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On Dirichlet series similar to
Hadamard compositions in half-plane

Bandura A.I.1, Mulyava O.M.2, Sheremeta M.M.3

Let F(s) =
∞

∑
n=1

an exp{sλn} and Fj(s) =
∞

∑
n=1

an,j exp{sλn}, j = 1, p, be Dirichlet series with expo-

nents 0 ≤ λn ↑ +∞, n → ∞, and the abscissas of absolutely convergence equal to 0. The function F is

called Hadamard composition of the genus m ≥ 1 of the functions Fj if an = P(an,1, . . . , an,p), where

P(x1, . . . , xp) = ∑
k1+···+kp=m

ck1... kp
xk1

1 · · · x
kp
p is a homogeneous polynomial of degree m. In terms

of generalized orders and convergence classes the connection between the growth of the functions

Fj and the growth of the Hadamard composition F of the genus m ≥ 1 of Fj is investigated. The

pseudostarlikeness and pseudoconvexity of the Hadamard composition of the genus m ≥ 1 are

studied.
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type, generalized convergence class, pseudostarlikeness, pseudoconvexity.
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Introduction

Let fj(z) =
∞

∑
n=0

an,jz
n, 1 ≤ j ≤ p, be entire transcedental functions. As in [12], we say

that the function f (z) =
∞

∑
n=0

anzn is similar to the Hadamard composition of the functions

fj if an = w(an,1, . . . , an,p) for all n, where w : Cp → C is some function. Clearly, if p = 2

and w(an,1, an,2) = an,1an,2, then f = ( f1 ∗ f2) is the Hadamard composition (product) of the

functions f1 and f2 (see [5]). Obtained by J. Hadamard properties of this composition find the

applications in the theory of the analytic continuation of the functions represented by power

series [1, 6]. E.G. Calys [2] investigated the functions similar to Hadamard compositions with
∣

∣w(x, y)
∣

∣ =
√

|xy| and proved, in particular, the following theorem.

Theorem A ([2]). Let entire functions fj , j = 1, 2, have the same order ̺[ fj ] = ̺ ∈ (0,+∞) and

types σ[ fj ] = σj. Suppose that an,1 6= 0 and |an,2| ≥ |an,1|/l
(

1/|an,1|
)

for all n ≥ n0, where l

is slowly varying function. If |an| =
(

1 + o(1)
)√

|an,1||an,2| as n → ∞, then function f has the

order ̺[ f ] = ̺ and the type σ[ f ] ≤ √
σ1σ2.
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In article [8], Theorem A is generalized to the case of entire Dirichlet series of finite gen-

eralized order, and instead of two entire functions f1 and f2 it is considered n ≥ 2 entire

Dirichlet series. Analogues of the results from [8] for Dirichlet series absolutely convergent in

the half-plane are obtained in [9].

To formulate them, we denote by L the class of positive continuous functions α on (−∞,+∞)

such that α(x) = α(x0) for x ≤ x0 and 0 < α(x) ↑ +∞ as x0 ≤ x ↑ +∞. We say that α ∈ L0

if α ∈ L and α
(

(1 + o(1))x
)

=
(

1 + o(1)
)

α(x) as x → +∞. Finally, α ∈ Lsi if α ∈ L and

α(cx) =
(

1 + o(1)
)

α(x) as x → +∞ for each c ∈ (0, +∞), i.e. α is slowly increasing function.

Clearly, Lsi ⊂ L0.

Let Λ = (λn) be an increasing to +∞ sequence of nonnegative number, S(Λ, 0) be the class

of Diriclet series

F(s) =
∞

∑
n=1

an exp{sλn}, s = σ + it, (1)

with the sequence (λn) of exponents and the abscissa of absolutely convergence σa[F] = 0 and

M(σ, F) = sup
{

|F(σ + it)| : t ∈ R
}

for σ ∈ (−∞, 0).

If α ∈ L, β ∈ L and F ∈ S(Λ, 0) then the value

̺0
α,β[F] = lim

σ↑0

α
(

ln M(σ, F)
)

β
(

1/|σ|
)

is called [3] generalized order of F. If ̺0
α,β[F] ∈ (0, +∞), the generalized type is defined [9] as

T01
α,β[F] = lim

σ↑0

ln M(σ, F)

α−1
(

̺β(1/|σ|)
) , ̺ = ̺0

α,β[F].

Theorem B ([9]). Let β ∈ Lsi, α(ex) ∈ L0, α−1
(

cβ(x)
)

∈ Lsi,

x

β−1
(

cα(x)
) ↑ +∞, α

(

x

β−1
(

cα(x)
)

)

∼ α(x) as x0 ≤ x → +∞ (2)

and ln n = o
(

α−1
(

cβ(λn)
)

)

as n → ∞ for every c ∈ (0, +∞). Suppose that Dirichlet series

Fj ∈ S(Λ, 0) of the form

Fj(s) =
∞

∑
n=1

an,j exp{sλn}, 1 ≤ j ≤ p, (3)

have the same generalized order ̺0
α,β[Fj] = ̺ ∈ (0,+∞), the types T01

α,β[Fj] ∈ (0,+∞),

|an,1| > 0 for n ≥ n0 and ln ln |an,j | ≥
(

1 + o(1)
)

ln ln |an,1| as n → ∞ for 2 ≤ j ≤ p. If

ωj > 0 with
p

∑
j=1

ωj = 1 and ln |an| =
(

1 + o(1)
)

p

∏
j=1

lnωj |an,j|, then function F of the form (1)

has the generalized order ̺0
α,β[F] = ̺ and the type T01

α,β[F] ≤
p

∏
j=1

T01
α,β[Fj]

ωj .

If T01
α,β[F] = 0, then for the characteristic of the growth of the functions F ∈ S(Λ, 0) we

define a generalized convergence class by the condition

∫ 0

σ0

ln M(σ, F)

|σ|2α−1
(

̺β
(

1/|σ|
)

) dσ < +∞, ̺ = ̺0
α,β[F]. (4)
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Theorem C ([12]). Let α ∈ L0, β ∈ L0 and α−1
(

cβ(x)
)

∈ L0 for every c ∈ (0, +∞). If all

functions (3) belong to the generalized convergence class, lim
n→∞

ln n

ln |an,j |
≤ h0 < +∞ for all

1 ≤ j ≤ p, ωj > 0,
p

∑
j=1

ωj = 1 and |an| ≍
p

∏
j=1

|an,j |ωj as n → ∞, then the function (1) also

belongs the same convergence class. If, in addition, |an,1| > 0 for all n ≥ 1 and |an,j | ≍ |an,1| as

n → ∞ for all 1 ≤ j ≤ p, then the belonging of F to the generalized convergence class implies

the belonging of all Fj to the same convergence class.

