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Abstract
The main object of the paper is to reveal connections between Chebyshev polynomi-
als of the first and second kinds and Fibonacci polynomials introduced by Catalan.
This is achieved by relating the respective (ordinary and exponential) generating
functions to each other. As a consequence, we also establish new combinatorial
identities for balancing polynomials and Fibonacci (Lucas) numbers.

1. Introduction

For any integer n > 0, the Chebyshev polynomials {T},(z)},>¢ of the first kind are
defined by the second-order recurrence relation [14]

To(z) =1, Ti(z)=2, Thp(z)=22T,(2)—To-1(z), (1)
while the Chebyshev polynomials {U,,(z)},>0 of the second kind are defined by
Us(z) =1, Ui(z) =2z, Unsi(z)=22U,(x)—U,_1(x). (2)
If we denote
az)=x++V22—-1 and Bz)=x— V22 -1,

then we have
[n/2]
a”(z) + " (z) Z n 2 k. n—2k
T = —_— = — 1 n

k=0

IStatements and conclusions made in this paper by R. Frontczak are entirely those of the
author. They do not necessarily reflect the views of LBBW.
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n n ln/2]
U (.27): o +1($)—ﬂ +1(l‘) _ <n+1>($2—1)k$n_2k.
" 2WaZ — 1 = \2k+1

Fibonacci polynomials are polynomials that can be defined by Fibonacci-like
recursion relations. They were studied in 1883 by E. Catalan and E. Jacobsthal.
For example, Catalan studied the polynomials F,,(z) defined by the recurrence

F.(x) =aF,_1(z)+ Fh_2(x), n>2,

with Fy(z) = 0 and Fyi(x) = 1. A non-recursive expression for F),(z) is

n o 125 g
Fn(l'): 4 (LC) g ({IJ) _ Z (’I’L k l)xn—2k—1’ n>0’

22+ 4 = k -

where
T+ Vi +4 x—Var2+4
—————— and o(x)= ———M—.

2 2
Chebyshev and Fibonacci polynomials play an important role in applied mathemat-
ics. They possess many interesting and unique properties. Excellent sources are the
textbooks [11, 14, 16], among others.

The most recent literature on Chebyshev and Fibonacci polynomials encom-
passes the following articles. Kilic et al. [9] computed various types of power sums
for Chebyshev polynomials and deduced new connections between Chebyshev poly-
nomials and Fibonacci numbers. Kim et al. [10] recently derived new expressions
for sums of finite products of Chebychev and Fibonacci polynomials. In [1], Abd-
Elhammed et al. established new connection formulas between Fibonacci polyno-

px) =

mials and Chebyshev polynomials. These formulas are expressed in terms of certain
values of hypergeometric functions. Li and Wenpeng [12], using the definitions and
properties of Chebyshev polynomials, studied the power sum problems involving
Fibonacci polynomials and Lucas polynomials and obtained some interesting di-
visibility properties. Li [13] studied relationships between Chebyshev polynomials,
Fibonacci polynomials, and their derivatives, and got the formula for derivatives of
Chebyshev polynomials being represented by Chebyshev polynomials and Fibonacci
polynomials. Finally, we mention the paper by Flérez, McAnally and Mukherjee
[3] where many identities for generalized Fibonacci polynomials are derived.

The purpose of this paper is to obtain some identities involving Chebyshev poly-
nomials of the first and second kinds and Fibonacci polynomials. We achieve this in
a conventional manner by relating the respective (ordinary and exponential) gener-
ating functions to each other, resulting in a range of interesting functional equations.
Our approach is in the spirit of [5, 6, 7]. Also, using simple connections between
Chebyshev polynomials and balancing polynomials we will be able to incorporate
the later polynomial class into our analysis. Some of the results of this paper were
announced without proofs in [8].
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2. Some Generating Functions

This section contains the generating functions that will be used later in this article.
We state the results without proofs as they can be derived without much efforts.
We recommend the article by Mezé [15] for a comprehensive study of generating
functions for second-order recurrence sequences.

