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Algebras of weakly symmetric functions on spaces of
Lebesgue measurable functions
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In this work, we investigate algebras of block-symmetric and weakly symmetric polynomials and

analytic functions on complex Banach spaces of Lebesgue measurable functions, for which the pth

power of the absolute value is Lebesgue integrable, where p ∈ [1,+∞), and Lebesgue measurable

essentially bounded functions on [0, 1]. We construct generating systems of algebras of all weakly

symmetric continuous complex-valued polynomials on these spaces. Also we establish conditions

under which sets of weakly symmetric analytic functions are algebras.
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Introduction

The notion of symmetry is very useful in the study of analytic functions on infinite di-

mensional spaces (see [2, 3, 5, 6, 8, 10–12, 14, 21, 26]), especially, in the investigations of spectra

of topological algebras of these functions (see [1, 4, 7, 9, 15]). A large number of algebras of

symmetric analytic functions are relatively easy to study because they are finitely or countably

generated.

In [24], the authors introduced the notion of weak symmetry. The main advantage of this

notion is following. On the one hand, in contrast to the case of symmetric analytic functions,

the completions of algebras of weakly symmetric analytic functions can contain functions that

are not weakly symmetric. On the other hand, these algebras remain to be finitely or countably

generated. So, methods developed for algebras of symmetric analytic functions can be applied

to much wider algebras of analytic functions.

In this work, we investigate algebras of block-symmetric and weakly symmetric polynomi-

als and analytic functions on complex Banach spaces Lp[0, 1] and L∞[0, 1].

1 Preliminaries

Let N be the set of all positive integers. Let Z+ be the set of all nonnegative integers. Let µ

be the Lebesgue measure on [0, 1].
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Symmetric and weakly symmetric mappings. Let A, B be arbitrary nonempty sets. Let S be

an arbitrary fixed set of mappings that act from A to itself. A mapping f : A → B is called

S-symmetric if f (s(a)) = f (a) for every a ∈ A and s ∈ S.

Let Λ be some index set. For every α ∈ Λ, let Sα be a set of mappings that act from A to

itself. Let S =
{

Sα : α ∈ Λ
}

be a family of all sets Sα. A mapping f : A → B is called S-weakly

symmetric if there exists α ∈ Λ such that f is Sα-symmetric.

In this work, we are interested in families S that satisfy the following property.

Property 1. For every α, β ∈ Λ there exists γ ∈ Λ such that Sγ ⊂ Sα ∩ Sβ.

The algebra Hb(X). Let X be a complex Banach space. Let Hb(X) be the Fréchet algebra of all

entire functions f : X → C which are bounded on bounded sets endowed with the topology

of uniform convergence on bounded sets.

Let

‖ f‖r = sup
‖x‖≤r

| f (x)|

for f ∈ Hb(X) and r > 0. The topology of Hb(X) can be generated by an arbitrary set of norms

{‖ · ‖r : r ∈ Γ}, where Γ is any unbounded subset of (0,+∞).

The algebra Hb,S(X). Let X be a complex Banach space. Let S be a set of operators on X. Let

Hb,S(X) be the subalgebra of all S-symmetric elements of Hb(X). By [19, Lemma 3], Hb,S(X) is

closed in Hb(X). So, Hb,S(X) is a Fréchet algebra.

The group of bijections Ξ[0,1]. Let Ξ[0,1] be the set of all bijections σ : [0, 1] → [0, 1] such that

both σ and σ−1 are measurable and preserve the Lebesgue measure, i.e. for every Lebesgue

measurable set E ⊂ [0, 1], both sets σ(E) and σ−1(E) are Lebesgue measurable and µ
(
σ(E)

)
=

µ
(
σ−1(E)

)
= µ(E). Note that Ξ[0,1] is a group with respect to the operation of composition.

The group of bijections Ξ
(n)
[0,1]

. Let n ∈ N. Let Ξ
(n)
[0,1]

be the set of all bijections σ ∈ Ξ[0,1] such

that

σ(t + 1/n) = σ(t) + 1/n (1)

for every t ∈ [0, 1 − 1/n]. By [25, Proposition 2], Ξ
(n)
[0,1]

is a subgroup of Ξ[0,1].

The group of operators S(Ξ, Xn). Let Ξ be an arbitrary subgroup of Ξ[0,1]. Let X be an arbitrary

linear space of equivalence classes with respect to the equivalence relation x ∼ y ⇔ x
a.e.
= y

of Lebesgue measurable functions on [0, 1] such that x ◦ σ belongs to X for every x ∈ X and

σ ∈ Ξ. Let Xn be the nth Cartesian power of X, where n ∈ N. For σ ∈ Ξ, let the operator sσ be

defined by

sσ : Xn ∋ (x1, . . . , xn) 7→ (x1 ◦ σ, . . . , xn ◦ σ) ∈ Xn.

