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Abstract: We study a certain family of infinite series with reciprocal Catalan numbers. We first
evaluate two special candidates of the family in closed form, where we also present some Catalan—
Fibonacci relations. Then, we focus on the general properties of the family and prove explicit formulas,
including two types of integral representations.

Keywords: Catalan numbers; infinite series; Fibonacci numbers; Lucas numbers; Stirling numbers;
Mellin transform

1. Introduction and Motivation

The famous Catalan numbers C;;, n > 0 are defined by C,, = n%rl (2};’) They can be also
expressed by the recursion

2(2n - 1) .

C, =
" n—+1

Co=1.

n—1s
The generating function for C, is

© - 1-1—4z
Y Cur= iVl
n=0

2z

Catalan numbers have a long history and play an extraordinary role in combinatorics.
Excellent sources on these numbers are the books by Koshy [1], Roman [2] and Stan-
ley [3]. Some examples of recent work involving Catalan numbers and their generalizations
include [4-10].

Catalan numbers form a special class of the so-called special numbers and polyno-
mials. Other classes of these objects with comparable importance are Bernoulli numbers
(polynomials), Euler numbers (polynomials), Fibonacci numbers (polynomials), etc. These
objects play an important role in combinatorics, number theory and mathematical physics.
The main approach in the study of these numbers is via their generating functions, which
have been studied continuously. These generating functions have attracted considerable
attention from many mathematicians, statisticians, physicists and engineers [11-20].

This paper was inspired by a recent paper by Amdeberhan et al. [21], who studied
the function

z=oo£, z € (0;4),
CED WO S
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which generates the reciprocals of Catalan numbers. They prove by several methods that

_ 2(z+8) | 24+/zarcsin(/z/2)
f(Z) - (4 _ 2)2 + (4 _ Z)S/Z ’

€ [0;4), )

This expression also appears in [22], and an equivalent form is given in [23]. The
hypergeometric expression for f(z) is

where

n
(a)y =a(a+1)---(a+n—-1) = (;1(2)71), (a)o = 1, is the Pochhammer symbol, and

I'(z) is the gamma function defined by I'( f t7~le~tdt with R(z) >
Substituting z = 2 and z = 3, respectwely, mto (1) yields the evaluations

X on 3 o 3"
= —_— — =22
EOC =5+ > and ZC +8V/37,

n=0 "

which were stated in 2014 by Beckwith and Harbor as Problem 11765 in the American
Mathematical Monthly [24] and solved by Abel [25].
From [26], we have the identities

> By 22 6(5+9V5)m Ly, 62 6(15+19V5)7
Lo =5t s @ ;cn_5Jr 125 “

where F, and L, are the famous Fibonacci and Lucas numbers, respectively, a = # is
the golden ratio and w = v/ V5& = v/2 + «. These numbers are defined for n > 0 by the
recursions F,» = F, 41 + F,and L, » = L, 1 + L, with initial conditions Fp =0, F; =1,
Ly =2 and L; = 1, respectively. The Binet formulas are given by

alt — B
Fi’l: D(—gl Ln:an+ﬁn/

1

where f = —2 = # For negative subscripts we have

Fop=(=1)""'F; and L_y=(=1)"Ly.

See the book by Koshy [27] for more details.
Our purpose in this paper is to study, for each integer m > 0, the following family

of series:
i’l

; n—i—lCn

, 0<z<«1.

We begin by evaluating the functions gy(z) and g;(z) explicitly for some values of z,
including Fibonacci and Lucas numbers. Then, focusing on g (z), we prove some explicit
expressions for g,,(z), including two integral representations.

