p−1

∑
j=1

nj+1

∑
µ=1

xjµ∂xj+1µu (t, x) = ∑
|k|=2b

ak (t, ξ (t, τ))Dk
x1

u (t, x)

+ ∑
|k|=2b

[ak (t, x)− ak (t, ξ (t, τ))]Dk
x1

u (t, x) + ∑
|k|<2b

ak (t, x)Dk
x1

u (t, x) .
(4)

Let us denote by Z0(t, x; τ, ξ; ξ (t, τ)) the fundamental solution of equation

∂tu (t, x)−
p−1

∑
j=1

nj+1

∑
µ=1

xjµ∂xj+1µu (t, x) = ∑
|k|=2b

ak (t, ξ (t, τ))Dk
x1

u (t, x) . (5)

Fundamental solution Z0(t, x, ; τ, ξ; ξ (t, τ)) of equation (5) is constructed in [5], where ξ is
fixed. For derivatives of Z0(t, x; τ, ξ; ξ (t, τ)) the following inequalities are performed

|∂m
x Z0(t, x; τ, ξ; ξ (t, τ))| ≤ Cm(t − τ)

−
p

∑
s=1

2b(s−1)+1
2b (ns+|ms|)

× exp

{

−c0

(

p

∑
j=2

ρj

(

t, x(j), τ, ξ(j)
)

+ ρ1 (t, x1, τ, ξ1)

)}

,
(6)

where |m| =
p

∑
j=1

∣

∣mj

∣

∣,
∣

∣mj

∣

∣ =
nj

∑
k=1

mjk, t > τ, Cm > 0.

Fundamental solution Z(t, x; τ, ξ) of equation (1) will be sought in the form

Z (t, x; τ, ξ) = Z0 (t, x; τ, ξ; ξ (t, τ)) +
∫ t

τ
dβ
∫

Rn0
Z0(t, x; β, γ; γ (t, β)) ϕ (β, γ; τ, ξ) dγ, (7)

where ϕ (t, x; τ, ξ) is an unknown absolutely integrable on Rn0 function at t > τ.
We substitute (6) into equation (1) with respect to the function ϕ (t, x; τ, ξ), then

ϕ (t, x; τ, ξ) = K (t, x; τ, ξ) +
∫ t

τ
K (t, x; β, γ)ϕ (β, γ; τ, ξ) dγ, (8)

where

K (t, x; τ, ξ) = ∑
|k|=2

(ak (t, x)− ak (t, ξ (t, τ)))Dk
x1

Z0 (t, x; τ, ξ; ξ (t, τ))

+ ∑
|k|<2b

ak (t, x)Dk
x1

Z0 (t, x; τ, ξ; ξ (t, τ)) .
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The solution of equation (8) can be represented by a Neumann series

ϕ (t, x; τ, ξ) =
∞

∑
n=1

Kn (t, x; τ, ξ) , (9)

where

K (t, x; τ, ξ) = K1 (t, x; τ, ξ) ; Kn (t, x; τ, ξ) =
∫ t

τ
dβ

∫

Rn0

K(t, x; β, γ)Kn−1 (β, γ; τ, ξ) dγ. (10)

Let us show the convergence of series (9) and the required estimation of the function for
the Levy method ϕ (t, x; τ, ξ) and its increments.

Using the following lemma, which generalizes Lemma 2 and Lemma 1 in [3] for equation
(1), we can obtain estimates for Kn (t, x; τ, ξ) and K (t, x; τ, ξ).

Lemma 1. For any points (t, x) , (β, ξ) , (τ, y) , 0 ≤ τ < β < t, x ∈ Rn0 , ξ ∈ Rn0 , y ∈ Rn0 ,
b ∈ N, 2b > 2 the following inequality holds

ρ1 (t, x1, β, ξ1) +
p

∑
j=2

ρj

(

t, x(j), β, ξ(j)
)

+ ρ1 (β, ξ1, τ, y1) +
p

∑
j=2

ρj

(

β, ξ(j), τ, y(j)
)

≥ 2−2p

(

p

∑
j=2

ρj

(

t, x(j), τ, y(j)
)

+ ρ1 (t, x1, τ, y1)

)

.

(11)

The proof of Lemma 1 is based on the inequalities

ρp

(

t,x(p), β, ξ(p)
)

+ ρp

(

β, ξ(p), τ, y(p)
)

≥ 2−2
(∣

∣

∣

∣

xp − yp +
p−1

∑
j=1

[

xk(t − β)p−k + ξk(β − τ)p−k
] 1

(p − k)!