Let

S(Ξ, Xn) = {sσ : σ ∈ Ξ}.

It can be verified that S(Ξ, Xn) is a group of operators on Xn. If the context is clear, we shall

write S(Ξ) instead of S(Ξ, Xn).
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The Cartesian power of Lp[0, 1]. Let Lp[0, 1], where p ∈ [1,+∞), be the complex Banach space

of all Lebesgue measurable functions x : [0, 1] → C for which the pth power of the absolute

value is Lebesgue integrable with norm

‖x‖p =
(∫

[0,1]
|x(t)|p dt

)1/p
.

Let
(

Lp[0, 1]
)n

, where n ∈ N, be the nth Cartesian power of Lp[0, 1] with norm

‖x‖p,n =
( n

∑
s=1

∫

[0,1]
|xs(t)|

p dt
)1/p

,

where x = (x1, . . . , xn) ∈
(

Lp[0, 1]
)n

.

The Cartesian power of L∞[0, 1]. Let L∞[0, 1] be the complex Banach space of all Lebesgue

measurable essentially bounded functions x : [0, 1] → C with norm

‖x‖∞ = ess sup
t∈[0,1]

|x(t)|.

Let
(

L∞[0, 1]
)n

, where n ∈ N, be the nth Cartesian power of L∞[0, 1] with norm

‖x‖∞,n = max
1≤j≤n

‖xj‖∞,

where x = (x1, . . . , xn) ∈
(

L∞[0, 1]
)n

.

Symmetric functions on Cartesian powers of Lp[0, 1] and L∞[0, 1]. Let X be an element of the

set

L =
{

Lp[0, 1] : p ∈ [1,+∞)
}
∪
{

L∞[0, 1]
}

, (2)

i.e. X is equal to Lp[0, 1] or L∞[0, 1]. By the definition of the group of operators S(Ξ[0,1], Xn), a

function f on Xn is S(Ξ[0,1], Xn)-symmetric if

f (x1 ◦ σ, . . . , xn ◦ σ) = f (x1, . . . , xn)

for every (x1, . . . , xn) ∈ Xn and σ ∈ Ξ[0,1].

Note, that in works [16–20,22,23], S(Ξ[0,1], Xn)-symmetric functions on Cartesian powers of

Lp[0, 1] and L∞[0, 1] are called symmetric. In this work, we also call these functions symmetric

if the context is clear.

Let

MX,n =

{ {
k ∈ Zn

+ : 1 ≤ |k| ≤ p
}

, if X = Lp[0, 1],

{k ∈ Z
n
+ : |k| ≥ 1}, if X = L∞[0, 1],

(3)

where |k| = k1 + . . . + kn for k = (k1, . . . , kn) ∈ Zn
+.

For every multi-index k ∈ MX,n, let us define the mapping Rk,Xn : Xn → C by

Rk,Xn(y) =
∫

[0,1]

n

∏
s=1
ks>0

(ys(t))
ks dt, (4)

where y = (y1, . . . , yn) ∈ Xn. Note that Rk,Xn is a symmetric continuous |k|-homogeneous

polynomial.
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For every nonempty finite set M ⊂ Zn
+ and for every mapping l : M → Z+, let

κ(l, M) = ∑
k∈M

|k|l(k). (5)

For N ∈ N, let

MX,n,N =
{

k ∈ MX,n : |k| ≤ N
}

, (6)

where MX,n is defined by (3).

Theorem 1 ([16, Theorem 2.10] and [18, Theorem 2]). Let n, N ∈ N. Let X ∈ L, where L is

defined by (2). Every symmetric continuous N-homogeneous polynomial P : Xn → C can be

uniquely represented as

P(y) = ∑
l:MX,n,N→Z+

κ(l,MX,n,N)=N

αl ∏
k∈MX,n,N

l(k)>0

(
Rk,Xn(y)

)l(k)
,

where y ∈ Xn, αl ∈ C, Rk,Xn is defined by (4), κ is defined by (5) and MX,n,N is defined by (6).

Block-symmetric functions on Lp[0, 1] and L∞[0, 1]. Let X ∈ L, where L is defined by (2). A

function f on X, which is S
(
Ξ
(n)
[0,1]

, X
)
-symmetric, we call n-block-symmetric.