From (1) and (2) it can be shown that the ordinary generating functions for
Chebyshev polynomials T, (z), U,(z) and their odd and even indexed companions
are given by

) = L Tole):" = —= (3)

b = X T 07 = p— (@

) = ST = o )
and

u(z,3) = ;Un(ai)z” - TZHQ ()

n(ew) = S U 02" = T gy @

us(z,x) = ;Z:()Ugn(x)z” =7 (4; t ;)Z el (8)

In addition, the corresponding exponential generating functions for these poly-
nomial sequences are given by

n

7(z,2) = Z Tn(a:)% = e cosh(Va? — 12), (9)

n>0

Ti(z,2) = Y Tt ()

n>0

— 22’1z (zcosh(2zv/x? — 1z) + /22 — 1sinh(2zV/ 22 — 1z)), (10)
To(z,2) = Z Tgn(x)%r: = e(2e* 1)z cosh(2zv/2? — 12), (11)

n>0

ZTL
nl
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and
w(za) =Y Unla) S
n>0 ’
= e:izl(xsinh(\/a?—lz) + xg—lcosh(\/x2—12)>, (12)
22 _
Zn
wi(z, ) = Z Uznt1(z)—
= n!
6(2372—1)2

= ((2352 —1)sinh(2zv/ 2% — 12) + 2zV/2? — 1cosh(2zV/22 — 1 z)), (13)

2 —

wa(z,2) = Z Ugn(.’lﬁ)%

n>0
(222 —1)z
= 6271(3L‘sinh(290\/302 — 1z) +Va?— lcosh(Zx\/ 2 — 12))
72 _

Fibonacci polynomials F,,(z), Fa,y1(x) and F,(z) have the following ordinary
generating functions

n z
f(z,2) = ZFn(I)Z T —gs 22 (14)
n>0
fi0) = Y Fania ()2 = 15— (15)
’ 1— (224 2)z + 22’
n>0
fa(z,z) = Z Fyp(z)2" = i (16)
’ 1— (224 2)z + 22’
n>0
while the exponential generating functions are
2" 2e% Vaz 44
z,x) = F.(r)— = sinh( z), 17
o) = S Fle) g = g 5 (1)
Zn
¢1(2”$) = Z F2n+1($)m
n>0 '
ﬁiz 2 2
4 vV 4
= % (x sinh(% z) + Va2 + 4cosh(% z)) , (18)
x
z242
2" 2e T ¢ xvx? +4
b2(z) = Y Fan(a) =7 = T h(T z) (19)
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3. Chebyshev-Fibonacci Polynomial Identities Using Ordinary Generat-
ing Functions

In what follows, we will use the standard convention that Y ;_, ar = 0 for n < 0.

Theorem 1. For n > 1, the following polynomial identities hold:

F,(z) = Z 2Ty 1-(x) — 2Tn—o—4(7)) Fr(z), (20)
k=1
Fo(x)+2F—1(z) =Up_q(x) — Z_:(xUn_l_k.(x) —2Up—o—k()) Fr(z).  (21)
k=1

Proof. To prove formula (20), observe that by (3) and (14), we obtain, respectively,

1—az+t(z,2) (w2 — 2?) 2+ 22 f(z,2)
t(z, x) ’ 1_xz_W’

l—zz=
and thus
(1 —22)f(z,2) — 2t(z,2) = (22° — 22)t(2,2) f (2, 2).

Expanding both sides of the last equation as a power series in z and using the
Cauchy product of two power series, we then obtain

Z F,(x)z" —x Z F(x)z" 1 — Z T (z)2z"

n>0 n>0 n>0

=2 Z ZTn_k(ac)Fk(ac)z"+2 -z Z Z Ty 1 () Fy(z)2"

n>0 k=0 n>0 k=0

or, equivalently,

Fo(z) + Fi(x z—i—ZF —xZFn,l(I)z”—To(x)z—ZTn,l(x)z'

n>2 n>2 n>2

4,225:25:7} a—k( "sz:jz:j% 1-&( (z)2",

n>2 k=0 n>2 k=0

Z(Fn(ac) —xF,1(z) = T—1(2))2"

= (2 z_: Ty k() Fe(z) — kz_% Tn_l_k(x)Fk(x)) o

n>2 k=0

Comparing the coefficients on both sides, we have

|
I\

n

F(x)—xF,_1(x)-Th-1(z) = (2T —o—k(x)—aTy—1—(2)) Fi(x) 2Ty (z) Freq (),
0

b
Il
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as desired. The proof of (21) is very similar. From (6) and (14) the following
functional equation follows:
1 z
= 2, —
wGa) ~ Fem T

or, equivalently,
F(20) = 2u(z,) = 22 (2, 2)ulz, 7) — 22 f (2 2)ulz, 7).
The remainder of the proof is the same as above. O

In a similar manner, we use the generating functions (4), (7), (15), and (5), (8),
(16), respectively, to prove four additional relations between odd (even) indexed
Chebyshev and Fibonacci polynomials. These relations are contained in the next
theorem, those proofs we leave to the reader.