∣

∣

∣

∣

(t − τ)−p+1− 1
2b

)q

.
(12)

From (12) we can get

(∣

∣

∣

∣

∣

xp − yp +
p−1

∑
k=1

[

xk(t − β)p−k + ξk(β − τ)p−k
]

((p − k)!)−1

∣

∣

∣

∣

∣

(t − τ)−p+1− 1
2b

)q

≥ 2−2

(∣

∣

∣

∣

∣

xp − yp +
p−1

∑
k=1

[

xk (t − β)p−k + ξk (β − τ)p−k
]

((p − k)!)−1

×
x1((β − τ)p−1 + (t − β)p−1)

(p − 1)!

∣

∣

∣

∣

∣

(t − τ)−p+1− 1
2b

)q

−
np

∑
µ=1

([

|x1µ − ξ1µ|(β − τ)p−1
]

((p − k)!)−1(t − τ)−p+1− 1
2b

)q
.

(13)

Applying (12) to the first part of (13) (p − 2) times, we have

(∣

∣

∣

∣

∣

xp − yp +
p−1

∑
k=1

(xk(t − β)p−k + ξk (β − τ)p−k)((p − k)!)−1

∣

∣

∣

∣

∣

(t − τ)−p+1− 1
2b

)q
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≥ 2−2(p−1)ρp

(

t, x(p), τ, y(p)
)

−
np

∑
µ=1

(

∣

∣xjµ − ξ jµ

∣

∣ (β − τ)p−1) ((p − 1)!)−1 (t − τ)−p+1− 1
2b

)q

−
p−1

∑
j=2

nj

∑
µ=2

2−2(j−1)

(∣

∣

∣

∣

∣

x1µ − ξ1µ +
j−1

∑
k=2

xkµ(t − β)j−k((j − k)!)−1

∣

∣

∣

∣

∣

(β − τ)p−j

(p − j)!
(t − τ)−p+1− 1

2b

)q

.

(14)

Taking into account the inequalities (11)–(14), we get

ρp

(

t, x(p), β, ξ(p)
)

+ ρp

(

β, ξ(p), τ, y(p)
)

≥ 2−2pρp

(

t, x(p), τ, y(p)
)

−
p−1

∑
j=2

np

∑
µ=1

2−2(j−1)

(∣

∣

∣

∣

∣

xjµ − ξ jµ +
j−1

∑
k=2

xkµ (t − β)j−k ((j − k)!)−1

∣

∣

∣

∣

∣

(β − τ)p−j ((p − j)!)−1

× (t − τ)−p+j− 1
2b

)q

− 2−2
np

∑
µ=1

(

∣

∣x1µ − ξ1µ

∣

∣ (β − τ)p−1 ((p − 1)!)−1 (t − τ)−p+1− 1
2b

)q
.

(15)

We will collect all of the terms that contain xp−1 − ξp−1

ρp−1

(

β, x(p−1), β, ξ(p−1)
)

− 2−2(p−1)
np

∑
µ=1

(∣

∣

∣

∣

∣

xp−1µ − ξp−1µ +
p−2

∑
k=1

xk(t − β)p−1−k

×
1

((p − 1 − k)!)

∣

∣

∣

∣

(β − τ) (t − β)−p+1− 1
2b

)q
≥

np−1

∑
µ=np+1

(∣

∣

∣

∣

∣

xp−1µ − ξp−1µ

+
p−2

∑
k=1

xkµ
(t − β)

(p − 1 − k)!

p−1−k
∣

∣

∣

∣

∣

(t − β)−p+3− 1
2b

)q

+
np

∑
µ=1

(

1 − 2−2(p−1)
)

×

(∣

∣

∣

∣

∣

xp−1µ − ξp−1µ +
p−2

∑
k=1

xkµ(t − β)p−1−k((p − 1 − k)!)−1

∣

∣

∣

∣

∣

(t − τ)−p+2− 1
2b

)q

.

(16)

Repeating all inequalities (12), (16) for the terms ρj

(

t, x(j), β, ξ(j)
)

+ ρj

(

β, ξ(j), τ, y(j)
)

,

j = 1, p − 1, and adding their together we have

ρ1 (t, x1, β, ξ1) + ρ1 (β, ξ1, τ, y1) +
p

∑
j=2

(

ρj(t, x( j), β, ξ( j)) + ρj

(

β, ξ(j), τ, y(j)
))

≥ 2−2p

(

p

∑
j=2

ρj

(

t, x(j), τ, y(j)
)

+ ρ1 (t, x1, τ, y1)

)

.