The isomorphism of Fréchet algebras H
b,S

(
Ξ[0,1]

)(Xn) and H
b,S

(
Ξ
(n)
[0,1]

)(X). Let X ∈ L, where

L is defined by (2). Let n ∈ N. Let us define the function λ[a,b] : [a, b] → [0, 1] by

λ[a,b](t) =
t − a

b − a
. (7)

Note that λ[a,b] is a bijection.

For x = (x1, . . . , xn) ∈ Xn, let us define the function ιX,n(x) : [0, 1] → C by

ιX,n(x)(t) =

{ (
xj ◦ λ[(j−1)/n,j/n]

)
(t), if t ∈

[
(j − 1)/n, j/n

)
, where j ∈ {1, . . . , n},

0, if t = 1,
(8)

where λ[(j−1)/n,j/n] is defined by (7).

Let us define the mapping ιX,n : Xn → X by

ιX,n : Xn ∋ x 7→ ιX,n(x) ∈ X, (9)

where ιX,n(x) is defined by (8).

By [25, Proposition 5], the mapping ιX,n, defined by (9), is an isomorphism.

Theorem 2 ([25, Theorem 5]). Let n ∈ N and X be equal to Lp[0, 1] or L∞[0, 1], where p ∈
[1,+∞). The mapping

IX,n : H
b,S
(

Ξ
(n)
[0,1]

)(X) ∋ g 7→ g ◦ ιX,n ∈ H
b,S
(

Ξ[0,1]

)(Xn) (10)

is an isomorphism of Fréchet algebras H
b,S
(

Ξ
(n)
[0,1]

)(X) and H
b,S
(

Ξ[0,1]

)(Xn), where ιX,n is defined

by (9).

Note that, by (10),

IX,n( f ) = f ◦ ι−1
p,n (11)

for every f ∈ H
b,S
(

Ξ[0,1]

)(Xn).
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2 Block-symmetric polynomials on Lp[0, 1] and L∞[0, 1]

Lemma 1. Let n, N ∈ N. Let X ∈ L, where L is defined by (2). Then

a) for every continuous N-homogeneous n-block-symmetric polynomial P : X → C, the

function IX,n(P), where IX,n is defined by (10), is a continuous N-homogeneous symmetric

polynomial on Xn;

b) for every continuous N-homogeneous symmetric polynomial P : Xn → C, the function

I−1
X,n(P) is a continuous N-homogeneous n-block-symmetric polynomial on X.

Proof. a) Note that P ∈ H
b,S
(

Ξ
(n)
[0,1]

)(X). Therefore IX,n(P) ∈ H
b,S
(

Ξ[0,1]

)(Xn). Consequently,

IX,n(P) is a continuous S
(
Ξ[0,1], Xn

)
-symmetric function on Xn. By (10), IX,n(P) = P ◦ ιp,n.

Consequently, taking into account that P is an N-homogeneous polynomial and ιp,n is a con-

tinuous linear operator, IX,n(P) is an N-homogeneous polynomial.

b) The proof follows a similar approach as the proof of the previous item.

Let us define some “elementary” n-block-symmetric polynomials. Let n ∈ N and X ∈ L.

Let k ∈ MX,n, where MX,n is defined by (3). Note that Rk,Xn ∈ H
b,S
(

Ξ[0,1]

)(Xn), where Rk,Xn is

defined by (4). Let

Gk,n,X = I−1
X,n

(
Rk,Xn

)
, (12)

where IX,n is defined by (10). By Lemma 1, Gk,n,X is a continuous n-block-symmetric

|k|-homogeneous polynomial. By (11),

Gk,n,X = Rk,Xn ◦ ι−1
X,n, (13)

where ιX,n is defined by (9).

By (13), (8) and (4), taking into account (7), we have

Gk,n,X(x) =
∫

[0,1]

n

∏
s=1
ks>0

((
x ◦ λ−1

[(s−1)/n,s/n]

)
(t)

)ks

dt =
∫

[0,1]

n

∏
s=1
ks>0

(

x
( s − 1 + t

n

))ks

dt.

Theorem 3. Let N ∈ N. Let X ∈ L, where L is defined by (2). Every n-block-symmetric

continuous N-homogeneous polynomial P : X → C can be uniquely represented as

P(x) = ∑
l:MX,n,N→Z+

κ(l,MX,n,N)=N

αl ∏
k∈MX,n,N

l(k)>0

(
Gk,n,X(x)

)l(k)
,

where x ∈ X, αl ∈ C, Gk,n,X is defined by (12), κ is defined by (5) and MX,n,N is defined by (6).

