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The Chebyshev polynomials 𝑇𝑛(𝑥) of the �rst kind, the Chebyshev
polynomials 𝑈𝑛(𝑥) of the second kind, and the Fibonacci polynomials 𝐹𝑛(𝑥)
are respectively de�ned by the recurrence relations as follows [3, 4]: for 𝑛 ≥ 2,

𝑇0(𝑥) = 1, 𝑇1(𝑥) = 𝑥, 𝑇𝑛(𝑥) = 2𝑥𝑇𝑛−1(𝑥) − 𝑇𝑛−2(𝑥),

𝑈0(𝑥) = 1, 𝑈1(𝑥) = 2𝑥, 𝑈𝑛(𝑥) = 2𝑥𝑈𝑛−1(𝑥) − 𝑈𝑛−2(𝑥),

𝐹0(𝑥) = 0, 𝐹1(𝑥) = 1, 𝐹𝑛(𝑥) = 𝑥𝐹𝑛−1(𝑥) + 𝐹𝑛−2(𝑥).

We establish new connection formulas between Fibonacci polynomials and
Chebyshev polynomials of the �rst and second kinds (see Theorems 1 and 2,
respectively). This is achieved by relating the respective generating functions
to each other; see [1] and [2] for more details of this method.

Theorem 1. For 𝑛 ≥ 1, the following identities hold:

𝐹𝑛(𝑥) = 𝑇𝑛−1(𝑥) −
𝑛−2∑︀
𝑘=1

(︀
𝑥𝑇𝑛−𝑘−1(𝑥) − 2𝑇𝑛−𝑘−2(𝑥)

)︀
𝐹𝑘(𝑥);

𝑥2𝐹2𝑛(𝑥) = 𝑇2𝑛+1(𝑥) − 𝑇2𝑛−1(𝑥) − (3𝑥2 − 4)
𝑛−1∑︀
𝑘=0

𝐹2𝑘+1(𝑥)𝑇2(𝑛−𝑘)−1(𝑥);

𝐹2𝑛(𝑥) − (2𝑥2 − 1)𝐹2𝑛−2(𝑥) = 𝑥𝑇2𝑛−2(𝑥) − (3𝑥2 − 4)
𝑛−1∑︀
𝑘=1

𝐹2𝑘(𝑥)𝑇2(𝑛−𝑘−1)(𝑥);

𝑥𝐹𝑛(𝑥) + (4𝑥3 − 𝑥2 − 3𝑥)𝐹𝑛−1(𝑥)

= 𝑇2𝑛−1(𝑥) −
𝑛−2∑︀
𝑘=1

(︀
(4𝑥2 − 𝑥− 2)𝑇2(𝑛−𝑘)−1(𝑥) − 2𝑇2(𝑛−𝑘)−3(𝑥)

)︀
𝐹𝑘(𝑥);

𝐹𝑛(𝑥) + (2𝑥2 − 𝑥− 1)𝐹𝑛−1(𝑥)

= 𝑇2𝑛−2(𝑥) −
𝑛−2∑︀
𝑘=1

(︀
(4𝑥2 − 𝑥− 2)𝑇2(𝑛−𝑘−1)(𝑥) − 2𝑇2(𝑛−𝑘−2)(𝑥)

)︀
𝐹𝑘(𝑥);

86



𝐹2𝑛+1(𝑥) − (2𝑥2 − 1)𝐹2𝑛−1(𝑥)

= 𝑇2𝑛(𝑥) − 𝑇2𝑛−2(𝑥) − (3𝑥2 − 4)
𝑛−1∑︀
𝑘=0

𝑇2(𝑛−𝑘−1)(𝑥)𝐹2𝑘+1(𝑥);

𝑥2𝐹2𝑛−1(𝑥) = 𝑥𝑇2𝑛−1(𝑥) − (3𝑥2 − 4)
𝑛−1∑︀
𝑘=1

𝑇2(𝑛−𝑘)−1(𝑥)𝐹2𝑘(𝑥).

Theorem 2. For 𝑛 ≥ 1, the following identities hold:

𝐹𝑛(𝑥) + 𝑥𝐹𝑛−1(𝑥) = 𝑈𝑛−1(𝑥) −
𝑛−2∑︀
𝑘=1

(︀
𝑥𝑈𝑛−𝑘−1(𝑥) − 2𝑈𝑛−𝑘−2(𝑥)

)︀
𝐹𝑘(𝑥);

2𝑥𝐹2𝑛+1(𝑥) = 𝑈2𝑛+1(𝑥) − 𝑈2𝑛−1(𝑥) − (3𝑥2 − 4)
𝑛−1∑︀
𝑘=0

𝐹2𝑘+1(𝑥)𝑈2(𝑛−𝑘)−1(𝑥);

𝐹2𝑛(𝑥) + 𝐹2𝑛−2(𝑥) = 𝑥𝑈2𝑛−2(𝑥) − (3𝑥2 − 4)
𝑛−1∑︀
𝑘=1

𝐹2𝑘(𝑥)𝑈2(𝑛−𝑘−1)(𝑥);

2𝑥𝐹𝑛(𝑥) + (8𝑥3 − 2𝑥2 − 4𝑥)𝐹𝑛−1(𝑥)

= 𝑈2𝑛−1(𝑥) −
𝑛−2∑︀
𝑘=1

(︀
(4𝑥2 − 𝑥− 2)𝑈2(𝑛−𝑘)−1(𝑥) − 2𝑈2(𝑛−𝑘)−3(𝑥)

)︀
𝐹𝑘(𝑥);

𝐹𝑛(𝑥) + (4𝑥2 − 𝑥− 1)𝐹𝑛−1(𝑥)

= 𝑈2𝑛−2(𝑥) −
𝑛−2∑︀
𝑘=1

(︀
(4𝑥2 − 𝑥− 2)𝑈2(𝑛−𝑘−1)(𝑥) − 2𝑈2(𝑛−𝑘−2)(𝑥)

)︀
𝐹𝑘(𝑥);

𝐹2𝑛+1(𝑥) + 𝐹2𝑛−1(𝑥)

= 𝑈2𝑛(𝑥) − 𝑈2𝑛−2(𝑥) − (3𝑥2 − 4)
𝑛−1∑︀
𝑘=0

𝑈2(𝑛−𝑘−1)(𝑥)𝐹2𝑘+1(𝑥);

2𝑥𝐹2𝑛(𝑥) = 𝑥𝑈2𝑛−1(𝑥) − (3𝑥2 − 4)
𝑛−1∑︀
𝑘=1

𝑈2(𝑛−𝑘)−1(𝑥)𝐹2𝑘(𝑥).
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