Theorem 2. The following identities hold for n > 1

& (Fans1(@) = Fan—1(2)) =Tont1(x) — Ton—1(z) — (32% — ZszH )To(n—ry—1(),

20 Fyy11(2) = Uzpy1(2) — Uzp—1(x) — (322 — ZF2k+1 ) Us(n—ry—1(2).
The even indexed counterparts are given by

Fop(z) — (222 — 1) Fay_o(x) = 2Tan—a(x) — (32% — ZF% ) Ta(n—rk—1) (),

Fon () + Fap—o(x) = 2Usy—o(x) — (32° — ZF% Wa(n—k—1)(2).

Next, we present a range of Chebyshev-Fibonacci identities with mixed indices.

Theorem 3. Forn > 1, we have

2F,(2) + (42 — 2% — 32)F_1(2) = Ton_1(2)
- Z((4x2 — & = 2)To(n—k)-1(2) = 2To(n—r)—3(x)) Fi(),

20 F, (x) + (82° — 202 — 4a)F,,_1(x) = Usy_1(2)
n—2

=Y ((42® = & = 2)Us(n—)—1(x) — 2Uz(n—)—3(x)) Fi(x),
k=1

Fn(x)+(2x27x71)F ( )7T2n 2( )

—Z :L‘ —x—2 Tg(n k— 1)( )_2T2(n—k—2)(x))Fk(x)v
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Fn(x) + (4:172 - — 1)Fn,1($) = Ugn,Q(m)

n—2

= ((42® = & = 2)Us(n——1) (&) — 2Un(n—p—2)(x)) Fi(),
Fonsa (@) = (22% — 1)Fyn2(2) = Tn(z) — Tn_ )
—(32% — ZTM k—1) (@) Fort1 (),
Font1(x) + Fon-1(z) = Uzn(x) — Uzn—2()

—(32% — ZUQ(n o—1) () Forq1(),

2°Fop_1(z) = 2T2p—1(z) — (32° — Z To(n—y—1(z) For(),
n—1
233F2n(.23) = .TUQn_1( 31) - Z UQ (n—Fk)— 1 ng( ) (22)
n—1
Foni1(z) = 2Fpn_1 = Tp(z) = Toor () + (22 = 224 2) Y Ty —p(z) Fapgr (2),
k=0
n—1
Foni1(z) = Up(z) = Up_1(2) + (2 — 22+ 2) Z Un—1-(z)Fopi1(x),
k=0
n—1
Fon(z) = 2Fan—5 = 2Tn_1(2) + (2° = 20+ 2) Y Ty (z) Fai (),
k=1
n—1
Fon(2) = aUp_1(2) + (2° =22 +2) Y Up—1(z) Fay(2).
k=1

Proof. We will prove only (22); the others can be proved in a similar way. The
formula is essentially a consequence of the functional equation

22 fo(z, ) = w2uy (2, 7) — (302 — 4)2u1 (2, 2) fa(2, ),
which can be derived from (7) and (16). O

It is worth noting that our previous results can be used to establish connections
between Fibonacci polynomials and balancing and Lucas-balancing polynomials,
respectively. Recall that balancing polynomials B, (z) and Lucas-balancing poly-
nomials C,, (z) are generalizations of balancing and Lucas-balancing numbers. They
are defined by the same recurrence [4] wy,(z) = 6zw,—1(z) — wy—2(x), n > 2, but
with different initial values Bo(z) = 0, Bi(z) = 1 and Cy(z) = 1, Cy1(z) = 3z,
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respectively. From the definitions (1) and (2), the following connections are easily
derived (see [4])

B,(z) =Un-1(3x), Cp(z)=T,(3z), n>1. (23)

In view of (23) and Theorems 1-3, relations between Fibonacci and balancing
(Lucas-balancing) polynomials are obvious. In the next statement we present only
a few of them.

Corollary 1. Forn > 1,

n—2
F,(3z) = Cp—1(x) — Z(Ban,k,l(w) — QCn,k,g(x))Fk(Sx),
k=1
n—2
Fo(3z) + 32F,_1(32) = By (z) — Y (32Bn_i(x) — 2By——1(2)) Fi(32),
k=1
922 Fop (3x) = Cany1(x) — Copn1(x) — (2727 — Zcz (n—k)—1(2) For+1(32),
62 Fop41(32) = Bo(ny1)(2) — Bay(x) — (2727 — Z Bo(n—i) () Fori1 (3),
n—1
F2n(3$)+F2n—2(3x) :3xBQn—1( ) 27$ - ZBZn k)— F2k(3x)

922 Fy,,_1(3z) = 32Ca,_1(z) — (2722 — ZCQ(" wy—1(2) For(3z),

62 Fon (32) = 2By () — (2722 — ZBg(n 1 (%) Far,(32).

4. Chebyshev-Fibonacci Polynomial Identities via Exponential Generat-
ing Functions

Functional equations for exponential generating functions will yield connections
between Chebyshev and Fibonacci polynomials involving binomial coefficients.