2. The Functions go(z) and g1(z)

Sprugnoli [28] has derived some generating functions for series involving reciprocals
of central binomial coefficients. His approach is built on ordinary differential equations
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but leaves some gaps in the derivations. For instance, he does not state the domains of the
presented functions. One of Sprugnoli’s results [28], Theorem 2.4, is the following identity:

o 22n n+1 Z z
; (21 +1)( ):Vl—zaman(\m—z)‘ @

Since arctan (, / 1%) = arcsin (1/z) for 0 < z < 1, the above identity could be stated

y4
equivalently using the arcsine function as in (1). In this paper, however, we have decided to
work with the notation used by Sprugnoli. Our first goal is to give a rigorous proof of (2).

Theorem 1. Forall 0 < z < 1 we have the identity
00 22n,n+1
Z ;2 = Larctan( z ) 3)
= it 1))~ VI-z -z

1
Proof. For each integer n > 0, consider the integral / (1 — x%)"dx. Then, we can evaluate
-1

the integral in two ways. First, we have

1 . ) nd B 22n+1 .
[ = @i+ 1)) @

The result is known. It can be proved easily using integration by parts. It is, however,
a special case of the more interesting fact [1] (p. 52) that

b 2-4-6---(2n) b—a\*tt
n n . . >
/Ll(x—a) (b—x)'dx =2 -— | ) ( 5 > , n>1.

By the binomial theorem, the integral can be also evaluated as

/ (1—x?%) ”dx—/1k0<) )kzkdx—22()§ki)};

Hence,
00 2271 P

im0 2n+1)(3))

I
gl
1=

7 N

=

N———
—~

|
—_
SN—
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N
+|'%
—_

3
Il
=]
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This shows that

i 22n,n+1 _ o (_1)11( z >n+1'

=0 (2n +1)( ) n:02n+1 1-z
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Combining this with the fact that

2 2n+1
we find that

_Z_
1-z/

O

is the Taylor series of the arctangent for —1 < x < 1, and letting x =
identity (2) holds for 0 < z < 1. However, since the series has a radius of convergence 1,

by analytic contmuatior; the - identity in question holds for every z € [0;1)

Differentiating both sides of (3) with respect to z gives

1 1 arctan( ﬁ)
S TT e = e A
1-z
Differentiating once more and multiplying by z gives
z
2z +1 4z —1 Aarctan ( ﬁ)
= , 0;1). 5
gl(z) 4(172)2 4(172)3 % z € [ ) ( )
-z
Moreover, we see that
o (n+1)/ z \»
$o(z) = 172 HZ:: 2n+1 (=)

oo (ZD"(n+1) (22+n)(1 iz)n.

and
@) = =
§1#) = (1-23 & 2n+1
The trigonometric versions of gy(z) and g1 (z) are also useful; namely,
S 2Msin?'z 1/ 1 z 1 2z
=0 (2n+1)C, 2\cos?z cosdzsinz 2cos*z sin2z
and 5 )
= 2 nsin”" z 1
— = 2— 2 1—2cos2
811(2) ; (2n+1)C,  4cos*z ( cos2z+( cos22) sin22>' ©)
both valid for 0 S z <
Atz=7%,z=17Fa nd z = %, function g o (z), respectively, gives
= 3" 83 = s
> RP AL LI D  (
= (2n+1)Cy 9 = (2n+ 1 2
e 1 2  4nV3
_ 2 4mV3
27

We also find from (5) or (6) and the principal branch for the square-root function
2(1_16,,,)

i n _2 i (=1)"n
—2n+1)Cy 3 —2n+1)C 2BV B
> 2"n T ad )'n2" V3

=242 =Y In2-v3
L anrnc — 2ty El 2n+1)Cn g n(2-3),

@)
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i 3"n 104 327
= (2n+1)Cy, 33’

hgk

2n+1)C, 49 N

To offer some evaluations of o(z) involving Fibonacci and Lucas numbers, we need
the following lemma.

n=1

(~1)"m3" 2 (1_ 16 | (5—@>>.