Lemma 2. The following estimations are performed for reproducing kernels:

|Km (t, x; τ, ξ)| ≤ Am
m(t − τ)

−
p

∑
j=1

(1+2b(j−1))nj
2b −1+mα

2b

× exp

{

ρ1 (t, x1, β, ξ1)− 2−2pmc
p

∑
j=2

ρj

(

t, x(j), τ, ξ(j)
)

}

,

(17)

at m ≤ m∗ =

[

p

∑
j=1

((1+2b(j−1))nj+2b)
α

]

+ 1;
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|Km+l (t, x; τ, ξ)| ≤ Am+l
m

l−1

∏
k=0

B

(

α

2b
, 1 +

αk

2b

)

(t − τ)
αl
2b

×exp

{

−cρ1 (t, x1, β, ξ1)− 2−2p(m+l)
p

∑
j=2

ρj

(

t, x(j), τ, ξ(j)
)

}

,

(18)

at m + l > m∗.

From (17), (18) it follows the convergence of a series (9) following for ϕ (t, x; τ, ξ)

|ϕ (t, x; τ, ξ)| ≤ A(t − τ)
−

p

∑
j=1

(1+2b(j−1))nj+2b−α

2b

Φ (t, x; τ, ξ) . (19)

Let us prove the existence of derivatives ∂xj
ϕ (t, x; τ, ξ) , j = 2, p, at t > τ.

Under the assumption 1), there are continuous derivatives ∂xj
K (t, x; τ, ξ) , j = 2, p satisfy-

ing the estimations

∣

∣

∣
∂xj

K (t, x; τ, ξ)
∣

∣

∣
≤ A exp

{

−c

(

p

∑
j=2

ρj

(

t, x(j), τ, ξ(j)
)

+ ρ1 (t, x1, τ, ξ1)

)}

× (t − τ)
−

p

∑
s=1

(2b(s−1)+1)ns
2b −

j−(1−α∗)
2b

, t > τ.

(20)

To prove the existence of derivatives ∂xj
K (t, x; τ, ξ) , j = 2, p, we use the following property of

the fundamental solution of equation (5) with ξ (t, τ) = y, where y is a parameter

∂tu (t, x)−
p−1

∑
j=1

nj+1

∑
µ=1

xjµ∂xj+1µu (t, x) = ∑
|k|≤2b

ak (t, ξ (t, τ))Dk
x1

u (t, x) .

Property 1. If ak (t, y) have continuous bounded derivatives by the parameter y up to the order
r, then there are continuous derivatives by y, ∂s

y∂m
x1

Z
0
(t, x; τ, ξ; y) , s ∈ 0, r, and

∣

∣

∣∂m
x1

∂s
y
Z0(t, x; τ, ξ; y)

∣

∣

∣ ≤ Cmexp

{

−c

(

p

∑
j=2

ρj

(

t, x(j), τ, ξ(j)
)

+ ρ1 (t, x1, τ, ξ1)

)}

× (t − τ)
−

p

∑
j=1

(1+2b(j−1))nj
2b − |m|

2b

.

(21)

Let us consider ∂xpµK (t, x; β, γ) , µ = 1, np. Then

∂xpµK (t, x; β, γ) = ∑
|k|=2b

(∂xpµ ak (t, x)− ∂γpµ ak (t, γ (t, β)))

× Dk
x1

Z0 (t, x; β, γ; γ (t, β)) + ∑
|k|=2b

(∂γpµ ak (t, γ (t, β)))Dk
x1

Z0 (t, x; β, γ; γ (t, β))

+ ∑
|k|=2b

(ak (t, x)− ak (t, γ (t, β)))∂xpµ Dk
x1

Z0 (t, x; β, γ; γ (t, β))

+ ∑
|k|<2b

∂xpµ ak (t, x) Dk
x1

Z0 (t, x; β, γ; γ (t, β)) .

