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Approximate properties of Abel-Poisson integrals on classes of
differentiable functions defined by moduli of continuity

Kharkevych Yu.I.1, Stepaniuk T.A.2

The paper deals with the problem of approximation in the uniform metric of W1Hω classes using

one of the classical linear summation methods for Fourier series given by a set of functions of a

natural argument, namely, using the Abel-Poisson integral. At the same time, emphasis is placed on

the study of the asymptotic behavior of the exact upper limits of the deviations of the Abel-Poisson

integrals from the functions of the mentioned class.
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1 Statement of the problem and some historical information

Let L be a space of 2π-periodic summable functions with norm ‖ f‖L = ‖ f‖1 =
π
∫

−π

∣

∣ f (t)
∣

∣dt,

C be a subset of the continuous functions from L with the uniform norm ‖ f‖C = max
t

∣

∣ f (t)
∣

∣.

A function of the following form

Aρ( f ; x) =
1

2π

∫ π

−π
f (x + t)

1 − ρ2

1 − 2ρ cos t + ρ2
dt (1)

is called the Abel-Poisson integral of the function f ∈ L [1].

Expanding the kernel of the Abel-Poisson integral Kρ(t) =
1−ρ2

2(1−2ρ cos t+ρ2)
in a Fourier series

and setting ρ = e−
1
δ (see, e.g., [2]), we write the Abel-Poisson integral as

Aδ( f ; x) =
1

π

∫ π

−π
f (x + t)

{

1

2
+

∞

∑
k=1

e−
k
δ cos kt

}

dt, δ > 0. (2)

Let further

Hω =
{

ϕ ∈ C :
∣

∣ϕ(t)− ϕ(t′)
∣

∣ 6 ω
(

|t − t′|
)

∀ t, t′ ∈ R

}

,

where ω(t) is a fixed majorant of the type of modulus continuity.
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For a positive integer r, we denote by Wr Hω the class of functions f that have continu-

ous derivatives up to the order (r − 1) and whose rth derivatives f (r) belong to the class Hω,

namely

Wr Hω = { f ∈ C : f (r) ∈ Hω, r ∈ N}.

Following A.I. Stepanets [3, p. 9], the problem of finding asymptotic equalities for the

quantities

E (M; Aδ)C = sup
f∈M

∥

∥ f (x)− Aδ ( f ; x)
∥

∥

C
,

where M ⊆ C is the given class of functions and Aδ( f ; x) is the Abel-Poisson integral, is called

as the Kolmogorov-Nikol’skii problem.

And if we find in the explcit form the function ϕ(δ) = ϕ(Aδ; δ), such that

E (M; Aδ)C = ϕ(δ) + o
(

ϕ(δ)
)

as δ → ∞,

then the Kolmogorov-Nikol’skii problem is said to be solved for the Abel-Poisson integral

Aδ( f ; x) on the class of the functions M in the metric of the space C.

Approximation properties of the Abel-Poisson integrals Aδ( f ; x) were studied by numer-

ous researchers. Let us give the short historical overview of the considered problem.

I.P. Natanson [4] solved the Kolmogorov-Nikol’skii problem on the class W1 for Abel-

Poisson integral (1):

E
(

W1, Aρ

)

C
= sup

f∈W1

∥

∥ f (x)− Aρ ( f ; x)
∥

∥

C
=

2

π
(1 − ρ)

∣

∣ln (1 − ρ)
∣

∣+ O (1 − ρ) , ρ → 1 − .

In [5], A.F. Timan obtained exact values of the approximation characteristics E
(

Wr, Aρ

)

C
for r ∈ N.

Definition ([6]). Formal series
∞

∑
n=0

gn (ρ) is called as complete asymptotic expansion or com-

plete asymtotics of the function f (ρ) as ρ → 1−, if for arbitrary natural N, as ρ → 1−

f (ρ) =
N

∑
n=0

gn (ρ) + o
(

gN (ρ)
)

and for all n ∈ N
∣

∣gn+1(ρ)
∣

∣ = o
(

∣

∣gn (ρ)
∣

∣

)

.

Shortly we can write it in the following way

f (ρ) ∼=
∞

∑
n=0

gn (ρ).

In É.L. Stark’s work [1], the complete asymptotic expansion of the quantity E
(

W1, Aδ

)

C
in

powers of (1− ρ), ρ → 1−, was found. This allows to write Kolmogorov-Nikol’skii constants of

arbitrary order [3, p. 9], which correspond to asymptotic terms of arbitrary order of smallness,

namely

E
(

W1, Aρ

)

C

∼=
∞

∑
k=1

{

αk (1 − ρ)k ln
1

1 − ρ
+ βk (1 − ρ)k

}

,
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where

αk =
1

k
, βk =

1

k

(

1

k
+ ln 2 −

k−1

∑
i=1

2−i

i

)

.

