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COMMUTATIVE BEZOUT DOMAINS IN WHICH ANY NONZERO PRIME IDEAL IS
CONTAINED IN A FINITE SET OF MAXIMAL IDEALS

We investigate commutative Bezout domains in which any nonzero prime ideal is contained in
a finite set of maximal ideals. In particular, we have described the class of such rings, which are
elementary divisor rings. A ring R is called an elementary divisor ring if every matrix over R has a
canonical diagonal reduction (we say that a matrix A over R has a canonical diagonal reduction if
for the matrix A there exist invertible matrices P and Q of appropriate sizes and a diagonal matrix
D = diag(ey, €2, ...,€,0,...,0) such that PAQ = D and Re; C Re;yq forevery 1 <i <r—1). We
proved that a commutative Bezout domain R in which any nonzero prime ideal is contained in a
finite set of maximal ideals and for any nonzero element a € R the ideal aR a decomposed into a
productaR = Q1 ...Qy, where Q; (i = 1,...,n) are pairwise comaximal ideals and rad Q; € specR,
is an elementary divisor ring.
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INTRODUCTION

The classical notion of an elementary divisor ring was first introduced by I. Kaplansky
[5]. Among the well-known classes of rings, a special place is occupied by adequate rings
introduced by Helmer [3]. Henriksen proved that in an adequate ring any nonzero prime ideal
is contained in a unique maximal ideal, i.e. an adequate ring is a PM*-ring [4]. Larsen, Lewis
and Shores [6] raised the question: is it true that every commutative Bezout domain, in which
any non-zero prime ideal is contained in a unique maximal ideal, is an adequate ring? In [1],
an example is given for a commutative PM* Bezout domain that is not adequate, but when
is an elementary divisor ring. Gatalevych and Zabavsky proved that a commutative Bezout
domain, in which any nonzero prime ideal is contained in a unique maximal ideal (PM*-
ring), is an elementary divisor ring [9]. While investigating Bezout rings with the Noetherian
spectrum [2], the authors encountered examples of commutative Bezout domains, in which
any nonzero prime ideal is contained in a finite set of maximal ideals. An obvious example of
such a ring is an adequate ring. In this paper, the existence and properties of such rings are
established.
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We introduce the necessary definitions and facts.

All rings considered will be commutative with identity. A ring is a Bezout ring, if every its
finitely generated ideal is principal. Let GL,(R) be the group (the general linear group) of all
invertible (n x n)-matrices over the ring R. We say that matrices A and B over a ring R are
equivalent if there exist invertible matrices P and Q of appropriate sizes such that B = PAQ.
The fact that matrices A and B are equivalent is denoted by A ~ B. If for a matrix A there
exists a diagonal matrix D = diag(eq, €, ...,€,0,...,0) such that A ~ D and Re; C Re; 1 for
every i then we say that the matrix A has a canonical diagonal reduction. A ring R is called an
elementary divisor ring if every matrix over R has a canonical diagonal reduction.

Let I be an ideal of a ring R. The radical of an ideal I, denoted by rad I or /T, is defined as

radl ={ac€R|a" €Iforsomen € N }.

Obviously, radI = ()| P where specI denotes the set of all the prime ideals of the ring R
Pespec I

containing the ideal I (the spectrum of the ideal I). Note that rad I can be defined differently,

namely rad [ = P, where minspec is the set of minimal ideals of the ideal I, i.e.
Peminspec |

proper prime ideals of spec I, not containing prime ideals from spec I.
Two ideals I, | of a ring R are said to be comaximal if x +y =1 forsomex € I and y € .

1 SECTION WITH RESULTS

Let R be a commutative domain, mspec R be a set of all maximal ideals of the ring R, M be
any maximal ideal of the ring R (M € mspec R). Let us denote by Ry, the localization of the
ring R with respect to the multiplicatively closed set S = R\ M. Note that if R is a commutative
Bezout domain, then Ry, is a local Bezout domain for any maximal ideal M € mspecR. And
since a local Bezout domain is a valuation ring, i.e. a ring in which the set of ideals is linearly
ordered with respect to ideal inclusion, we obtain such a result.

Proposition 1. Let R be a commutative Bezout domain. For any maximal ideal M € mspec R,
the set of the prime ideals of R, contained in M, is linearly ordered with respect to inclusion.

The Proposition 1 shows that spec R is a tree [1].
Let us consider the case of the commutative Bezout domain R in which the set minspec R
is finite for any nonzero element a € R.

Theorem 1. Let R be a commutative Bezout domain, a be a nonzero element R such that
minspecaR is a finite and any prime ideal of specaR is contained in a unique maximal ideal.
Then the factor ring R/aR is the direct sum of valuation rings.

Proof. Let Py, P,,...,P, € minspecaR. We consider the factor ring R = R/aR. We denote
P; = P;/aR, where P; € minspecaR, i = 1,2,...,n. Note that P; € minspec R are all minimal
prime ideals of the ring R. Moreover, by Proposition 1, the ideals P; are comaximal in R.