Lemma 1 ([29] Lemma 1, see also [30] p. 271, identities (20)—(22)). We have

Sll’l(n) —é sin S & COS(T[) a\/g CcOS 3£ :1 i
10 2’ 0) "2 10 2 10) 2\ av5

Theorem 2. With w = \/v/5a = \/2 + &, we have for any integer s

S Pops 451w
Y. Grpiie, ~ et g (@ WE (- 0)F)
- L2n+s o 4\6%&)
Z%J(znﬂ)cn_ZFs“Jr 5 (2F; + aFs_1).

Proof. Setz = % in ¢;0(z) and multiply through by a°, where s is an arbitrary integer.
Using Lemma 1 yields

00 2n-+s
w 2 127

- 0@ == o + P —
= @2n+1)Cy /5 125v/5

S

In a similar manner, set z = {j in g;0(z) and multiply through by p° to obtain

00 2n+-s
,B s+1 4r

y P Zpn, TP
= @n+1)C 5 \/125\@\/E

The difference and sum of the above identities result in the identities

ad F 2 4
Z S («Lstp + Ls—1),

—Lop1 + —F—=
(2n+1)Cy I 25v/av/5

(e}
Loy s 4
——  =2F + ——(a(F + L)+ F+L .
n;o(Zﬂ+1)Cn H 12504\@( (o1 L) + Fo - Leva)

The stated identities follow upon simplifications. [

As examples, we have with w = NGTE
i Fon 2 n 4(70 — 6) T i Loy, A +2)w
= (@2n+1)Cy 5 125 7 = (@2n+1)Cy 25
> F, 1 8(Ba+1 > L 8Vbhnw
Z 2n+1 . (Ba+1) , Z 2n+1 =14+ V5 ,
i 2n+1)Cy 5 125 — 2n+1)Cy 25
> B 3 8(4a—7)mtw > Lyy_» 8(3 —a)tw
—_— = — _— —_— = —1 _—
21 @i+1)C, 57 15 n;l 21+ 1)Cy T

Using the same idea for g;1(z), we can prove the next theorem, whose proof we
therefore omit.
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Theorem 3. With w = \/\/5a = /2 + &, we have for any integer s

o nF 8v/57 w
Z 21’1 _|2_n1+sc = ZFS-‘rl + 5Fs + — 125 (fan+1 + 2Fs>
n:l n
and s
o nlL 8v5mw
L ﬁ 2511 + 5Ls t s ((6+ @) Fyy1 +22°F;).

Another interesting example for an evaluation of g1 (z) with Fibonacci (Lucas) entries
is the following result.

Theorem 4. Let r be an even integer and s any integer. Then,

[e)

22 "1 Fr s

L L 12
m (F3r+s + Zr F2r+s) "+ (LyLyyts — 4L3y1s) —= arctan(B')

2 4./5
L2

1615

n=1

+ <4L37+s - LrLZrJrs + (4F3r+s - LrF2r+s)f>
and

© 22”7’1Lrn+s Lr L, LZ\/E
e, = \ L —L L,Fyys — AF tan(B8"
7;1 (Zn + 1)ann ( 3r+s T > 2r+s> 2 ( 2r4s 3r+s) 1 arc an(/% )

L2
16 °

+ (4L3r+s - LrL27+s + (4F3r+s - LrFZrJrs)\/g)

Proof. First note that1 —a’/L, = B"/L; and that if r is an even integer, then

«’ /L,
1—a’/L, \/ —ac’

Let s be an arbitrary integer. Consider a®¢1(a"/L,) F B°¢1(B"/Ly). We have
y g g1 ( 8

0 arnts IBrn+s)
; L" (2n+1)Cy

_ (ler-&-s F 1331'—1—5)& + (a2r+s ¥ ﬁZY—‘,—S)

LZ 4 2r+s ol s LZ
-+ ( i L )4’ arctan(a”)

2 4 B B
2r+s r+s
F <4ﬁar ‘BM ) - " arctan(B’),

from which the stated identities in the theorem follow using the Binet formulas and the
fact that arctana” = 7 — arctan " for any even integer . []