Later the results of É.L. Stark were generalized on the classes Wr , r ∈ N, in [7, 8].

At the same time V.A. Baskakov [9] found the complete asymptotic expansions for upper

bounds of deviations of the functions from the classes Hα та W1Hα from Abel-Poisson integrals

Aδ( f ; x) in powers of 1
δ , δ → ∞.

The works [10–12] are devoted to the study of the approximative properties of Abel-Poisson

integrals on wider classes of differentiated functions, in particular, on the Weyl-Nagy classes

Wr
β and Stepanets classes L

ψ
β .

We should note that the Abel-Poisson method is a saturated method, that is, an arbitrary

function f ∈ Lp cannot be approximated by the operators Aρ( f ) with an accuracy better than

1 − ρ. We can not achieve an order of approximation better than 1 − ρ by any additional

restrictions on the smoothness of the function. Therefore, in addition to the Abel-Poisson inte-

gral, the Taylor-Abel-Poisson operator has also been widely studied (see, e.g., [13–16]) on some

classes of differentiating functions of many variables. The Taylor-Abel-Poisson operator allows

to take into account the smoothness properties of functions and be the best linear operator for

the given functional class in a certain sense.

The problem of investigation of approximation properties of Abel-Poisson integral (as a

linear method of summation of Fourier series, which is defined by a set of functions of natural

argument, depending on a real parameter δ [17–19]) on the classes of differentiable functions,

defined with the help of modulus of continuity, remained open up to now. But with regard

to approximation properties of triangular methods of linear methods of summation of Fourier

series [20–22], the situation is totally different on the same classes of functions.

That is why the main aim of our paper is an investigation of approximation behaviour of

the quantity

E
(

W1Hω; Aδ

)

C
= sup

f∈W1Hω

∥

∥ f (x) − Aδ( f , x)
∥

∥

C
, δ → ∞. (3)

2 Approximation of the functions from the classes W
1
Hω by Abel-Poisson

integrals in the uniform metric

With the notations introduced above the following theorem takes place.

Theorem 1. For arbitrary modulus of continuity ω(t) the following inequality

E
(

W1 Hω; Aδ

)

C
≤

1

πδ

∫ π
2

π
δ

ω(2t)

sin t
dt + O

(

1

δ
ω

(

1

δ

))

(4)

holds. If ω(t) is a convex modulus of continuity, then the inequality (4) becomes an equality.

Proof. Abel-Poisson integral defined according to [9] by means of relation (2), can be repre-

sented in the form

Aδ( f ; x) =
1

πδ

∫ π

−π
f (x + t)

∞

∑
k=−∞

1
1
δ2 + (t + 2πk)2

dt =
1

πδ

∫ ∞

−∞

(

f (x + t)
)

2π
1
δ2 + t2

dt, (5)

where
(

f (x + t)
)

2π
is the even 2π-periodic continuation of the function f (x + t).



Approximate properties of Abel-Poisson integrals 289

From (5) it follows that

Aδ( f ; 0) =
1

πδ

∫ ∞

−∞

f (t) dt
1
δ2 + t2

=
1

πδ

∫ 0

−∞

f (t) dt
1
δ2 + t2

+
∫ ∞

0

f (t)dt
1
δ2 + t2

=
1

π

∫ ∞

0

[

f

(

t

δ

)

− f

(

−
t

δ

)]

dt

1+t2
.

For the Abel-Poisson integral (in the same way as in [3, Subsection 1.9, Chapter 4]) the

following equality is true

E
(

W1 Hω; Aδ

)

C
= sup

f∈W1Hω

∣

∣ f (0) − Aδ( f ; 0)
∣

∣. (6)

Moreover

f (0) − Aδ( f ; 0) =
1

πδ

∫ ∞

−∞

f (0)dt
1
δ2 + t2

−
1

π

∫ ∞

0

[

f

(

t

δ

)

− f

(

−
t

δ

) ]

dt

1 + t2

=
2

π

∫ ∞

0

f (0)dt

1 + t2
−

1

π

∫ ∞

0

[

f

(

t

δ

)

− f

(

−
t

δ

) ]

dt

1 + t2

= −
1

π

∫ ∞

0

[

f

(

t

δ

)

+ f

(

−
t

δ

)

− 2 f (0)

]

dt

1 + t2
.