(22)
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Let us rewrite (22) by a convenient form for applications

∂xpµK (t, x; β, γ) = ∑
|k|=2b

(∂xpµ ak (t, x)− ∂γpµ ak (t, γ (t, β)))

× Dk
x1

Z0 (t, x; β, γ; γ (t, β))− ∂γpµ



 ∑
|k|=2b

(ak (t, x)− ak (t, γ (t, β))





× Dk
x1

Z0 (t, x; β, γ; γ (t, β)) + ∑
|k|=2b

(ak (t, x)− ak (t, γ (t, β))

× Dk
x1

∂
γpµ

Dk
x1

Z0 (t, x; β, γ; γ (t, β))
∣

∣

γ=γ + ∑
|k|<2b

(ak (t, x))
′

xpµ
Dk

x1
Z0 (t, x; β, γ; γ (t, β))

+ ∑
|k|<2b

ak∂γpµ
Dk

x1
Z0 (t, x; β, γ; γ (t, β))

∣

∣

γ=γ − ∑
|k|<2b

ak (t, x)Dk
x1

∂γpµ Z0 (t, x; β, γ; γ (t, β)) ,

(23)

where µ = 1, np, γ =
(

γ1, . . . , γp−1, γp
)

. Using the images (23), estimates (6) and (21) and

integrating by parts of the terms with ∂γpµ , we can get ∂xpµK2 (t, x; τ, ξ) = lim
h→0

∫ t−h
0 dβ

∫

Rn0 ∂xpµ

K (t, x; β, γ) K (β, γ; τ, ξ) dγ.
From the estimations of reproducing kernel (18), estimations of derivatives of the ker-

nel (20) and Lemma 1, we obtain
∣

∣

∣
∂xpµK2 (t, x; τ, ξ)

∣

∣

∣
≤ A2 exp

{

− c2 (1 − ε)
(

ρ1 (t, x1, τ, ξ1)

+2−2p
p

∑
j=2

ρj

(

t, x(j), τ, ξ(j)
)

+ ρ1(t, x1, τ, ξ1)
)}

(t − τ)
−

p

∑
j=1

(1+2b(j−1))nj
2b −p−(1−α∗)/2b

at t > τ. By

the method of mathematical induction we can prove the existence ∂xpµKm (t, x; τ, ξ) for any m

and evaluation
∣

∣

∣
∂xpµKm(t, x; τ, ξ)

∣

∣

∣
≤ Am(ε) exp {−c2(1 − εm)(ρ1(t, x1, τ, ξ1) + 2−mp

p

∑
j=2

ρj

(

t, x(j), τ, ξ(j)
)

+ ρ1 (t, x1, τ, ξ1)} (t − τ)
−

p

∑
j=1

(1+2b(j−1))nj
2b −p−(1−αm)/2b

, µ = 1, np.

(24)

Taking into account the estimation (24), we can estimate the series
∞

∑
m=1

∂xpµKm (t, x; τ, ξ) by a

converging series:
∣

∣

∣

∣

∣

∞

∑
m=1

∂xpµ Km (t, x; τ, ξ)

∣

∣

∣

∣

∣

≤
l

∑
m=1

Am(t − τ)
−

p

∑
j=1

(1+2b(j−1))nj
2b −p−(1−α∗m)/2b

× exp

{

−c2 (1 − mε)

(

cmρ1 (t, x1, τ, ξ1) + 2−2mp(ρ1 (t, x1, τ, ξ1) +
p

∑
j=2

ρj

(

t, x(j), τ, ξ(j)
)

)}

+
∞

∑
k=1

A0

(

Γ

(

α∗

2b

)

FA0

)k

(t − τ)
α∗k
2b Γ−1

(

1 +
kα∗

2b

)

× exp

{

−c5

(

c4l+k+1ρ1 (t, x1, τ, ξ1) +2−2p(l+k−1)(ρ1 (t, x1, τ, ξ1) +
p

∑
j=2

ρj

(

t, x(j), τ, ξ(j)
)

)}

,

(25)

where l=

[

p

∑
j=1

(1+2b(j−1))nj+2bp+1
α∗

]

+ 1, and A0, F are positive constants,

F =

(

2
∫ ∞

0
exp

{

−
α2

2

}

dα

)n0

.
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The series
∞

∑
m=1

∂xp Km (t, x; τ, ξ) at 0 < δ ≤ t− τ ≤ T is convergent uniformly and absolutely.

Then ∂xp ϕ (t, x; τ, ξ) =
∞

∑
m=1

∂xp K (t, x; τ, ξ) and ∂xp Km (t, x; τ, ξ) are continuous, then in the

domain of convergence and ∂xp ϕ (t, x; τ, ξ) continuous function. Inequality (25) will be written
in the form

∣

∣

∣
∂xp ϕ (t, x; τ, ξ)

∣

∣

∣
≤ A(t − τ)

−
p

∑
j=1

(1+2b(j−1))nj
2b −p−(1−α∗)/2b

Φ (t, x; τ, ξ) .

