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The Catalan numbers are a sequence de�ned directly in terms of binomial coe�cients:
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or recursively as follows:
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The Catalan numbers have a rich history and many unique properties. They count certain
types of lattice paths, permutations, binary trees, and many other combinatorial objects (see
[1, 3] and the references given there).

Using Trudi's formula [2] for determinants and permanents of Toeplitz�Hessenberg matrices
with Catalan entries, we obtain some new identities for the Catalan numbers.

Proposition. Let n ¥ 1, except when noted otherwise. The following formulas hold :¸
t1�2t2�����ntn�n

pnptqCt1
0 C

t2
1 � � �Ctn

n�1 �
1

n� 1

�
2n

n



� Cn,

¸
t1�2t2�����ntn�n

p�1qt1�����tn�1pnptqCt1
1 C

t2
2 � � �Ctn

n � 1

n

�
2n� 2

n� 1



� Cn�1,

¸
t1�2t2�����ntn�n

pnptqCt1
1 C

t2
2 � � �Ctn

n �
�

2n� 1

n



� p2n� 1qCn�1,

¸
t1�2t2�����ntn�n

p�1qt1�����tn�1pnptqCt1
2 C

t2
4 � � �Ctn

2n �
1

4n� 1

�
4n

2n



� 2n� 1

4n� 1
C2n,

¸
t1�2t2�����ntn�n

pnptqCt1
1 C

t2
3 � � �Ctn

2n�1 �
1

n

�
3n� 2

n� 1



� 2F1p1� n,�4n; 2� 3n;�1q,

¸
t1�2t2�����ntn�n

p�1qt1�����tnpnptqCt1
3 C

t2
5 � � �Ctn

2n�1 �
1

n

n�1̧

i�0

2i
�

2n� 1� i
i


�
2n� 1

n� 1� i


, n ¥ 2,

where the summation is over nonnegative integers satisfying t1 � 2t2 � � � � � ntn � n,

pnptq � pt1 � t2 � � � � � tnq!
t1!t2! � � � tn!

is the multinomial coe�cient, and 2F1pa, b; c;�1q is the generalized hypergeometric function.
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