Here we consider the case when w is a homogeneous polynomial.

1 Definition and convergence of the Hadamard composition of the genus m

Recall that a polynomial is named homogeneous if all monomials with nonzero coeffi-

cients have the identical degree. A polynomial P(x1, . . . , xp) is homogeneous to the degree

m if and only if P(tx1, . . . , txp) = tmP(x1, . . . , xp) for all t from the domain of the polyno-

mial. Dirichlet series (1) is called a Hadamard composition of genus m of Dirichlet series (3) if

an = P(an,1, . . . , an,p), where

P(x1, . . . , xp) = ∑
k1+···+kp=m

ck1... kp
xk1

1 · · · x
kp
p .

is a homogeneous polynomial of degree m ≥ 1. We remark that the usual Hadamard compo-

sition is a special case of the Hadamard composition of the genus m = 2.

Therefore, if the function F is Hadamard composition of genus m ≥ 1 of the functions Fj

then

|an| ≤ ∑
k1+···+kp=m

|ck1 ... kp
||an,1|k1 · · · |an,p|kp . (5)

It is known [10, 14] that if ln n = o(λn) as n → ∞ then σa[F] = α[F] := lim
n→∞

1

λn
ln

1

|an|
.

Hence, it follows that if all Fj ∈ S(Λ, 0), i.e. σa[Fj] = 0, then |an,j| ≤ exp{ελn} for every

ε > 0, all n ≥ n0(ε) and all 1 ≤ j ≤ p. Therefore, (5) implies |an| ≤ C exp{mελn}, where

C = ∑
k1+···+kp=m

|ck1 ... kp
|. Hence α[F] = lim

n→∞

1

λn
ln

1

|an|
≥ −mε, i.e. in view of the arbitrariness

of ε we get σa[F] = α[F] ≥ 0.

In order for σa[F] = 0 additional conditions on an,j are required. For example, suppose that

|cm0...0||an,1|m → +∞ and |an,j| = o
(

|an,1|
)

as n → ∞. We put

Σ′
n = ∑

k1+···+kp=m, k1 6=m

ck1... kp
(an,1)

k1 · · · (an,p)
kp

= ∑
k1+···+kp=m

ck1... kp
(an,1)

k1 · · · (an,p)
kp − cm0...0(an,1)

m.

Since for each monomial of the polynomial Σ′
n the sum of the exponents is equal to m, we have

|an,1|k1 · · · |an,p|kp

|an,1|m
=

|an,2|k2 · · · |an,p|kp

|an,1|m−k1
→ 0, n → ∞,

and thus Σ′
n = o

(

|an,1|m
)

as n → ∞. Therefore,

|an| ≥ |cm0...0||an,1|m − |Σ′
n| = |cm0...0||an,1|m − o

(

|an,1|m
)

≥ |cm0...0|
2

|an,1|m, n ≥ n∗
0 ,
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whence σa[F] = α[F] ≤ m lim
n→∞

1

λn
ln

1

|an,1|
= 0, i.e. σa[F] = 0.

Growth of Hadamard compositions of the genus m

Since the polynomial P(x1, . . . , xp) is homogeneous of the degree m ≥ 1, we have

anemsλn = ∑
k1+···+kp=m

ck1... kp

(

an,1esλn

)k1 · · ·
(

an,pesλn

)kp
. (6)

Let µ(σ, F) = max
{

|an| exp{σλn} : n ≥ 0
}

be the maximal term of series (1). We remark that

µ(σ, F) ↑ +∞ as σ ↑ 0 if and only if lim
n→∞

|an| = +∞. In what follows, we will assume that this

condition is satisfied.

Since (6) implies

|an|emσλn ≤ ∑
k1+···+kp=m

|ck1 ... kp
|
(

|an,1|eσλn

)k1 · · ·
(

|an,p|eσλn

)kp
,

we have

µ(mσ, F) ≤ ∑
k1+···+kp=m

|ck1 ... kp
|µ(σ, F1)

k1 · · · µ(σ, Fp)
kp ,

whence for all σ < 0 enough large we get

ln µ(mσ, F) ≤ ∑
k1+···+kp=m

ln
(

|ck1 ... kp
|µ(σ, F1)

k1 · · · µ(σ, Fp)
kp

)

+ ln (m + 1)

= ∑
k1+···+kp=m

(

ln (|ck1 ... kp
|+ k1 ln µ(σ, F1) + · · ·+ kp ln µ(σ, Fp)

)

+ ln (m + 1)

= ∑
k1+···+kp=m

(

k1 ln µ(σ, F1) + · · ·+ kp ln µ(σ, Fp)
)

+ C1,

(7)

where C1 = ∑
k1+···+kp=m

ln+ |ck1 ... kp
|+ ln (m + 1).

We remark also that if |cm0...0||an,1|m → +∞ and |an,j | = o
(

|an,1|
)

as n → ∞, then, as above,

|an| ≥ |cm0...0||an,1|m/2 for n ≥ n∗
0 and therefore for 1 ≤ j ≤ p and all σ < 0 enough large

ln µ(σ, Fj) ≤ ln µ(σ, F1) ≤ ln µ(σ, F) + C2. (8)

From (7) and (8) it follows that we need a connection between the growth of M(σ, F) and the

growth of µ(σ, F). By Cauchy inequality µ(σ, F) ≤ M(σ, F), the following lemmas contain

estimates of M(σ, F) from above. Such estimates depend on the behavior of the coefficients,

the relative growth of the functions α and β, and the growth of the sequence Λ.

Lemma 1 ([4]). If F ∈ S(Λ, 0) and

lim
n→∞

ln n

ln |an|
= h < +∞, (9)

then for every ε > 0 and all σ0(ε) ≤ σ < 0

M(σ, F) ≤ K(ε)µ

(

1 − ε

1 + h
σ, F

)1+h+ε

, K(ε) = const > 0.

To replace condition (10) by a condition on the growth of the sequence Λ, we have the

following lemma.
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Lemma 2 ([4]). If F ∈ S(Λ, 0), α ∈ Lsi, β ∈ Lsi and c ∈ (0,+∞)

α(λn) = o

(

β

(

λn

ln n

)

)

, n → ∞, (10)

then for every ε ∈ (0, 1) and all σ0(ε) ≤ σ < 0

M(σ, F) ≤ µ
(

(1 − ε)σ, F
)

exp
{

α−1
(

εβ(1/|σ)
)

}

.

In the following lemma there are no conditions on the functions α and β.