Proof. By Lemma 1, IX,n(P) is a continuous N-homogeneous symmetric polynomial on Xn.

Therefore, by Theorem 1, IX,n(P) can be uniquely represented in the form

IX,n(P) = ∑
l:MX,n,N→Z+

κ(l,MX,n,N)=N

αl ∏
k∈MX,n,N

l(k)>0

(
Rk,Xn

)l(k)
, (14)
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where αl ∈ C. Consequently, taking into account that IX,n is an isomorphism, we obtain

P = I−1
X,n





 ∑

l:MX,n,N→Z+

κ(l,MX,n,N)=N

αl ∏
k∈MX,n,N

l(k)>0

(
Rk,Xn

)l(k)







= ∑
l:MX,n,N→Z+

κ(l,MX,n,N)=N

αl ∏
k∈MX,n,N

l(k)>0

(
I−1
X,n(Rk,Xn)

)l(k)

= ∑
l:MX,n,N→Z+

κ(l,MX,n,N)=N

αl ∏
k∈MX,n,N

l(k)>0

(
Gk,n,X

)l(k)
.

(15)

Let us show that the representation (15) is unique. Suppose there exists another representation

P = ∑
l:MX,n,N→Z+

κ(l,MX,n,N)=N

βl ∏
k∈MX,n,N

l(k)>0

(
Gk,n,X

)l(k)
,

where βl ∈ C. Then

IX,n(P) = IX,n





 ∑

l:MX,n,N→Z+

κ(l,MX,n,N)=N

βl ∏
k∈MX,n,N

l(k)>0

(
Gk,n,X

)l(k)







= ∑
l:MX,n,N→Z+

κ(l,MX,n,N)=N

βl ∏
k∈MX,n,N

l(k)>0

(
IX,n(Gk,n,X)

)l(k)

= ∑
l:MX,n,N→Z+

κ(l,MX,n,N)=N

βl ∏
k∈MX,n,N

l(k)>0

(
Rk,Xn

)l(k)
.

But, the representation (14) is unique. So, al = βl . Consequently, the representation (15) is

unique. This completes the proof.

Let us construct linear dependencies between block-symmetric polynomials. For n, q ∈ N,

s ∈ {1, . . . , q} and k = (k1, . . . , kn) ∈ Zn
+, let us define k(n,q,s) ∈ Z

nq
p by

k(n,q,s) =
(
0, . . . , 0
︸ ︷︷ ︸

s−1

, k1, 0, . . . , 0
︸ ︷︷ ︸

q−s

, 0, . . . , 0
︸ ︷︷ ︸

s−1

, k2, 0, . . . , 0
︸ ︷︷ ︸

q−s

, . . . , 0, . . . , 0
︸ ︷︷ ︸

s−1

, kn, 0, . . . , 0
︸ ︷︷ ︸

q−s

)
.

Note that
∣
∣k(n,q,s)

∣
∣ = |k|. Consequently, if k ∈ MX,n,N for some X ∈ L and N ∈ N, then, taking

into account (3) and (6), we have k(n,q,s) ∈ MX,nq,N .

It can be checked that the following dependency

Gk,n,X =
q

∑
s=1

Gk(n,q,s),nq,X (16)

holds for every X ∈ L and n, q ∈ N.

3 Weakly symmetric functions on Lp[0, 1] and L∞[0, 1]

Let X ∈ L, where L is defined by (2). For N ⊂ N, let

SN ,X =
{

S
(
Ξ
(n)
[0,1]

, X
)

: n ∈ N
}

. (17)

We consider SN ,X-weakly symmetric functions on X.
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Let us establish some auxiliary results.

Lemma 2. Let m, n ∈ N be such that n is a divisor of m. Then Ξ
(n)
[0,1]

⊃ Ξ
(m)
[0,1]

.

Proof. Let σ ∈ Ξ
(m)
[0,1]

. Let us show that σ ∈ Ξ
(n)
[0,1]

. Since σ ∈ Ξ
(m)
[0,1]

, it follows that σ ∈ Ξ[0,1] and,

by (1),

σ(t + 1/m) = σ(t) + 1/m (18)

for every t ∈ [0, 1 − 1/m]. Since n is a divisor of m, there exists k ∈ N such that n = m/k.

Consequently, taking into account (18), we obtain

σ(t + 1/n) = σ(t + k/m) = σ
(
t + (k − 1)/m + 1/m

)
= σ

(
t + (k − 1)/m

)
= . . . = σ(t)

for every t ∈ [0, 1 − 1/n]. Thus, σ ∈ Ξ
(n)
[0,1]

. This completes the proof.