Theorem 4. For n > 0, the following identities hold

‘Ml

( V) (1= ()T

n—1

=3 () EE T Y Ae, e

k=1
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Eii ( G (R A

n—1

—Z(P“VQAW“ww44wwmmm<m

Proof. To prove formula (24) we use the generating functions (9) and (17). They
give the functional equation

27’(%,33) sinh(ﬂz) = ¢(z,x)Va?+4 cosh(%z).

2

From this equation we obtain

>3 ()52 (5 - (5

~

n>0 k=0
_ @22 (Z)ka ((“9‘“22*1)_'“ P (- 1)"”“) -

Comparing the coefficients of both sides gives

S (1) 5 () - (5
x? " /n Va2 —1\n—k x? — 1\n—k
- 2+4;(k>F’“(x)<( 2 1) +(_ 2 1> >

and after simplifications we get (24). The proof of (25) follows in a similar way and

is based on the functional equation

o)

2 2—1'h( i
X Sin 2

w(=,
2’
2 — N -
2 +4 (Jj sinh(%z) +va?— 1c0sh<x212)> (2, x),

which we derive from generating functions (12) and (17). O
The next two theorems give us relations involving odd and even indexed Cheby-

shev and Fibonacci polynomial sequences.

Theorem 5. Forn >0, the following formulas hold:

Y ( x2 + 2 x))nilik(p(“") = (=1)""o(2)) Do (w)

k=0

n—1 n 222 — 1 k-1 e
= (2222 - 1) §<k> ((1:3 - 2I)m) (a(z) + (-1)""B(z)) Fars1(z)
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and

%Z ( )(\/ +4(223 — x))nflfk(p(m) — (—1)" o (@) Usierr ()

2+ 2

I 942 _ 1 k-1
:(237@) 2;_0(k>((a:5+2x)m)

x(a®(z) = (=1)" 7" B(x)) Fapy1(z).

Proof. The stated formulas follow from the functional equations

273 — 244 223 — 2+4
(xsinh<( v o o)vart z)+ x2+4cosh((x z)Va? + z))ﬁ(z,x)

2 +2 2 +2
4x — 2
2+ 4 (mcosh(Qac\/ 2?2 —1z) + V2% — 1sinh 22/ 22 — ))¢1( x2 27 )
and
223 — 2)v/2% + 4 223 — 2)V/a? + 4
2 (acsinh<( v xfl_; + z) + vz +4cosh(( < J:;::—Zx + z))wl(z,x)
2 +4 2 2z 12 —1z 2 —2zvVz2—1z 4z° — 2
= x2_1(oz(x)e — B (x)e )(b 2127
that one can obtain from (10), (18) and (13), (18), respectively. O

Theorem 6. For n > 0, the following formulas hold:

I"i <n) (\/mm?» — )

k 22 12 )n_k_l(l — (—=1)"*) Top ()
k=0

INEEEDS () ( 21 ) (1 (1) o)

= \k)\ (@3 + 22)Va? — 1
and
1~ (n\/ Va2 + 4223 — x)\n—k-1 .
25 <’f)< 22 +2 ) (1= (=1)""%)Uai(=)

= (2e/a2 —1)" 2 Zn: ( )( ey ;x)?/l;l)kl(a(x) — (=1)""*B(x)) Far ().

k=1

Proof. Generating functions (11), (19) and (13), (19), respectively, yield

QS,inh((2383 — Vet 4z)72(z,x)= Va? +4cosh(2zV/2? — 12) o (4362_22, :1:)

242 242
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and
223 — x)Va2 + 4
\/xQ—lsinh<( ;z: ;) Tt z)wg(z,x)
x4 + 2
42% — 2
=2v/z2+4 (x Sinh(2:v\/x2 - 1z)+\/x2 - 1cosh(2m\/ 2 — 1z))qz52 (x2+2z, m)
x
The results follow from writing in terms of power series and collecting terms. [

The last theorem contains additional relations for Chebyshev and Fibonacci poly-
nomials that we found.