As particular instances of Theorem 4, we have, for an even integer 7,

00 22n+1npn 2) 7'L'L2 L3
=F L, +2Fv5 4 2 ",
; 21’l—|—1 ann 2r+( r+ r\f>4\/g \@ (,B)
i Zznl’lL (n=2)r 7TL2
— O 124 (L, +2F/5) L2v/5 arctan(B"), 8
ngl 2n+1)L Cn 7+( 7’+ 7‘\/7) 8 }'farc an(ﬁ) ( )



Axioms 2022, 11, 165

7 of 14

©  22"nF, 4, 1 wl2\/5
Sl Vi) L - Y S N r
enryc, 4T (817 +ErvB)

n=1

12./5 arctan(B"
+ (1 -8) =0 =

and

o 1 L ar;
2 L2 r —(=1YL2+F r

n; 2n+1 ann < - )2 (8= (-1LE+ Fr5) T
1

-1 L3F,/5 arctan(B). )

Note that both (8) and (9) give (7) when r = 0.

3. Integral Expressions for go(z) and g1(z)

Integral expressions for the functions go(z) and g;(z) are derived easily using the
integral identity (4).

Theorem 5. We have

2/ 1—zl—x2))d

1—x?
= — .
gl(z) Z/—l (1—2(1—.’)(2))3 X
Proof. From the geometric series and the above lemma, we deduce that forall 0 <z < 1,

2211 n+1

[ee]
; (2n +1)( 2/ 1—zl—x2)

Differentiating produces the first equation. To obtain the second equation, we perform
the operation z(d/dz)go(z), and the proof is completed. [I

——dx.

It is interesting to compare the integral expressions for go(z) and g7 (z) with that for
f(z). This expression is not stated explicitly in [21] but can be derived as follows:

S R

1
where B(a,b) is the beta function B(a,b) = [ x*~1(1 — x)?~ldx = H@r(b)
0

This proves that
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4. Some General Properties of g, (z)
In this section, we present some general properties of ¢, (z), which is defined by
O D21y LN

=y -2, 0<z<],
gn(z) §)2n+1Cn =

with m > 0 being an integer. We have the following result:

Theorem 6. Foreachm > 0and all 0 < z < 1, g, (z) possesses the representation
arctan =

Pl,m(z) + PZ,m(Z) ( 1_2)

R e (e L

(10)

where Py ,,(z) and Py ,,(z) are polynomials in z of degree m with rational coefficients.
Moreover, for m > 1, the polynomials P ,,,(z) and Py, (z) can be expressed recursively according to

d
Pun(2) = 2(1 = 2) 5P 1(2) + m2Pyp 1(2) + 5 Pon 1 (2), an
d
Pon(z) = (1~ 2) &P () 4 (4 VePapa(2) — 3Pawa(s), (12

with PL()(Z) = Pz/o(z) = %

Proof. The proof of the representation (10) is easy using induction on m taking into account
Sm+1(z) = 2(d/dz) gm(z) = (zd/dz)"go(z) and the identity

4 arctan (\/g ) 1 1 arctan ( 1%2)

dz z 2z 22(1 —Z) z

1-z 1—-z

The recursive expressions for Py ,,(z) and P, ,,(z) follow from the proof as a by-
product. O

The first few polynomials have the following explicit forms:

(4z — 1),

>J>\>—‘

(2z+1), P1(z) =

»J:\H

Piy(z) =

1 1
Pro(z) = g(4z2 +12z—1), Pya(z) = g(1622 —2z+1).

