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The generalized Fibonacci sequence hn = hn(a, b; p, q) is defined as follows

h0 = a, h1 = b, hn = phn−1 + qhn−2, n > 2, (1)

where a, b, p and q are arbitrary complex numbers with q 6= 0. Since the numbers hn were first
studied by Alwyn Horadam (see [4, 5]), they are called Horadam numbers.

In [6] the Horadam recurrence relation (1) is extended to higher order recurrence relations. In
fact, third-order Horadam numbers Hn = Hn(a, b, c; p, q, r) are defined by

Hn = pHn−1 + qHn−2 + rHn−3, n > 3, (2)

with initial values H0 = a, H1 = b and H2 = c.
In equation (2), for special choices of a, b, c, p, q and r, the following recurrence relations can

be obtained:

• for a = b = c = p = q = r = 1, it is obtained tribonacci numbers (sequence A000073 from
[7]);

• for a = 3, b = 1, c = 3, p = q = r = 1, it is obtained tribonacci-Lucas numbers (sequence
A001644);

• for a = 1, b = c = 0, p = 0, q = r = 1, it is obtained Padovan numbers (sequence A000931);

• for a = 3, b = 0, c = 2, p = 0, q = r = 1, it is obtained Perrin numbers (sequence A001608);

• for a = 0, b = 1, c = 1, p = 1, q = 0, r = 1, it is obtained Fibonacci-Narayana numbers
(sequence A000930).

Applying the apparatus of triangular matrices (see, for example, [8] and the bibliography given
there), we proved new recurrent formulas expressing third-order Horadam numbers Hn with even
and odd subscripts via recurrent determinants of four-diagonal matrix of order n.

Our approach is similar to spirit in [1, 2, 3].
Let Pn and Qn denote the n× n four-diagonal matrices

Pn =



H1 H1 0
0 H3 H3 0
0 0 H5 H5

0 pH6 −rH4 qH5 H7

. . . . . . . . . . . .
pH2n−6 −rH2n−8 qH2n−7 H2n−5 0

0 pH2n−4 −rH2n−6 qH2n−5 H2n−3

0 pH2n−2 −rH2n−4 qH2n−3


,
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and

Qn =



H0 H0 0
0 H2 H2

0 0 H4 H4 0
0 pH5 −rH3 qH4 H6

. . . . . . . . . . . .
pH2n−7 −rH2n−9 qH2n−8 H2n−6 0

0 pH2n−5 −rH2n−7 qH2n−6 H2n−4

0 pH2n−3 −rH2n−5 qH2n−4


.

Theorem. For all n > 1, the following formulas hold :

H2n−1 =
detPn

n−1∏
i=1

H2i−1

, H2n−2 =
detQn

n−1∏
i=1

H2i−2

,

By choosing other suitable values on a, b, c, p, q and r, we can also obtain the tribonacci,
tribonacci-Lucas, Padovan, Perrin and Fibonacci-Narayana numbers in term of recurrent determinants
of four-diagonal matrix.
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