Lemma 3 ([13]). If F ∈ S(Λ, 0) and

lim
n→∞

ln n

λnγ(λn)
= h0 < ∞, (11)

where γ is a positive continuous decreasing to 0 function on [0, +∞) such that tγ(t) ↑ +∞ as

t → +∞, then for every ε > 0 there exists K(ε) > 0 such that for all σ0(ε) ≤ σ < 0

M(σ, F) ≤ µ

(

σ

1 + ε
, F

)

(

exp

{

ε|σ|
1 + ε

γ−1

(

ε|σ|
(1 + ε)2(h0 + ε2)

)}

+ K(ε)

)

. (12)

These lemmas imply the following statements.

Lemma 4. Let F ∈ S(Λ, 0), ̺0
α,β

[

µ(F)
]

= lim
σ↑0

α
(

ln µ(σ, F)
)

β
(

1/|σ|
) and one of the following conditions

be satisfied:

a) condition (9) holds and either α ∈ Lsi, β ∈ Lsi and h < +∞ or α ∈ L0, β ∈ L0 and h = 0;

b) α ∈ Lsi, β ∈ L0 and condition (10) holds;

c) α ∈ Lsi, β ∈ L0, condition (11) holds and lim
x→+∞

α
(

γ−1(1/x)
)

β(x)
= 0.

Then ̺0
α,β[F] = ̺0

α,β

[

µ(F)
]

.

Proof. If condition (9) with h < +∞ holds, then by Lemma 1 we get

ln µ(σ, F) ≤ ln M(σ, F) ≤ (1 + h + ε) ln µ

(

1 − ε

1 + h
σ, F

)

+ o(1), σ ↑ 0,

and if α ∈ Lsi and β ∈ Lsi, then

̺0
α,β

[

µ(F)
]

≤ ̺0
α,β[F] ≤ lim

σ↑0

α ln µ

(

1 − ε

1 + h
σ, F

)

β
(

1/|σ|
)

≤ lim
σ↑0

α ln µ

(

1 − ε

1 + h
σ, F

)

β

(

1 + h

(1 − ε)|σ|

) lim
x→+∞

β

(

1 + h

1 − ε
x

)

β(x)
= ̺0

α,β

[

µ(F)
]

.

In [15] it is proved that if β ∈ L0, then lim
x→+∞

β
(

(1 + ε)x
)

/β(x) = A(ε) ↓ 1 as ε ↓ 0 and

lim
x→+∞

β(Kx)/β(x) = B(K) < +∞ for K = const > 0.
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Therefore, if h = 0, α ∈ L0 and β ∈ L0, then

̺0
α,β

[

µ(F)
]

≤ ̺0
α,β[F] ≤ lim

σ↑0

α
(

(1 + ε) ln µ
(

(1 − ε)σ, F
)

)

β(1/|σ|)

≤ lim
σ↑0

α
(

ln µ
(

(1 − ε)σ, F
)

)

β
(

1/(1 − ε)|σ|
) lim

σ↑0

α
(

(1 + ε) ln µ
(

(1 − ε)σ, F
)

)

α
(

ln µ
(

(1 − ε)σ, F
)

) lim
σ↑0

β
(

1/(1 − ε)|σ|
)

β
(

1/|σ|
)

= ̺0
α,β

[

µ(F)
]

A1(ε)A2(ε),

where Aj(ε) ↓ 1 as ε ↓ 0. Hence in view of the arbitrariness of ε we obtain the equality

̺0
α,β[F] = ̺0

α,β

[

µ(F)
]

.

In the case b), by Lemma 2 we have ln M(σ, F) ≤ ln µ
(

(1 − ε)σ, F
)

+ α−1
(

εβ(1/|σ)
)

and

since α ∈ Lsi, we get

α
(

ln M(σ, F)
)

≤ α
(

2 max
{

ln µ
(

(1 − ε)σ, F
)

, α−1
(

εβ(1/|σ)
)

})

=
(

1 + o(1)
)

α
(

max
{

ln µ
(

(1 − ε)σ, F
)

, α−1
(

εβ(1/|σ)
)

})

=
(

1 + o(1)
)

max
{

α
(

ln µ
(

(1 − ε)σ, F
)

)

, εβ(1/|σ)
}

≤
(

1 + o(1)
)

(

α
(

ln µ
(

(1 − ε)σ, F
)

)

+ εβ(1/|σ)
)

as σ ↑ 0, whence, as above, in view of the condition β ∈ L0 we get

̺0
α,β

[

µ(F)
]

≤ ̺0
α,β[F] ≤ ̺0

α,β

[

µ(F)
]

A(ε) + ε,

where A(ε) ↓ 1 as ε ↓ 0, and thus, in view of the arbitrariness of ε we obtain the equality

̺0
α,β[F] = ̺0

α,β

[

µ(F)
]

. Finally, as above, from (12) we have

α
(

ln µ(σ, F)
)

≤ α
(

ln M(σ, F)
)

≤
(

1 + o(1)
)

max

{

α

(

ln µ

(

σ

1 + ε
, F

))

, α

(

γ−1

(

ε|σ|
(1 + ε)2(h0 + ε2)

))

}

(13)

as σ ↑ 0. Clearly,

lim
σ↑0

α

(

ln µ

(

σ

1 + ε
, F

))

β
(

1/|σ|
) ≤ lim

σ↑0

α

(

ln µ

(

σ

1 + ε
, F

))

β
(

(1 + ε)/|σ|
) lim

σ↑0

β
(

(1 + ε)/|σ|
)

β
(

1/|σ|
) = ̺0

α,β

[

µ(F)
]

A(ε)

and, similarly,

lim
σ↑0

α

(

γ−1

(

ε|σ|
(1 + ε)2(h0 + ε2)

))

β
(

1/|σ|
) ≤ lim

σ↑0

α
(

γ−1
(

|σ|
)

)

β
(

1/|σ|
) B

(

ε

(1 + ε)2(h0 + ε2)

)

.

Since A(ε) ↓ 1 as ε ↓ 0, B

(

ε

(1 + ε)2(h0 + ε2)

)

< +∞ and lim
σ↑0

α
(

γ−1
(

|σ|
)

)

β
(

1/|σ|
) = 0, from (13) we

obtain the equality ̺0
α,β[F] = ̺0

α,β

[

µ(F)
]

. Lemma 4 is proved.
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Lemma 5. Let F ∈ S(Λ, 0), T01
α,β

[

µ(F)
]

= lim
σ↑0

ln µ(σ, F)

α−1
(

̺β(1/|σ|)
) , ̺ = ̺0

α,β[F], α−1
(

cβ(x)
)

∈ L0 for

each c ∈ (0,+∞). If one of the conditions a) with h = 0, b), c) of Lemma 4 is satisfied, then

T01
α,β[F] = T01

α,β

[

µ(F)
]

.