Lemma 2 implies the following assertion.

Corollary 1. Let m, n ∈ N be such that n is a divisor of m. Then S
(
Ξ
(n)
[0,1]

, X
)
⊃ S

(
Ξ
(m)
[0,1]

, X
)
,

where X ∈ L.

Let us consider subsets N ⊂ N with the following property.

Property 2. For every k, l ∈ N there exists m ∈ N such that m is a common multiplier

of k and l.

Corollary 1 implies the following assertion.

Corollary 2. Let X ∈ L, where L is defined by (2). Let N be a subset of N that satisfies

Property 2. Then the family SN ,X, defined by (17), satisfies Property 1.

Theorem 4. Let X ∈ L, where L is defined by (2). Let N be a subset of N that satisfies

Property 2. Then the set of all SN ,X-weakly symmetric elements of some algebra of functions

on X is an algebra.

Proof. By [24, Theorem 1], the subset of all S-weakly symmetric elements of some algebra of

functions on some nonempty set is an algebra if the familyS satisfies Property 1. Consequently,

taking into account Corollary 2, if N ⊂ N satisfies Property 2, then the set of all SN ,X-weakly

symmetric elements of some algebra of functions on X is an algebra.

Theorem 4 implies the following corollary.

Corollary 3. Let X ∈ L, where L is defined by (2). Let N be a subset of N that satisfies

Property 2. Then

a) the set PSN ,X−w.s.(X) of all SN ,X-weakly symmetric continuous complex-valued polyno-

mials on X is an algebra;

b) the set Hb,SN ,X−w.s.(X) of all SN ,X-weakly symmetric elements of Hb(X) is an algebra.

Theorem 5. Let X ∈ L, where L is defined by (2). Let N be a subset of N that satisfies

Property 2. Then the set
{

Gk,n,X : n ∈ N , k ∈ MX,n

}
(19)

is a generating system of the algebra PSN ,X−w.s.(X) of all SN ,X-weakly symmetric continuous

complex-valued polynomials on X.
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Proof. Let P ∈ PSN ,X−w.s.(X). Then

P = P0 + P1 + . . . + Pm, (20)

where m ∈ N, P0 ∈ C and Pj is a continuous j-homogeneous polynomial for every

j ∈ {1, . . . , m}. Since P is SN ,X-weakly symmetric, there exists n ∈ N such that P is

S
(
Ξ
(n)
[0,1]

, X
)
-symmetric, i.e. P is n-block-symmetric. Therefore, taking into account the Cauchy

integral formula (see [13, Corollary 7.3]), Pj is n-block-symmetric for every j ∈ {1, . . . , m}. Thus,

Pj is n-block-symmetric continuous j-homogeneous polynomial for every j ∈ {1, . . . , m}. Con-

sequently, by (20) and by Theorem 3, P can be represented in the form

P = P0 +
m

∑
j=1

∑
l:MX,n,j→Z+

κ(l,MX,n,j)=j

α
(j)
l ∏

k∈MX,n,j

l(k)>0

(
Gk,n,X(x)

)l(k)
,

where x ∈ X and α
(j)
l ∈ C. Thus, the set (19) is a generating system of the algebra PSN ,X−w.s.(X).

Note that (16) is an algebraic dependency between elements of (19). Thus, the set (19) is

algebraically dependent. Consequently, the set (19) is not an algebraic basis of the algebra

PSN ,X−w.s.(X).
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Буртняк I.В., Чоп’юк Ю.Ю., Василишин С.I., Василишин Т.В. Алгебри слабко симетричних фун-

кцiй на просторах вимiрних за Лебегом функцiй // Карпатськi матем. публ. — 2023. — Т.15, №2.

— C. 411–419.

В данiй роботi дослiджено алгебри блочно-симетричних i слабко симетричних полiномiв

i аналiтичних функцiй на комплексних банахових просторах вимiрних за Лебегом функцiй,

для яких p-тий степiнь абсолютного значення є iнтегровний за Лебегом, де p ∈ [1,+∞), i ви-

мiрних за Лебегом суттєво обмежених функцiй на вiдрiзку [0, 1]. Побудовано системи твiрних

елементiв алгебр всiх слабко симетричних неперервних комплекснозначних полiномiв на цих

просторах. Також встановлено умови, за виконання яких множини слабко симетричних ана-

лiтичних функцiй є алгебрами.

Ключовi слова i фрази: симетрична функцiя, слабко симетрична функцiя, аналiтична фун-

кцiя на нескiнченновимiрному просторi, простiр вимiрних за Лебегом функцiй.