Theorem 7. For n > 0, the following formulas hold:

-1, 222 — 1)\ n—h-1 vk .
;<k> ) (1= (=1)""") Tox ()
-> (%) (“2{ )7 o) 1),
k=1
> (1) (T -
k=0
:2x2<2)(4x{2) (2022 = 1)" " (a(@) — (~1)" () Fi (@),
k=1
i(:)(\/mfx —1))n i 1( — (=" ) Topya ()
k=0

(222" oV =)™ (@20 - (UMW) i),
() EE () v - ot
0

-3 () (ST
0
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o3 (1) () ()T ) - oo uite)
k=0

v (Z) (%)""H (0(2) — (- 1)"*B(a)) Foemr (2),
k=0

Xn: (Z) (zZ + 2)k<x\/m)n—k—1(1 B (71)”*’@)Tk(x)

2z 2

(g (e

k 2z

o3 () () (B - o

:,i(n)(m

n—k—1
; VIV (0la) + (1) B() Fas(a),

* Z <Z) (4:E;+—22)k(x@)n_k(l B (*1)n7k)T2k+1(I)

= n (:) (1:(:,;2 ;ﬁz)Yﬁ)n*k(a(x) N (—1)"7kﬁ(x))ng(a:)7
k=0
3 (1)) ()
=0
= gzn: (Z) (x(x2 ;Z)i/fj)n_k_l(a%x) — (—1)"*B%(x)) Fa (),

k
" /n\ s a2 2\/22 + 4\ n—k—1
x];) k)( +2)k( +4) k

422 — 2 2 (p(x) - (*1)n7k0($))T2k($)

o () (e

> (1)) (e

S T o) — (1o @) Ussl)

i (n) (:c(x2 +2)Vr2 -1

222 —1

)" (@) — (1)) P ).

12



INTEGERS: 21 (2021) 13

5. Concluding Comments: Fibonacci and Lucas Identities Implied by
Chebyshev-Fibonacci Identities

The polynomial relations derived in this paper imply many Fibonacci and Lucas
identities, some of which are certainly known but some of which could turn out to be
new. These identities come from the various links between Chebyshev polynomials
and Fibonacci (Lucas) numbers. In [2] and [17] many such links are listed. Among
the various connections we have

B(d) = b ()= s 2

Tn(f) = 7Lna Un(7> =" n+1,
2) = 2 g) =" it

VoY 1 V5
T2n(7> = 7L2n7 U2n<7) = L2n+1a

Tont1 (?) = ?Fm-yh U2n+1(§) = V5F, 0.

Using (26), for instance, from Theorems 1-3, we can immediately obtain new
families of Fibonacci and Lucas identities. In the next statement, we state some
examples.

Corollary 2. For n > 1, we have the following identities:

n—1
15Fy(3,-1) =5-4" =20 47" + 11> (4F = 47F) Fyp_gp—1),
k=1

n—1
15Fy, = 12(4" —47") + 11 (48 —47F) Fypy),
k=1

n—1
15Fy, = 4(4" —47") =5 (4 — 47" Fypp_y,
k=1

n—1
150431y = 4" +104-47" + 11 Z(M — 4" Lyn_k1),
k=1
n—1
5Lagan-1y=9-4"+36-47" +11 2(4’“ —47") Logan_ak_1),
k=1
n—1
BLop o =4"+8-47" = (4" —47*) Loy ).
k=0

To give another example, observe that from

1 1
=Ls3,, n even 2L3n43 n even,
Tn(—V5) =} 2 ’ Un(—V5) = ¢ 4750
( ) {_\égF?ﬂu n Odd7 ( ) {—\fFZin-‘r?n n Odd7
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and

%Lgn, n odd,

V5
Fn(—\/g) _ {—3F2n, n even,

from Theorem 2 we get the next summation identities.

Corollary 3. Letn > 0. Then

11 " FurLe(n—t) = 3Len — 2Fin4a + 18Fyy,
k=1

n
11) " FurLo(n—k)+3 = 3Len+3 — 4Funya — 4Fun,
k=1

11 Laky2Fsnoiy+s = 3(Fon+o — Fonts) — 2(Lants — Lany2),
k=0

11 Z Lagy2Fs(n—r)+6 = 3(Fon+12 — Fonte) — 8Lanye-
k=0

Finally, with F,,(4) = F3, /2, we get from Theorem 1 the following.

Corollary 4. Letn > 1. Then

n—2
Fap = 2T _1(4) = Y (4T01-k(4) — 2T02_(4)) Fa,
k=1
n—2
Fap +4Fs 3 =2Un 1(4) = > _(4Un_1-£(4) — 2Un—2_(4)) Fa,
k=1
with /)
n/2 .
n 15\7
T,.(4) = 4" —
n(4) Z (Qj) (16)
7=0
and

[n/2] .
n n+1 15\J
V@) =4 3 <2j+1) (175) :

j=0

More experiments in this direction are left for a personal study.

Acknowledgments. The authors are thankful to the anonymous referee for his/her
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