Proof. If condition (9) holds with h = 0, then by Lemma 1 for every ε ∈ (0, 1) and all

σ ∈
(

σ0(ε), 0
)

in view of the condition α−1
(

cβ(x)
)

∈ L0 for each c ∈ (0,+∞) we have

T01
α,β

[

µ(F)
]

≤ T01
α,β[F] ≤ (1 + ε) lim

σ↑0

ln µ
(

(1 − ε)σ, F
)

α−1
(

̺β
(

1/
(

(1 − ε)|σ|
))

) lim
σ↑0

α−1
(

̺β
(

1/
(

(1 − ε)|σ|
))

)

α−1
(

̺β
(

1/|σ|
)

)

= (1 + ε)T01
α,β

[

µ(F)
]

A(ε),

where A(ε) ↓ 1 as ε ↓ 0. Thus, T01
α,β[F] = T01

α,β

[

µ(F)
]

.

If the condition b) holds, then by Lemma 2 as above we get

T01
α,β

[

µ(F)
]

≤T01
α,β[F] ≤ lim

σ↑0

ln µ
(

(1 − ε)σ, F
)

α−1
(

̺β
(

1/|σ|
)

) + lim
σ↑0

α−1
(

εβ
(

1/|σ|
)

)

α−1
(

̺β
(

1/|σ|
)

) ≤ T01
α,β

[

µ(F)
]

A(ε)+ A∗(ε),

where A(ε) ↓ as ε ↓ 0 and the condition α ∈ Lsi implies A∗(ε) = lim
x→+∞

α−1(εx)

α−1(̺x)
= 0 for ε < ̺.

Therefore, in view of the arbitrariness of ε the equality T01
α,β[F] = T01

α,β

[

µ(F)
]

is correct. Finally,

as above, from (12) we have

ln M(σ, F) ≤ ln µ

(

σ

1 + ε
, F

)

+ γ−1

(

ε|σ|
(1 + ε)2(h0 + ε2)

)

+ K1(ε),

whence, as above, T01
α,β

[

µ(F)
]

≤ T01
α,β[F] ≤ T01

α,β

[

µ(F)
]

A(ε) + C(ε), where A(ε) → 1 as ε ↓ 0 and

C(ε) = lim
σ↑0

γ−1

(

ε|σ|
(1 + ε)2(h0 + ε2)

)

α−1
(

̺β
(

1/|σ|
)

) ≤ lim
σ↑0

γ−1
(

1/|σ|
)

α−1

(

̺β

(

(1 + ε)2(h0 + ε2)

ε|σ|

)

)

≤ lim
σ↑0

γ−1
(

1/|σ|
)

α−1
(

̺β
(

1/|σ|
)

) lim
σ↑0

α−1
(

̺β
(

1/|σ|
)

)

α−1

(

̺0β

(

(1 + ε)2(h0 + ε2)

ε|σ|

)

) .

Since the condition lim
x→+∞

α
(

γ−1(1/x)
)

β(x)
= 0 implies lim

x→+∞

γ−1(1/x)

α−1
(

cβ(x)
) = 0 for each

c ∈ (0,+∞), and lim
x→+∞

α−1
(

̺β(Kx)
)

α−1
(

̺β(x)
) = B(K) < +∞, we have C(ε) = 0. Therefore,

T01
α,β[F] = T01

α,β

[

µ(F)
]

, and Lemma 5 is proved.

Using Lemmas 4 and 5 we prove the following theorem.
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Theorem 1. Let α−1
(

cβ(x)
)

∈ L0 for each c ∈ (0,+∞) and one of the conditions a) with h = 0,

b), c) of Lemma 4 is satisfied.

Suppose that for 1 ≤ j ≤ p the functions Fj ∈ S(Λ, 0) have the same generalized order

̺0
α,β[Fj] = ̺ ∈ (0,+∞) and the types T01

α,β[Fj] = T01
j ∈ [0,+∞), |cm0...0||an,1|m → +∞ and

|an,j| = o
(

|an,1|
)

as n → ∞ for 2 ≤ j ≤ p.

If the function F ∈ S(Λ, 0) is the Hadamard composition of the genus m ≥ 1 of the func-

tions Fj and either m = 1 or β ∈ Lsi, then ̺0
α,β[F] = ̺ and

T01
α,β[F] ≤ Q(m) ∑

k1+···+kp=m

(k1T01
1 + · · ·+ kpT01

p ),

where Q1(m) := lim
x→+∞

α−1
(

̺β(mx)
)

α−1
(

̺β(x)
) = 1 if either m = 1 or α−1(̺β(x)) ∈ Lsi.

Proof. Since the functions Fj ∈ S(Λ, 0) have the same generalized order ̺0
α,β[Fj] = ̺ ∈ (0,+∞),

for every ̺1 > ̺ and all σ ∈
[

σ0(̺1), 0
)

we have ln µ(σ, Fj) ≤ α−1
(

̺1β
(

1/|σ|
)

)

. Therefore,

from (7) we get

ln µ(mσ, F) ≤ ∑
k1+···+kp=m

(k1 + · · ·+ kp)α
−1
(

̺1β
(

1/|σ|
)

)

+ C1 = C2α−1
(

̺1β
(

1/|σ|
)

)

+ C1,

where C1 = ∑
k1+···+kp=m

ln+ |ck1 ... kp
| + ln (m + 1) and C2 = ∑

k1+···+kp=m
(k1 + · · · + kp). Since

α ∈ Lsi, it follows that

̺0
α,β

[

µ(F)
]

= lim
σ↑0

α
(

ln µ(mσ, F)
)

β
(

1/
(

m|σ|
)

) ≤ lim
σ↑0

̺1β
(

1/|σ|
)

β
(

1/
(

m|σ|
)

) = ̺1 lim
x→

β(mx)

β(x)
= ̺1,

provided either m = 1 or β ∈ Lsi. In view of the arbitrariness of ̺ we get ̺0
α,β

[

µ(F)
]

≤ ̺.

If |cm0...0||an,1|m → +∞ and |an,j | = o
(

|an,1|
)

as n → ∞ then from (8) we get ̺0
α,β

[

µ(Fj)
]

≤
̺0

α,β

[

µ(F1)
]

≤ ̺0
α,β

[

µ(F)
]

. Thus, ̺0
α,β

[

µ(F)
]

= ̺0
α,β

[

µ(Fj)
]

and by Lemma 4 ̺0
α,β[F] = ̺.