—  on_
Obviously, rad R = () P;, and by the Chinese remainder theorem we have
i=1

R/radR=R/P1®R/P,®...®R/P,.
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Since any prime ideal of specaR is contained in a unique maximal ideal, R/P; are valuation
rings. Moreover, there exist pairwise orthogonal idempotents ey, ..., ey, wheree; € R/P; such
thate; + ...+ e, = 1. Then, by lifting the idempotent ¢; modulo rad R to pairwise orthogonal
idempotents ey,...,8, € R we find that 1 — (e; ...+ e,) is an idempotent and 1 — (e; + ... +
en) € rad R, which is possible only if it is zero. Therefore,

R=#R®&R® - - ®e,R
and each &R is a homomorphic image of R, i.e. a commutative Bezout ring. Since any prime
ideal of R is contained in a unique maximal ideal, R is a valuation ring. O

A minor modification of the proof of Theorem 1 gives us the following result.

Theorem 2. Let R be a commutative Bezout domain in which any nonzero prime ideal is
contained in a finite set of maximal ideals. Then for any nonzero element a € R such that the
set minspecaR is finite, the factor ring R = R/aR is a direct sum of semilocal rings.

Proof. According to the notations from Theorem 1 and its proof, we have

R

GiRD &R @ ... DeyR.

Since any prime ideal of the ring R is contained in a finite set of maximal ideals, ¢;R is a
semilocal ring. O

Obviously, if a commutative ring R is a direct sum of valuation rings R;, then R is a commu-
tative Bezout ring. Leta = (ay,...,a,), b = (by,...,b,) be any elements of R, where a;, b; € R;,
i=1,2,...,n. Since R; is a valuation ring, a; = r;s;, where 7;R + b;R = R and s/R; + b;R; # R;
for any non invertible divisor s/ of the element s;. If r = (r,...,74),5 = (s1,...,5,) then obvi-
ously a = rs, ¥R 4+ bR = R. For each i such that s/ is a non invertible divisor of s; € R;, we have
siR; + bjR; # R;. Hence s'R + bR # R, i.e. a is an adequate element.

Recall the definitions.

Definition 1. An element a of a commutative ring R is called adequate, it for every element
b € R one can find elementsr,s € R such that:

1) a=rs;
2) R+ bR = R;
3) 'R+ bR # R for any s’ € R such thatsR C s'R # R.

The most trivial examples of adequate elements are units, atoms in a ring, and also square-
free elements [8].

A ring R is said to be everywhere adequate if any element of R is adequate.

Note that, as shown above, in the case of a commutative ring, which is a direct sum of valu-
ation rings, any element of the ring (in particular zero) is adequate, i.e. this ring is everywhere
adequate. Moreover, by [10], this ring is clean, i.e. a ring in which any element is the sum of
an idempotent and an invertible element.
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Definition 2. A ring R is called a ring of stable range 1 if for every a,b € R such thataR + bR = R
there exists an element t € R such that (a + bt)R = R.

Definition 3. An nonzero element a of a ring R is called an element of almost stable range 1 if the
quotient-ring R/aR is a ring of stable range 1.

Any ring of stable range 1 is a ring of almost stable 1 (see [7]). But not every element of
stable range 1 is an element of almost stable range 1. For example, let e be a nonzero idempotent
of a commutative ring R and eR + aR = R. Then ex + ay = 1 for some elements x,y € R and
(I1—e)ex+ (1—e)ay = 1—e¢,s0oe+a(l —e)y = 1. And we have that ¢ is an element of
stable range 1 for any commutative ring. However if you consider the ring R = Z x Z and the
element e = (1,0) € R then, as shown above, ¢ is an element of stable range 1, by R/eR = Z,
and e is not element of almost stable range 1. Moreover, if R is a commutative principal ideal
domain (i.e. ring of integers), which is not of stable range 1, then every nonzero element of R
is an element of almost stable range 1.

Definition 4. A commutative ring in which every nonzero element is an element of almost
stable range 1 is called a ring of almost stable range 1.

The first example of a ring of almost stable range 1 is a ring of stable range 1. Also, every
commutative principal ideal ring which is not a ring of stable range 1 (for example, the ring of
integers) is a ring of almost stable range 1 which is not a ring of stable range 1.

We note that the semilocal ring is an example of a ring of stable range 1. Moreover, the
direct sum of rings of stable range 1 is a ring of stable range 1. As a result, we obtain the result
from the previous theorems.

Theorem 3. Let R be a commutative Bezout domain, a be a nonzero element R such that the
set minspecaR is finite and any prime ideal of specaR is contained in a unique maximal ideal.
Then the factor ring R/aR is everywhere adequate if and only if R/aR is a direct sum of a
valuation rings.