(7)

Combining (6) and (7), we obtain that

E
(

W1 Hω; Aδ

)

C
= sup

f∈W1Hω

∣

∣

∣

∣

1

π

∫ ∞

0
Fδ(t)

dt

1 + t2

∣

∣

∣

∣

, (8)

where

Fδ(t) = f

(

t

δ

)

− f

(

−
t

δ

)

− 2 f (0). (9)

Repeating the arguments, given in the paper by A.I. Stepanets [3, p. 224] we show that if

f ∈ W1 Hω, then

∣

∣

∣

∣

∫ π

0
Fδ(t)

dt

1 + t2

∣

∣

∣

∣

= O

(

1

δ
ω

(

1

δ

))

. (10)

Indeed, from (9) it follows that Fδ(0) = 0, so, using the method of integration by parts and

mean value theorem, we get
∣

∣

∣

∣

∫ π

0
Fδ(t)

dt

1 + t2

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ π

0
Fδ(t)d

∫ t

π

dτ

1 + τ2

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ π

0
F′

δ(t)
∫ t

π

dτ

1 + τ2
dt

∣

∣

∣

∣

≤

∣

∣

∣

∣

∫ π

0
F′

δ(t)
∫ t

π
dτdt

∣

∣

∣

∣

=
∣

∣F′
δ(t0)

∣

∣

∫ π

0
(π − t)dt =

π2

2

∣

∣F′
δ(t0)

∣

∣ ,

(11)

where t0 is the some point from the interval (0, π). At the same time, it is obviously that

∣

∣F′
δ(t0)

∣

∣ =
1

δ

∣

∣

∣

∣

f ′
(

t0

δ

)

− f ′
(

−
t0

δ

)
∣

∣

∣

∣

≤
1

δ
ω

(

2t0

δ

)

. (12)

Substituting (12) in the right-hand side of equality (11), we get (10). Hence, taking into account

the estimate (10), the relation (8) will get the form

E
(

W1 Hω; Aδ

)

C
= sup

f∈W1Hω

∣

∣

∣

∣

1

π

∫ ∞

π
Fδ(t)

dt

1 + t2

∣

∣

∣

∣

+ O

(

1

δ
ω

(

1

δ

))

. (13)



290 Kharkevych Yu.I., Stepaniuk T.A.

Further, for the arbitrary function f ∈ W1Hω we obtain

1

π

∫ ∞

π
Fδ(t)

dt

1 + t2
=

1

π

∫ ∞

π
Fδ(t)

dt

t2
+ Rδ( f ), (14)

where

Rδ( f ) =
1

π

∫ ∞

π
Fδ(t)

dt

1 + t2
−

1

π

∫ ∞

π
Fδ(t)

dt

t2
=

−1

π

∫ ∞

π
Fδ(t)

dt

(1 + t2)t2
.

Let us estimate the quantity
∣

∣Rδ( f )
∣

∣, namely

∣

∣Rδ( f )
∣

∣ =

∣

∣

∣

∣

1

π

∫ ∞

π
Fδ(t)

dt

(1 + t2)t2

∣

∣

∣

∣

=
1

π

∣

∣

∣

∣

∫ ∞

π
Fδ(t)d

(

∫ ∞

t

dτ

(1 + τ2)τ2

)
∣

∣

∣

∣

.

Integraiting by parts the last equality, we get

∣

∣Rδ( f )
∣

∣ =
1

π

∣

∣

∣

∣

−Fδ(π)
∫ ∞

π

dt

(1 + t2)t2
−

∫ ∞

π
F′

δ(t)
∫ ∞

t

dτ

(1 + τ2)τ2
dt

∣

∣

∣

∣

≤
1

π

∣

∣Fδ(π)
∣

∣

∣

∣

∣

∣

∫ ∞

π

dt

(1 + t2)t2

∣

∣

∣

∣

+
1

π

∣

∣

∣

∣

∫ ∞

π
F′

δ(t)
∫ ∞

t

dτ

(1 + τ2)τ2
dt

∣

∣

∣

∣

.

(15)

Using mean value theorem we find that

∣

∣Fδ(π)
∣

∣ =

∣

∣

∣

∣

f
(π

δ

)

+ f
(

−
π

δ

)

− 2 f (0)

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

(

f
(π

δ

)

− f (0)

)

−

(

f (0)− f
(

−
π

δ

)

)

∣

∣

∣

∣

∣

=
∣

∣

∣

π

δ
f ′(ξ1)−

π

δ
f ′(ξ2)

∣

∣

∣
=

π

δ

∣

∣ f ′(ξ1)− f ′(ξ2)
∣

∣,

where ξ1 and ξ2 are some points from the intervals
(

0, π
δ

)

and
(

−π
δ , 0

)

respectively, and

that is why

|Fδ(π)| ≤
π

δ
ω(ξ1 − ξ2) ≤

π

δ
ω

(

2π

δ

)

<
π(2π + 1)

δ
ω

(

1

δ

)

.