Also, from (7) we obtain

T01
α,β

[

µ(F)
]

= lim
σ↑0

ln µ(mσ, F)

α−1
(

̺β
(

1/
(

m|σ|
))

)

≤ ∑
k1+···+kp=m

(

k1 lim
σ↑0

ln µ(σ, F1)

α−1
(

̺β
(

1/|σ|
)

) + · · ·+ kp lim
σ↑0

ln µ(σ, Fp)

α−1
(

̺β
(

1/|σ|
)

)

)

lim
σ↑0

α−1
(

̺β
(

1/|σ|
)

)

α−1
(

̺β
(

1/
(

m|σ|
))

)

= Q1(m) ∑
k1+···+kp=m

(

k1T02
α,β

[

µ(F1)
]

+ · · ·+ kpT01
α,β

[

µ(Fp)
]

)

.

Since by Lemma 5 we have T01
α,β

[

µ(F)
]

= T01
α,β[F] and T01

α,β

[

µ(Fj)
]

= T01
α,β[Fj], the proof of

Theorem 1 is complete.

Since ̺0
α,β[F] = lim

σ↑0

ln exp
{

α
(

ln M(σ, F)
)

}

ln exp
{

β
(

1/|σ|
)

} , the generalized type can be determined [9] by

the formula

T02
α,β[F] = lim

σ↑0

exp
{

α
(

ln M(σ, F)
)

}

exp
{

̺β
(

1/|σ|
)

} , ̺ = ̺0
α,β[F].
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If we put α1(x) = exp
{

α(x)
}

and β1(x) = exp
{

̺β(x)
}

, then T02
α,β[F] = ̺0

α1,β1
[F]. Therefore,

Lemma 3 implies the following statement.

Lemma 6. Let F ∈ S(Λ, 0), 0 < ̺ < +∞, T02
α,β

[

µ(F)
]

= lim
σ↑0

exp
{

α
(

ln µ(σ, F)
)

}

exp
{

̺β
(

1/|σ|
)

} and one of the

following conditions be satisfied:

d) condition (9) holds and either eα ∈ Lsi, eβ ∈ Lsi and h < +∞ or eα ∈ L0, eβ ∈ L0 and h = 0;

e) eα ∈ Lsi, eβ ∈ L0 and

exp
{

α(λn)
}

= o

(

exp
{

̺β
( λn

ln n

)}

)

, n → ∞; (14)

f) eα ∈ Lsi, eβ ∈ L0, condition (12) holds and lim
x→+∞

exp
{

α
(

γ−1(1/x)
)

}

exp
{

̺β(x)
} = 0.

Then T02
α,β[F] = T02

α,β

[

µ(F)
]

.

Using Lemmas 4 and 6 we prove the following theorem.

Theorem 2. Let one of the conditions d) of Lemma 6 and b), c) of Lemma 4 is satisfied.

Suppose that for 1 ≤ j ≤ p the functions Fj ∈ S(Λ, 0) have the same generalized order

̺0
α,β[Fj] = ̺ ∈ (0,+∞) and the types T02

α,β[Fj] = T02
j ∈ [0,+∞), |cm0...0||an,1|m → +∞ and

|an,j| = o
(

|an,1|
)

as n → ∞ for 2 ≤ j ≤ p.

If the function F ∈ S(Λ, 0) is the Hadamard composition of the genus m ≥ 1 of the func-

tions Fj and either m = 1 or β ∈ Lsi, then ̺0
α,β[F] = ̺ and

T02
α,β[F] ≤ Q(m) ∑

k1+···+kp=m

(

k1T01
1 + · · ·+ kpT01

p

)

,

where Q2(m) := lim
σ↑0

exp
{

̺β
(

1/|σ|
)

}

exp
{

̺β
(

1/(m|σ|
)

} = 1 if either m = 1 or exp
{

̺β(x)
}

∈ Lsi.

Proof. Clearly, if eα ∈ Lsi

(

eα ∈ L0
)

, then α ∈ Lsi

(

α ∈ L0
)

and, therefore, the condition d) of

Lemma 6 implies the condition a) of Lemma 4. Then by Lemma 4 for each function F ∈ S(Λ, 0)

we have ̺0
α,β[F] = ̺0

α,β

[

µ(F)
]

. If condition (10) holds, then for every ε ∈ (0, ̺) and all n ≥ n0(ε)

we have α(λn) ≤ εβ(λn/ ln n) and, thus,

exp
{

α(λn)
}

≤ exp
{

εβ(λn/ ln n)
}

= exp
{

̺0β(λn/ ln n)
}

exp {−(̺ − ε)β(λn/ ln n)} = o
(

exp
{

̺β(λn/ ln n)
}

)

as n → ∞, i.e. (14) holds. Similarly, the condition lim
x→+∞

α
(

γ−1(1/x)
)

β(x)
= 0 implies the condition

lim
x→+∞

exp
{

α
(

γ−1(1/x)
)

}

exp
{

̺β(x)
} = 0. Therefore, by Lemma 6 for each function F ∈ S(Λ, 0) we have

T02
α,β[F] = T02

α,β

[

µ(F)
]

.
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From (7) we obtain

T02
α,β

[

µ(F)
]

= lim
σ↑0

exp
{

α
(

ln µ(mσ, F)
)

}

exp
{

̺β
(

1/(m|σ|
)

}

≤ ∑
k1+···+kp=m






k1 lim

σ↑0

exp
{

α
(

ln µ(σ, F1)
)

}

exp
{

̺β
(

1/|σ|
)

} + · · ·+ kp lim
σ↑0

exp
{

α
(

ln µ(σ, F1)
)

}

exp
{

̺β
(

1/|σ|
)

}







× lim
σ↑0

exp
{

̺0β
(

1/|σ|
)

}

exp
{

̺β
(

1/(m|σ|)
)

} = Q2(m) ∑
k1+···+kp=m

(

k1T01
α,β

[

µ(F1)
]

+ · · ·+ kpT01
α,β

[

µ(Fp)
]

)

.

Theorem 2 is proved.

2 Convergence classes of Hadamard composition of the genus m

Here by C0
̺ we denote a generalized convergence class of the functions F ∈ S(Λ, 0) defined

by condition (4). In order for (4) to hold, it is necessary that
∫ 0

σ0

dσ
|σ|2α−1(̺β(1/|σ|)) < +∞. Since ̺

can be arbitrary, we will assume in what follows that
∫ ∞

x0

dx
α−1(cβ(x))

< +∞ for any c ∈ (0,+∞).

Now we prove the following theorem.

Theorem 3. Let α−1
(

cβ(x)
)

∈ L0 for each c ∈ (0,+∞) and one of the conditions a), b),

c) of Lemma 4 is satisfied. If all functions Fj ∈ S(Λ, 0) have the same generalized order

̺0
α,β[Fj] = ̺ ∈ (0,+∞) and belong to C0

̺, then the Hadamard composition F ∈ S(Λ, 0) of

the genus m ≥ 1 of the functions Fj has the generalized order ̺0
α,β[Fj] = ̺ ∈ (0,+∞) and be-

longs to C0
̺. If, in addition, |cm0...0||an,1|m → +∞ and |an,j| = o

(

|an,1|
)

as n → ∞ for 2 ≤ j ≤ p

then the condition F ∈ C0
̺ implies Fj ∈ C0

̺.

