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Chebyshev polynomials 
rop up in virtually every area of numeri
al analysis, and

they hold parti
ular importan
e in re
ent advan
es in subje
ts su
h as orthogonal

polynomials, polynomial approximation, numeri
al integration, 
ombinatori
s,

statisti
s, and spe
tral methods. There are many interesting and unique properties

of these polynomials, whi
h 
an be found in several textbooks and arti
les, for

example [1�4℄.

The Chebyshev polynomials Tn(x) of the �rst kind are de�ned by the two-order

re
urren
e relation

T0(x) = 1, T1(x) = x, Tn+1(x) = 2xTn(x)− Tn−1(x),

while the Chebyshev polynomials Un(x) of the se
ond kind are de�ned by the re
ur-
ren
e relation

U0(x) = 1, U1(x) = 2x, Un+1(x) = 2xUn(x)− Un−1(x).

Using the apparatus of triangular matri
es [5, 6℄, we obtain the re
urrent formulas

for Chebyshev polynomials of the �rst and se
ond kinds with even (odd) indi
es via

determinant of tridiagonal matri
es.

Theorem 1. For n > 1 the following re
urrent formulas are hold:

T2n−2(x) = (−1)n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−1 −1 0 0 . . . 0 0 0

2xT1(x) 1 −1 0 . . . 0 0 0

0 2xT3(x)
T0(x)

1 −1 . . . 0 0 0

· · · . . . · · · . . . · · · · · · · · · . . .

0 0 0 0 · · · 2xT2n−5(x)
T2n−8(x)

1 −1

0 0 0 0 · · · 0 2xT2n−3(x)
T2n−6(x)

1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

and

T2n−1(x) = (−1)n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−x −1 0 0 . . . 0 0 0

2xT2(x) 1 −1 0 . . . 0 0 0

0 2xT4(x)
T1(x)

1 −1 . . . 0 0 0

. . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 0 . . . 2xT2n−4(x)
T2n−7(x)

1 −1

0 0 0 0 . . . 0 2xT2n−2(x)
T2n−5(x)

1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.
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Theorem 2. For n > 1 the following re
urrent formulas are hold:

U2n−2(x) = (−1)n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−1 −1 0 0 . . . 0 0 0

2xU1(x) 1 −1 0 . . . 0 0 0

0 2xU3(x)
U0(x)

1 −1 . . . 0 0 0

. . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 0 . . . 2xU2n−5(x)
U2n−8(x)

1 −1

0 0 0 0 . . . 0 2xU2n−3(x)
U2n−6(x)

1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

and

U2n−1(x) = (−1)n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−2x −1 0 0 . . . 0 0 0

2xU2(x) 1 −1 0 . . . 0 0 0

0 2xU4(x)
U1(x)

1 −1 . . . 0 0 0

. . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 0 . . . 2xU2n−4(x)
U2n−7(x)

1 −1

0 0 0 0 . . . 0 2xU2n−2(x)
U2n−5(x)

1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

A similar formulas 
an be obtained for Chebyshev polynomials of the third

and fourth kinds. Re
all that the n-th Chebyshev polynomials of the third and

fourth kinds are de�ned to be the polynomials Vn(x) and Wn(x) satisfying the same
re
urrent relation

Xn+1(x) = 2xXn(x)−Xn−1(x),

where n > 1, with initial 
onditions V0(x) = 0, V1(x) = 2x − 1 and W0(x) = 0,
W1(x) = 2x+ 1, respe
tively.

Referen
es

1. Fox L., Parker I. B. Chebyshev Polynomials in Numeri
al Analysis.�Oxford: Oxford Univ.

Press, 1968.�205 p.

2. Mason J. C., Hands
omb D. C. Chebyshev Polynomials.�N.Y.: CRC Press, 2002.�360 p.

3. Rivlin T. J. Chebyshev Polynomials: From Approximation Theory to Algebra and Number

Theory.�N.Y.: Wiley-Inters
ien
e, 1990.�249 p.

4. Udrea G. Chebyshev polynomials and some methods of approximation // Portugaliae Math.�

1998.�Vol. 55, � 3.�P. 261�269.

5. Zatorsky R. A. Theory of paradeterminants and its appli
ations // Algebra and Dis
rete

Math.�2007.�� 1.�P. 108�137.

6. Zatorsky R., Goy T. Parapermanents of triangular matri
es and some general theorems on

number sequen
es // J. Integer Sequen
es.�2016.�Vol. 19, � 2.�Arti
le 16.2.2.

54