Hence,
∣

∣Fδ(π)
∣

∣ = O

(

1

δ
ω

(

1

δ

))

. (16)

Obviously,
∫ ∞

π

dt

(1 + t2)t2
= O(1). (17)

From (16) and (17) it follows that

1

π

∣

∣Fδ(π)
∣

∣

∣

∣

∣

∣

∫ ∞

π

dt

(1 + t2)t2

∣

∣

∣

∣

= O

(

1

δ
ω

(

1

δ

))

. (18)

Let us estimate the second integral from (15), namely

1

π

∣

∣

∣

∣

∫ ∞

π
F′

δ(t)
∫ ∞

t

dτ

(1 + τ2)τ2
dt

∣

∣

∣

∣

=
1

πδ

∣

∣

∣

∣

∫ ∞

π

(

f ′
(

t

δ

)

− f ′
(

−
t

δ

))

∫ ∞

t

dτ

(1 + τ2)τ2
dt

∣

∣

∣

∣

.
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Whereas, f ∈ W1 Hω, then f ′ ∈ Hω, therefore

1

πδ

∣

∣

∣

∣

∫ ∞

π

(

f ′
(

t

δ

)

− f ′
(

−
t

δ

))

∫ ∞

t

dτ

(1 + τ2)τ2
dt

∣

∣

∣

∣

≤
1

πδ

∫ ∞

π

∣

∣

∣

∣

f ′
(

t

δ

)

− f ′
(

−
t

δ

)
∣

∣

∣

∣

∣

∣

∣

∣

∫ ∞

t

dτ

(1 + τ2)τ2

∣

∣

∣

∣

dt

<
1

πδ

∫ ∞

π

∣

∣

∣

∣

f ′
(

t

δ

)

− f ′
(

−
t

δ

)
∣

∣

∣

∣

∫ ∞

t

dτ

τ4
dt ≤

1

πδ

∫ ∞

π
ω

(

2t

δ

)

1

3t3
dt

≤
1

πδ

∫ ∞

π
ω

(

1

δ

)

2t + 1

3t3
dt =

1

πδ
ω

(

1

δ

)

∫ ∞

π

2t + 1

3t3
dt,

where we have used the following property ω(λt) ≤ (λ + 1)ω(t), λ > 0, of the modulus of

continuity. Taking into account that

∫ ∞

π

2t + 1

3t3
dt = O(1),

we have
1

π

∣

∣

∣

∣

∫ ∞

π
F′

δ(t)
∫ ∞

t

dτ

(1 + τ2)τ2
dt

∣

∣

∣

∣

= O

(

1

δ
ω

(

1

δ

))

. (19)

Substituting (19) and (18) in (15), we get

∣

∣Rδ( f )
∣

∣ = O

(

1

δ
ω

(

1

δ

))

.

Thereby, according to (13), (14) and (19), we have

E
(

W1 Hω; Aδ

)

= sup
f∈W1Hω

∣

∣

∣

∣

1

π

∫ ∞

π
Fδ(t)

dt

t2

∣

∣

∣

∣

+ O

(

1

δ
ω

(

1

δ

))

. (20)

Integrating by parts and taking into account (16), we obtain

1

π

∫ ∞

π
Fδ(t)

dt

t2
=

1

π

∫ ∞

π
F′

δ(t)
dt

t
+ O

(

1

δ
ω

(

1

δ

))

=
1

πδ

∫ ∞

π

f ′
(

t
δ

)

− f ′
(

− t
δ

)

t
dt + O

(

1

δ
ω

(

1

δ

))

.

(21)

So, the formula (20) can be written in the form

E
(

W1 Hω; Aδ

)

= sup
f∈W1Hω

∣

∣

∣

∣

1

πδ

∫ ∞

π

f ′
(

t
δ

)

− f ′
(

− t
δ

)

t
dt

∣

∣

∣

∣

+ O

(

1

δ
ω

(

1

δ

))

= sup
f∈Hω

∣

∣

∣

∣

1

πδ

∫ ∞

π
δ

f (t)− f (−t)

t
dt

∣

∣

∣

∣

+ O

(

1

δ
ω

(

1

δ

))

.