Proof. Since R be a commutative Bezout domain, a be a nonzero element R such that the set
minspecaR is finite and any prime ideal of specaR is contained in a unique maximal ideal,
factor ring R/aR is a semilocal ring. By [6] proof the semilocal ring R is everywhere adequate
if and only if R is a direct sum of a valuation rings. O

Theorem 4. Let R be a commutative Bezout domain and a be a nonzero element of R such that
the set minspecaR is finite, and any nonzero prime ideal spec aR is contained in a finite set of
maximal ideals. Then a is an element of almost stable range 1.

The proof of the Theorem 4 is similar to the proof of the Theorem 3.

Proposition 2 ([2]). Let R be a commutative Bezout domain in which any nonzero prime ideal
is contained in a finite set of maximal ideals. Then the following properties are equivalent:

1) for any nonzero element a € R there exists a representation aR = Q...Q,, where
Q1,...,Qy are pairwise commaximal ideals such that rad Q; is a prime ideal;

2) minspecaR is finite.
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As a result of Proposition 2 and Theorem 4 we obtain the following results.

Theorem 5. Let R be a commutative Bezout domain in which any nonzero prime ideal is
contained in a finite set of maximal ideals and for any nonzero element a € R there exists
a representation aR = Qy...Qy, where Qy, ..., Q, are pairwise comaximal ideals such that
rad Q; € spec R. Then R is a ring of almost stable range 1.

Proof. Since R be a commutative Bezout domain in which any nonzero prime ideal is contained
in a finite set of maximal ideals and for any nonzero element a € R there exists a representation
aR = Q1...Qu, where Qq, ..., Q, are pairwise comaximal ideals such that rad Q; € specR,
minspecaR is finite. By Theorem 4, a is an element of almost stable range 1. Then R is a ring
of almost stable range 1. O

Since a commutative Bezout ring of almost stable range 1 is an elementary divisor ring [7],
as a result, we obtain the following.

Theorem 6. Let R be a commutative Bezout domain in which any nonzero prime ideal is
contained in a finite set of maximal ideals and for any nonzero elementa € R let the ideal aR
is decomposed into a product aR = Q1 ...Qy, where Q; (i = 1,...,n) are pairwise comaximal
ideals and rad Q; € spec R. Then R is an elementary divisor ring.

Open Question. Is it true that every commutative Bezout domain in which any non-zero
prime ideal is contained in a finite set of maximal ideals is an elementary divisor ring?
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3abascokmit B.B., Pomanis O.M. Komymamuseri o6acmi besy, 8 axux 0oeinbHuil HeHy1woeuil npocmuii
i0ean micmumucs Y CKiHUeHHITl MHOJCUHT MakcumanoHux ideanis // Kapnarceki MmaTteM. my6a. — 2018.
— T.10, Ne2. — C. 402-407.

AOCAIAXKYIOTBCS KOMYTaTVBHI 06AacTi besy, sikmx AOBIABHMIT HEHYyABOBUMIL IIPOCTMIA iaean Mi-
CTUTBCSL B CKiHUEHHIl MHOXIHI MaKCMMaAbHMX iaeaniB. 30KpeMa OIMMCAaHO KAAc TaKMX Kirellb, siki
€ KIABIISIMM eAeMeHTapHMX AIABHMKIB. Kiablle R HasMBaeThcsI KiAblIeM eAeMeHTapHMX AIABHMKIB,
SIKIITO KOXKHa MaTpuIls Haa R BOAOAi€ KaHOHIUHOIO AlaTOHAABHOIO peAyKIlieo (MaTpuils A BOAOAiE
KAHOHIYHOIO  AIarOHAABHOIO  PEeAYKIIi€lo, sKIIO icHye Taxa AlarOHaAbHAa  MaTpuIIs
D = diag(sl,SZ, ., €r,0,...,0), mo matpuui A Ta D exsiBareHTHi i Re; C Rejy1 AASI KOXKHOTO
1 <i < r—1). 3oxkpeMa, MU AOBEAH, IIIO KOMyTaTUBHA 00AacTb be3y R, B sIKilt KOXXeH HEHYABOBUIA
MPOCTVIA iAeaA MiCTUTBCS B CKiHUeHHI MHOXKMHI MaKCMMaAbHMX iAeaAiB i AAST AOBIABHOIO eAeMeHTa
a € Rinean aR po3kraraeTbest B A06yTOK aR = Q... Qy, 2e Q; (i =1,..., 1) € mOAPHO KOMAaKCH-
MaabHUMM inearamu irad Q; € spec R, € KiAblieM eAeMeHTapHUX ALABHUKIB.

Kntouosi crosa i ppasu: xiablie besy, Kiablle exeMeHTapHMX AIABHMKIB, aAeKBaTHe KiAblle, Kiablle
CTabiABHOTO paHIy, KiAblle HOpMYBaHHsI, IPOCTIIT iAean, MaKCMMAABHIM iAean, KOMaKCUMaABHINI
iAeaA.

407