Proof. By Lemma 4 we have ̺0
α,β[F] = ̺0

α,β

[

µ(F)
]

and ̺0
α,β[Fj] = ̺0

α,β

[

µ(Fj)
]

. Let us show that

condition (4) is satisfied if and only if

∫ 0

σ0

ln µ(σ, F)

|σ|2α−1
(

̺β
(

1/|σ|
)

)dσ < +∞, ̺ = ̺0
α,β[F]. (15)

Indeed, by Cauchy inequality condition (4) implies (15). On the other hand, if (9) holds then

by Lemma 1

∫ 0

σ0

ln M(σ, F)

|σ|2α−1
(

̺β(1/|σ|)
) dσ ≤ (1 + h + ε)

∫ 0

σ0

ln µ
(

1−ε
1+h σ, F

)

|σ|2α−1
(

̺β(1/|σ|)
) dσ +

∫ 0

σ0

ln K(ε)

|σ|2α−1
(

̺β(1/|σ|)
) dσ,

whence in view of the condition α−1
(

cβ(x)
)

∈ L0 for each c ∈ (0,+∞) it follows that (15)

implies (4).

If (19) holds, then by Lemma 2 for ε < ̺

∫ 0

σ0

ln M(σ, F)

|σ|2α−1
(

̺β(1/|σ|)
) dσ ≤

∫ 0

σ0

ln µ
(

(1 − ε)σ, F
)

|σ|2α−1
(

̺β(1/|σ|)
) dσ +

∫ 0

σ0

dσ

|σ|2α−1
(

(̺ − ε)β(1/|σ|)
) ,

whence as above it follows that (15) implies (4).



190 Bandura A.I., Mulyava O.M., Sheremeta M.M.

Finally, if (11) holds, then by Lemma 3

∫ 0

σ0

ln M(σ, F)

|σ|2α−1
(

̺β(1/|σ|)
) dσ ≤

∫ 0

σ0

ln µ
(

σ/(1 + ε), F
)

|σ|2α−1
(

̺β(1/|σ|)
) dσ +

∫ 0

σ0

γ−1(δσ)

|σ|2α−1
(

̺β(1/|σ|)
) dσ,

where δ = ε(1+ε)−2

(h0+ε2)
. The condition lim

x→+∞

α
(

γ−1(1/x)
)

β(x)
= 0 implies γ−1(1/x) ≤ α−1

(

εβ(x)
)

for

every ε > 0 and all x ≥ x0(ε). Therefore, as above, in view of the condition α−1
(

cβ(x)
)

∈ L0 we

get
∫ 0

σ0

γ−1(δσ)
|σ|2α−1(̺β(1/|σ|))dσ < +∞ and, thus, (15) implies (4). The equivalence of the conditions

(4) and (15) is proven.

If all Fj ∈ C0
̺ then, from (7) we obtain

∫ 0

σ0

ln µ(mσ, F)

|σ|2α−1
(

̺β(1/|σ|)
) dσ

≤ ∑
k1+···+kp=m

(

k1

∫ 0

σ0

ln µ(σ, F1)

|σ|2α−1
(

̺β(1/|σ|)
) dσ + · · ·+ kp

∫ 0

σ0

ln µ(σ, Fp)

|σ|2α−1
(

̺β(1/|σ|)
) dσ

)

+ C<+∞,

where C is some constant. Since α−1
(

cβ(x)
)

∈ L0 for each c ∈ (0,+∞), hence it follows that
∫ 0

σ0

ln µ(σ,F)
|σ|2α−1(̺β(1/|σ|))dσ < +∞ and, thus, F ∈ C0

̺.

On the contrary, if |cm0...0||an,1|m → +∞ and |an,j | = o
(

|an,1|
)

as n → ∞ for 2 ≤ j ≤ p and

F ∈ C0
̺, then (8) implies

∫ 0

σ0

ln µ(σ, Fj)

|σ|2α−1
(

̺β(1/|σ|)
) dσ≤

∫ 0

σ0

ln µ(σ, F1)

|σ|2α−1
(

̺β(1/|σ|)
) dσ≤

∫ 0

σ0

ln µ(σ, F)

|σ|2α−1
(

̺β(1/|σ|)
) dσ + C < +∞,

where C is some constant, i.e. all Fj ∈ C0
̺. The proof of Theorem 3 is complete.

In addition to class C0
̺, to study the growth of functions F ∈ S(Λ, 0) one can use the gener-

alized convergence class C0
α,β defined in [11] by the condition

∫ 0

σ0

α
(

ln M(σ, F)
)

|σ|2β
(

1/|σ|
) dσ < +∞, α ∈ L, β ∈ L. (16)

In order for (16) to hold, it is necessary that
∫ 0

σ0

dσ
|σ|2β(1/|σ|) < +∞, that is

∫ ∞

x0

dx
β(x)

< +∞. Now

we prove the following theorem.

Theorem 4. Let α ∈ L0, β ∈ L0, one of the following conditions be satisfied: a) (10) holds;

b) (12) holds and
∫ ∞

x0

α(γ−1(1/x))
β(x)

dx < +∞. Suppose that the function F ∈ S(Λ, 0) is Hadamard

composition of the genus m ≥ 1 of the functions Fj ∈ S(Λ, 0). If Fj ∈ C0
α,β for all 1 ≤ j ≤ p,

then F ∈ C0
α,β. If F ∈ C0

α,β and, in addition, |cm0...0||an,1|m → +∞ and |an,j| = o
(

|an,1|
)

as

n → ∞ for 2 ≤ j ≤ p, then Fj ∈ C0
α,β for all 1 ≤ j ≤ p.

Proof. At first, we show that condition (16) holds if and only if

∫ 0

σ0

α
(

ln µ(σ, F)
)

|σ|2β
(

1/|σ|
) dσ < +∞. (17)
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Indeed, by Cauchy inequality condition (16) implies (17). On the other hand, if (9) holds,

then since α ∈ L0 and β ∈ L0, by Lemma 1 we have

∫ 0

σ0

α
(

ln M(σ, F)
)

|σ|2β
(

1/|σ|
) dσ ≤

∫ 0

σ0

α
(

(1 + h + ε) ln µ
(

1−ε
1+h σ, F

)

+ ln K(ε)
)

|σ|2β
(

1/|σ|
) dσ

≤ K1

∫ 0

σ0

α
(

ln µ
(

1−ε
1+h σ, F

))

|σ|2β
(

1/|σ|
) dσ ≤ K1K2

∫ 0

σ0

α
(

ln µ(σ, F)
)

|σ|2β
(

1/|σ|
) dσ < +∞,

i.e. relations (16) and (17) are equivalent. The equivalence of relations (16) and (17) in the case

of condition b) is proved in [12].