We mention that the coupled recursions (11) and (12) can be solved explicitly, but the
closed forms seem not to shed enough light on their general structure. Nevertheless, we
can prove the following expressions:

Proposition 1. For each m,

d
Py (z) Zm'Z + Z ( ) 'Z]( 1_Z)dzpl,mf(j+1)(z)+§p2,m7(j+1)(z))f

P (z %ﬁ(}—l—lz—%)—i—zl—z Zd—Zm /()H((m+3_k)z_2

]:1 : k=2

where the empty product is one and the empty sum is zero.
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Proof. We can use induction on m to prove both formulas. For m = 0, the statements are
true. The inductive step for P; ,,(z) is

Punsa(2) = (m+1)2Pi(2) + 21— 2) 2Py () + 5 Pan(2)

1 M l — 1 d !
= S+ 1) ;() (m+ )2 (2(1 = 2) =P (1) (2) + 5Pan(41)(2))

+z(1- Z)dipl m(z) lpz,m(z)

N

1 m+1 d 1

5(’”‘*‘1 2" Z ( ) (j+1) 'Z]H( (1_Z)gpl,mf(]ﬁrl)(z)+§P2,m7(j+l)(z))
j=-—1

1 m+1 m+1 ] _ d

= S(m+ 1)t +,fa( )i (20 -2 L P + 3P ).

Similarly, the inductive proof for P, ,,(z) is accomplished according to

Py ii(z) = ((m +2)z — 1)lem (z) +z(1— z)iPzrm(z)

2 dz
(3T (0+0=-3)

= ((m—l—Z)z— %) 1

+2z(1—2) ]; Epz,m—j(z) 1}—[2 ((m +3—k)z— 2)) +z(1- Z)EPZ,m(Z)

- ;T: (G+1z=3)+=00 —z)(d Py(z)
#1212 (22 3) kﬁz ((n+3-102 - 2>>
_ ;r:j ((+1)z=5) +2(1- z)g ;—szm,](z) ki]‘[l (m+3 -z %)
_ ;7:1 ((+1)2- 1) 4202 r]"él L ;ﬁl ((n+3-02-1)
_ ;'jj (G+12- 1) +z20-2) 7:1 ;szm“‘](z)kﬁz (n+a-p2- 1)

Applying Theorem 6 in the case m = 2 yields

i 222 2t 422 41221 | 1622 — 2z 41 rctan (\/ ﬁ)
Zom11C, 81—z 8(1—z) ER

from which we obtain

i 774_8\/571
= 2n—|—1C 3 81’
> 22 & "n? 272
- =6+2m, I _ gy 2V

(2n+1)Cy ; (2n+1)Cy 9

n:l
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21’! m
Corollary 1. For each m > 0, the sum 2 +7711)C can be expressed in the form a + brt, with
37’[ m
a and b rational. The sums Z 1 und Z allow the same representation
1’1

but with b being irrational.

Theorem 7. For each m > 0and all |z| < 1, gy (z) possesses the integral representation

_ ! Qm(z; x)
ol = [ T —2(1 - 2)yz ™

where Qu,(z; x) is a polynomial in z of degree m given by

Qu(z7x) = 3 (m+ 1)1(a2)" + (1~ a2)2 Qu1(2%)
m—1
sz L (" e O ), (9
= j dz

with Qo(z;x) = §, and where we have set a = 1 — x.

Proof. We prove the claim by induction on m. Since

=3 L T

the statement is true for m = 0. Now, assuming it is true for a fixed m > 0, we can
proceed with

U 40 (zx)(1— az) + (m +2)aQu(z; x)

() =z [
" 7)) =z— z) =2z dx.
gm1(2) =2 gn(z) =z [ (12—
This gives the recursion
d
Qm(zx) = (m+1)azQu-1(zx) +z(1— az)ng_l(Z;x), m > 1. (14)

This recursion can be solved by standard methods to give (13). Alternatively, one can
prove (13) directly by induction on m using (14). O

5. Another Integral Expression for g,,(z) Using Mellin Transform
Lemma 2. For integers m,n > 0, we have
m .
Y (—1YS(m+1,m+1—j)(n+m—j)=n"n,
j=0

where S(n, k) are the Stirling numbers of the second kind, defined by S(0,0) = 1, S(n,n) =
S(n,1)=1(n>1)and

S(n,k) = % i(—w(k) (k—s)™.