(22)

The function

f1(t) = f (t)− f (−t) (23)

is 2π–periodic and non-even. After elementary transformations, we find the equality
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1

πδ

∫ ∞

π
δ

f1(t)

t
dt =

1

πδ

(

∫ π

π
δ

f1(t)

t
dt +

∞

∑
k=0

∫ (2k+3)π

(2k+1)π

f1(t)

t
dt

)

=
1

πδ

∫ π

π
δ

f1(t)

t
dt +

1

πδ

∞

∑
k=0

∫ 2(k+1)π

(2k+1)π

(

f1(t)

t
+

f1(−t)

(4k + 4)π − t

)

dt

=
1

πδ

∫ π

π
δ

f1(t)

t
dt +

1

πδ

∞

∑
k=0

∫ π

0

(

f1(t + π)

(2k + 1)π + t
+

f1(π − t)

(2k + 3)π − t

)

dt

=
1

πδ

∫ π− π
δ

π
δ

f1(t)

(

1

t
+

∞

∑
k=0

(

1

2(k+1)π + t
−

1

2(k+1)π − t

))

dt + Rδ( f1),

(24)

where

Rδ( f1) =
1

πδ

(

∫ π
δ

0
+

∫ π

π− π
δ

)

f1(t)
∞

∑
k=0

(

1

2(k + 1)π + t
−

1

2(k + 1)π − t

)

dt. (25)

If f ∈ Hω, then we use (23) and get

∣

∣ f1(t)
∣

∣ =
∣

∣ f (t)− f (−t)
∣

∣ ≤ ω(2t). (26)

The series in (25) is uniformly convergent for all t ∈ [0, π], so its sum is bounded on this

segment. So,
∣

∣Rδ( f1)
∣

∣ = O

(

1

δ
ω

(

1

δ

))

. (27)

Because of (24) and (27), the relation (22) can be rewritten in the form

E
(

W1Hω; Aδ

)

C
= sup

f∈Hω

∣

∣

∣

∣

1

πδ

∫ π− π
δ

π
δ

f1(t)S(t)dt

∣

∣

∣

∣

+ O

(

1

δ
ω

(

1

δ

))

, (28)

where

S(t) =
1

t
+

∞

∑
k=0

(

1

2(k + 1)π + t
−

1

2(k + 1)π − t

)

.

It is easy to see that on the segment [0, π] the function S(t) is nonnegative, that is why,

taking into account the relation (26), for the arbitrary function f ∈ Hω we have

1

πδ

∣

∣

∣

∣

∫ π− π
δ

π
δ

f1(t)S(t)dt

∣

∣

∣

∣

≤
1

πδ

(

∫ π
2

π
δ

∣

∣ f (t)− f (−t)
∣

∣S(t)dt +
∫ π− π

δ

π
2

∣

∣ f (t)− f (2π − t)
∣

∣S(t)dt

)

≤
1

πδ

(

∫ π
2

π
δ

ω(2t)S(t)dt +
∫ π− π

δ

π
2

ω
(

2(π − t)
)

S(t)dt

)

=
1

πδ

∫ π
2

π
δ

ω(2t)
(

S(t) + S(π − t)
)

dt.

(29)

Since,

S(t) + S(π − t) =
1

t
+

∞

∑
k=1

(−1)k

(

1

t − kπ
+

1

t + kπ

)

=
1

sin t
, (30)

then combining the formulas (28)–(30), we obtain (4).
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The relation (4) has been proved. If ω = ω(t) is a convex modulus of continuity, then for

non-even 2π-periodic function

f0(t) =

{ 1
2 ω(2t), t ∈

[

0, π
2

]

,
1
2 ω

(

2(π − t)
)

, t ∈
[

π
2 , π

]

,
(31)

the relation (4) becomes the equality. Thus theorem has been proved.

We should note that similar result for approximation by Fejer means was obtained

in [3, Subsection 3.2, Chapter 4].
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Харкевич Ю.I., Степанюк Т.А. Апроксимативнi властивостi iнтегралiв Абеля-Пуассона на кла-

сах диференцiйовних функцiй, означених за допомогою модуля неперервностi // Карпатськi матем.

публ. — 2023. — Т.15, №1. — C. 286–294.

У роботi розглядається задача наближення в рiвномiрнiй метрицi класiв W1 Hω за допомо-

гою одного з класичних лiнiйних методiв пiдсумовування рядiв Фур’є, що задаються множи-

ною функцiй натурального аргументу, а саме за допомогою iнтеграла Абеля-Пуассона. При

цьому робиться акцент на вивченнi асимптотичної поведiнки точних верхнiх меж вiдхилень

iнтегралiв Абеля-Пуассона вiд функцiй iз згаданого класу.

Ключовi слова i фрази: модуль неперервностi, iнтеграл Абеля-Пуассона, рiвномiрна мет-

рика.