If all Fj ∈ C0
α,β, then from (7) we obtain

∫ 0

σ0

α
(

ln µ(mσ, F)
)

|σ|2β
(

1/|σ|
) dσ

≤ ∑
k1+···+kp=m

(

k1

∫ 0

σ0

α
(

ln µ(σ, F1)
)

|σ|2β
(

1/|σ|
) dσ + · · ·+ kp

∫ 0

σ0

α
(

ln µ(σ, F1)
)

|σ|2β
(

1/|σ|
) dσ

)

+ const < +∞.

Since β ∈ L0, hence (17) follows and, thus, F ∈ C0
α,β.

On the contrary, if |cm0...0||an,1|m → +∞ and |an,j | = o
(

|an,1|
)

as n → ∞ for 2 ≤ j ≤ p and

F ∈ C0
α,β, then (8) implies

∫ 0

σ0

α
(

ln µ(σ, Fj)
)

|σ|2β
(

1/|σ|
) dσ ≤

∫ 0

σ0

α
(

ln µ(σ, F1)
)

|σ|2β
(

1/|σ|
) dσ ≤

∫ 0

σ0

α
(

ln µ(σ, F)
)

|σ|2β
(

1/|σ|
) dσ + const < +∞,

i.e. all Fj ∈ C0
α,β. The proof of Theorem 4 is complete.

3 Pseudostarlikeness and pseudoconvexity

Here we consider Dirichlet series of the form

F(s) = esh −
∞

∑
n=1

an exp{sλn}, an > 0, λ1 > h > 0, (18)

absolutely convergent in half-plane Π0 = {s : Re s < 0}.

A conformal function (18) in Π0 is said [16] to be pseudostarlike of the order α ∈ [0, h) and

the type β > 0 if
∣

∣

∣

∣

F′(s)
F(s)

− h

∣

∣

∣

∣

< β

∣

∣

∣

∣

F′(s)
F(s)

− (2α − h)

∣

∣

∣

∣

, s ∈ Π0, (19)

and is said to be pseudoconvex of the order α ∈ [0, h) and the type β > 0 if
∣

∣

∣

∣

F′′(s)
F′(s)

− h

∣

∣

∣

∣

< β

∣

∣

∣

∣

F′′(s)
F′(s)

− (2α − h)

∣

∣

∣

∣

, s ∈ Π0.

If β = 1 we obtain the definition of the pseudostarlikeness and the pseudoconvexity of the

order α ∈ [0, h) and if β = 1 and α = 0 we obtain the definition [7,17] of the pseudostarlikeness

and the pseudoconvexity of function (18).

We need the following lemma.
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Lemma 7 ([16]). Function (18) is pseudostarlike of the order α ∈ [0, h) and the type β > 0 if

and only if
∞

∑
n=1

{

(1 + β)λn − 2βα − h(1 − β)
}

an ≤ 2β(h − α), (20)

and is pseudoconvex of the order α ∈ [0, h) and the type β > 0 if and only if

∞

∑
n=1

λn

{

(1 + β)λn − 2βα − h(1 − β)
}

an ≤ 2hβ(h − α). (21)

Let Dirichlet series

Fj(s) = esh −
∞

∑
n=1

an,j exp{sλn}, an,j > 0(1 ≤ j ≤ p), λ1 > h > 0, (22)

be absolutely convergent in Π0 = {s : Re s < 0}. We say that function (18) is a positive

Hadamard composition of genus m of Dirichlet series (22) if an = P(an,1, . . . , an,p), where

P(x1, . . . , xp) is a homogeneous polynomial of degree m ≥ 1 with non-negative coefficients.

Using Lemma 7, we can find conditions under which the pseudostarlikeness (pseudocon-

vexity) of all functions Fj implies the pseudostarlikeness (pseudoconvexity) of the function F.

We will have to distinguish between cases m = 1 and m ≥ 2. Remark that a homogeneous

polynomial of the degree m = 1 has the form P(x1, . . . , xp) = c1x1 + · · ·+ cpxp.

Theorem 5. Let functions (22) are pseudostarlike of the order αj ∈ [0, h) for all 1 ≤ j ≤ p and

function (18) is a positive Hadamard composition of genus m of functions (22). If either m = 1

and 0 < c1 + · · · + cp ≤ 1 or m ≥ 2 and
∞

∑
n=1

(h/λn)m−1 ∑
k1+···+kp=m

ck1... kp
≤ 1, then function

(18) is pseudostarlike of the order α = min
1≤j≤p

αj.

Proof. If the function Fj is pseudostarlike of the order αj ∈ [0, h) then by Lemma 7 we have

∑
∞
n=1{λn − αj}an,j ≤ h − αj and, thus,

an,j ≤
h − αj

λn − αj
< 1, j = 1, 2. (23)

Therefore, if F is the positive Hadamard composition of genus m = 1 of the functions Fj, that

is an = c1an,1 + · · ·+ cpan,p, then

∞

∑
n=1

{λn − α}an = c1

∞

∑
n=1

{λn − α}an,1 + · · ·+ cp

∞

∑
n=1

{λn − α}an,p

= c1

∞

∑
n=1

λn − α

λn − α1
(λn − α1)an,1 + · · ·+ cp

∞

∑
n=1

λn − α

λn − αp
(λn − αp)an,p

≤ c1

∞

∑
n=1

h − α

h − α1
(λn − α1)an,1 + · · ·+ cp

∞

∑
n=1

h − α

h − αp
(λn − αp)an,p

= c1
h − α

h − α1

∞

∑
n=1

(λn − α1)an,1 + · · ·+ cp
h − α

h − αp

∞

∑
n=1

(λn − αp)an,p

≤ c1(h − α) + · · ·+ cp(h − α) = (c1 + · · ·+ cp)(h − α) ≤ h − α,

i.e. the function F is pseudostarlike of the order α = min
1≤j≤p

αj.
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Now let m ≥ 2. Then an = ∑
k1+···+kp=m

ck1...kp
ak1

n,1 · · · a
kp
n,p and in view of (23) we have

∞

∑
n=1

{λn − α}an ≤
∞

∑
n=1

{λn − α} ∑
k1+···+kp=m

ck1... kp

(

h − α1

λn − α1

)k1

· · ·
(

h − αp

λn − αp

)kp

≤
∞

∑
n=1

{λn − α} ∑
k1+···+kp=m

ck1... kp

(

h − α

λn − α

)k1

· · ·
(

h − α

λn − α

)kp

=
∞

∑
n=1

{λn − α} ∑
k1+···+kp=m

ck1... kp

(

h − α

λn − α

)m

=
∞

∑
n=1

(

h − α

λn − α

)m−1

(h − α) ∑
k1+···+kp=m

ck1... kp

≤
∞

∑
n=1

(

h

λn

)m−1

(h − α) ∑
k1+···+kp=m

ck1... kp
≤ h − α,

i.e. the function F is pseudostarlike of the order α = min
1≤j≤p

αj. Theorem 5 is proved.