Let us consider ∂xjµ
K (t, x; β, γ), j = 2, p − 1, µ = 1, nj. For µ = nj−1 + 1, nj formula (23) is

true with the corresponding replacing p by j. For µ = 1, nj−1, ∂xjµ
K (t, x; β, γ) can be written in

the form

∂xjµ
K (t, x; β, γ) = ∑

|k|=2b

[

∂xjµ
ak (t, x)− ∂yjµ

ak (t, y)
∣

∣

∣y=γ(t,β)

]

Dk
x1

Z0 (t, x; β, γ; γ (t, β))

− ∂γjµ



 ∑
|k|=2b

[ak(t, x)− ak (t, γ (t, β))] Dk
x1

Z0 (t, x; β, γ; γ (t, β))





+ ∑
|k|=2b

[ak (t, x)− ak (t, γ (t, β))] ∂γjµ
Dk

x1
Z0 (t, x; β, γ; γ (t, β))

∣

∣

γ=γ

+
p−j

∑
l=1

∑
|k|=2b

[ak (t, x)− ak (t, γ (t, β))] ∂γj+l,µ Dk
x1

Z0 (t, x; β, γ; γ (t, β))
∣

∣

γ=γ

× (−1)l (t − τ)p−l−l

(p − j − l)! ∑
|k|=2b

∂yj+l µ
a

k
(t, y)

∣

∣

∣y=γ(t,β) (−1)l (t − β)p−j−l

(p − j − l)!

× Dk
x1

∂γjµ
Z0 (t, x; β, γ; γ (t, β)) + ∑

|k|<2b

(ak (t, x))
′

xjµ
Dk

x1
Z0 (t, x; β, γ; γ (t, β))

+ ∑
|k|<2b

∂γjµ
ak (t, x)Dk

x1
Z0 (t, x; β, γ; γ (t, β))

+ ∑
|k|<2b

ak (t, x) Dk
x1

∂γ jµ
Z0 (t, x; β, γ; γ (t, β))

∣

∣

γ=γ

+ (−1)l (t − β)p−j−l

(p − j − l)!

p−j

∑
l=1

∑
|k|=2b

ak (t, x)Dk
x1

∂γj+l
Z0 (t, x; β, γ; γ (t, β)) .

(26)

Kernels have the highest singularity at the variable xp. Also, using (26) we have the exis-
tence of ∂xj

ϕ (t, x; τ, ξ) , j = 2, p − 1 and the following estimations

∣

∣

∣∂xj
ϕ (t, x; τ, ξ)

∣

∣

∣ ≤ A(t − τ)
−

p

∑
s=1

(1+2b(j−1))ns−α∗+1
2b −j

Φ (t, x; τ, ξ) , j = 2, p − 1.

Using arguments like in [1] we can get

∆hx1
ϕ (t, x; τ, ξ) = ∆hx1

K (t, x; τ, ξ) +
∫ t

τ
dβ
∫

Rn0
∆hx1

K (t, x; β, γ)K (β, γ; τ, ξ) dγ.
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Applying the technique developed for parabolic systems in [6], and the evaluation of re-
producing kernels, we obtain

∣

∣∆hx1
ϕ (t, x; τ, ξ)

∣

∣ ≤ |hx1 |
α1(t − τ)

−
p

∑
s=1

(1+2b(s−1))ns−(1−α2)
2b −j

Φ (t, x; τ, ξ) ,

α1 > 0, α2 > 0, α1 + α1 = α.

The existence and evaluation of ∂k
x1

Z (t, x; τ, ξ) , |k| ≤ 2b, at t > τ, are established for both
of the cases of parabolic equations and systems in [6]. The theorem is proved.
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Малицька Г.П., Буртняк I.В. Побудова фундаментального розв’язку одного класу вироджених пара-

болiчних рiвнянь високого порядку // Карпатськi матем. публ. — 2020. — Т.12, №1. — C. 79–87.

У статтi модифiкованим методом Левi побудовано функцiю Ґрiна для одного класу уль-
трапараболiчних рiвнянь високого порядку з довiльною кiлькiстю груп виродження парабо-
лiчностi. Модифiкований метод Левi розроблено для рiвнянь Колмогорова високого порядку
з коефiцiєнтами залежними вiд усiх змiнних, при цьому заморожена точка, яка є параметри-
ксом, пiдiбрана так, щоб зручно використовувалася експоненцiальна оцiнка фундаменталь-
ного розв’язку та його похiдних.

Ключовi слова i фрази: виродженi параболiчнi рiвняння, модифiкований метод Левi, рiвня-
ння Колмогорова, фундаментальний розв’язок, параметрикс.