Using (21) and repeating the proof of Theorem 5, it is easy to prove the following assertion.

Proposition 1. Let functions (22) are pseudoconvex of the order αj ∈ [0, h) for all 1 ≤ j ≤ p,

and function (18) is a positive Hadamard composition of genus m of functions (22). If either

m = 1 and 0 < c1 + · · · + cp ≤ 1 or m ≥ 2 and
∞

∑
n=1

(h/λn)2(m−1) ∑
k1+···+kp=m

ck1... kp
≤ 1, then

function (18) is pseudoconvex of the order α = min
1≤j≤p

αj.

For pseudostarlike functions of the order α ∈ [0, h) and the type β ≥ 0 the following

theorem is true.

Theorem 6. Let functions (22) are pseudostarlike of the order α ∈ [0, h) and the type βj ≥ 0 for

all 1 ≤ j ≤ p, and function (18) is a positive Hadamard composition of genus m of functions

(22). If either m = 1 and 0 < c1 + · · ·+ cp ≤ 1 or m ≥ 2 and
(

∑
k1+···+kp=m

ck1...kp

) ∞

∑
n=1

(

2h

λn − h

)m−1

≤ 1

then function (18) is pseudostarlike of the order α and the type β = max
1≤j≤p

βj.

Proof. Let the functions Fj are pseudostarlike of the order αj ∈ [0, h) and the type βj ≥ 0. If F

is a positive Hadamard composition of genus m = 1 of the functions Fj, then in view of (20)

we get
∞

∑
n=1

{

(1 + β)λn − 2βα − h(1 − β)
}

an

= c1

∞

∑
n=1

{

(1 + β)λn−2βα − h(1 − β)
}

an,1 + · · ·+ cp

∞

∑
n=1

{

(1 + β)λn − 2βα − h(1 − β)
}

an,p

= c1

∞

∑
n=1

(1 + β)λn − 2βα − h(1 − β)

(1 + β1)λn − 2β1α − h(1 − β1)

{

(1 + β1)λn − 2β1α − h(1 − β1)
}

an,1 + . . .

+ cp

∞

∑
n=1

(1 + β)λn − 2βα − h(1 − β)

(1 + βp)λn − 2βpα − h(1 − βp)

{

(1 + βp)λn − 2βpα − h(1 − βp)
}

an,p
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≤ c1

∞

∑
n=1

β

β1

{

(1 + β1)λn − 2β1α − h(1 − β1)
}

an,1 + . . .

+ cp

∞

∑
n=1

β

βp

{

(1 + βp)λn − 2βpα − h(1 − βp)
}

an,p

≤ c1
β

β1
2β1(h − α) + · · ·+ cp

β

βp
2βp(h − α) = 2(c1 + · · ·+ cp)β(h − α) ≤ 2β(h − α),

i.e. the function F is pseudostarlike of the order α and the type β = max
1≤j≤p

βj.

If Fj is the positive Hadamard composition of genus m ≥ 2 of the functions Fj, then in view

of (20) we get an,j ≤
2βj(h−α)

(1+βj)λn−2βjα−h(1−βj)
, 1 ≤ j ≤ p, and, therefore,

an ≤ ∑
k1+···+kp=m

ck1... kp

(

2β1(h − α)

(1+β1)λn−2β1α−h(1−β1)

)k1

· · ·
(

2βp(h − α)

(1 + βp)λn − 2βpα − h(1 − βp)

)kp

≤ ∑
k1+···+kp=m

ck1... kp

(

2β(h−α)

(1+β)λn−2βα−h(1 − β)

)k1

· · ·
(

2β(h − α)

(1 + β)λn − 2βα − h(1 − β)

)kp

=

(

2β(h − α)

(1 + β)λn − 2βα − h(1 − β)

)m

∑
k1+···+kp=m

ck1... kp
.

Hence, it follows that

∞

∑
n=1

{

(1 + β)λn − 2βα − h(1 − β)
}

an

≤ 2β(h − α) ∑
k1+···+kp=m

ck1... kp

∞

∑
n=1

(

2β(h − α)

(1 + β)λn − 2βα − h(1 − β)

)m−1

≤ 2β(h − α)

(

∑
k1+···+kp=m

ck1... kp

)

∞

∑
n=1

(

2h

λn − h)

)m−1

≤ 2β(h − α),

i.e. the function F is pseudostarlike of the order α and the type β = max
1≤j≤p

βj. Theorem 6

is proved.

Using (21) and repeating the proof of Theorem 6, it is easy to prove the following assertion.

Proposition 2. Let functions (22) are pseudoconvex of the order α ∈ [0, h) and the type βj ≥ 0

for all 1 ≤ j ≤ p and function (18) is a positive Hadamard composition of genus m of func-

tions (22). If either m = 1 and 0 < c1 + · · ·+ cp ≤ 1 or m ≥ 2 and

(

∑
k1+···+kp=m

ck1...kp

) ∞

∑
n=1

(

2h

λn − h

)2(m−1)

≤ 1

then function (18) is pseudoconvex of the order α and the type β = max
1≤j≤p

βj.
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Нехай F(s) =
∞

∑
n=1

an exp{sλn} i Fj(s) =
∞

∑
n=1

an,j exp{sλn}, j = 1, p, — ряди Дiрiхле з пока-

зниками 0 ≤ λn ↑ +∞, n → ∞, i абсцисами абсолютної збiжностi рiвними 0. Функцiя F на-

зивається адамаровою композицiєю роду m ≥ 1 функцiй Fj, якщо an = P(an,1, . . . , an,p), де

P(x1, . . . , xp) = ∑
k1+···+kp=m

ck1... kp
xk1

1 · · · x
kp
p — однорiдний полiном степеня m. У термiнах уза-

гальненого порядку, узагальнених типiв i узагальнених класiв збiжностi дослiджено зв’язок

мiж зростанням функцiй Fj i зростанням їхньої адамарової композицiї роду m ≥ 1. Вивчено

псевдозiрковiсть i псевдоопуклiсть адамарової композицiї роду m ≥ 1.

Ключовi слова i фрази: ряд Дiрiхле, композицiя Адамара, узагальнений порядок, узагальне-

ний тип, узагальнений клас збiжностi, псевдозiрковiсть, псевдоопуклiсть.