5=0 5

Proof. Consider the known representation
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Let x = —n. Using (j) =(-1) (S +]'] B 1) we have

(_1)m+1nm+1 — "il (_n>5(m + 1/])]'
j=o N\
_m+1 i n+j—1 - 41
_];)( 1)]( ] >S( +1/])]'
41 (n+j-1)
jzo( ) (n_l) (T}’l+ ])

Thus, by reindexing the summation

m+1 .
(=)™ ™ -1t = Y (=)™ TS(m+1,m+1—j)(n+m—j)!
=0

(—1)" I S(m+1,m+1—j)(n+m—j)!

M

0

]
asS(n,0)=0,n>1. O

Theorem 8. The function gy, (z) possesses the integral representation

gm Z \/» Z ]S m+1,m+1 7])/ x(m_f)/zKHlim(Z\/E) Slnh(Z\/E)dx

where Ky (x) is the modified Bessel function of the second kind, which can be defined by
Ko(x) = / cosh(vt)e ¥htgt (x> 0).
0

Proof. The proof is based on ideas developed in [21]. Recall that the Mellin transform of a
real-valued function f(x) on (0, ) is defined by the integral [31]

MIF)G6) = [ flax
The gamma function I'(n) can be interpreted as M[e™*|(n) and thus
Mlxe ¥|(n+1) = (n+1).

Since (42"
v 4z m 1!
m(z) = 1;) (2n+1)!n (n+1)tn!,

we want to find a function f,,, (x) such that
n"nl(n+1)! = M[fm(x)|M[xe *](n +1).

By Lemma 2, it follows that such a function is

m
Z 1S(m41,m+1—j)x" e .

Now, we are going to apply the Mellin convolution theorem:

Mf1(x)IM[fa(x)](s) = M[F(x)](s)
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with

- [ en()e

X1
In our case, F(x) equals
F(x):/oo<i( )]S(m—|—1 m—|—1_) m]—x1>xe—x/x1dx1
0 j=0 DX X1 X1

00 gf(leFX/xl)

m
— xl
m
= Z 1)S(m+1,m+1— j)xm1=D2K, L (2v5%),

where the following representation for the modified Bessel function of the second kind [21]

was used:
o~ (t+2%/4t)

Ko(z) = %(g)/@w it

Finally, we calculate
(42)"
(2n+1)!
(42)"
(2n+1)!
o = (4xz)"
Fx) Z (2n+1)!dx
o smh(Z\/»

n"(n+1)tn!

I
agk

gm(z)

3
i
o

MI[F(x)](n+1)

Il
=
Lre

I 1
S— S—

O

Two special cases of the representation are
1 oo
= — inh(2 Ki(2 d
20(2) ﬁ/o sinh(2/32)Ky (2v/%)dx

and

21(2) = 2 [ sinh(2vie) (VEKo2v3) - K1 (2V) )

6. Concluding Comments

In this paper, we have studied an interesting family of infinite series involving Catalan
numbers. In particular, we have evaluated these series for special arguments and pro-
vided characterizations. Before closing, we want to state two different approaches that
were communicated to us by one of the referees. First, if we set r(z) = zarctanz and

k(z) = \/ 1%, then h(z) = r(z) o k(z), where h(z) equals identity (3). This shows that
the functions g,,(z) can also be studied by the Faa di Bruno formula. Furthermore, as

Sm+1(z) = z%gm (z) = (z%)mgo(z), it is possible to study g, (z) by expanding the factors
(z%)m according to
d\n kA \k
() =Lstmba(z)

where S(n, k) are the Stirling numbers of the second kind.
Finally, we remark that Sprugnoli’s identity (2), which is the starting point of our
exploration, can be integrated resulting in the identity
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0 22 o 1 1 Z arctan ( = Z)
Z fzf—l-—arctanZ( )— ,
= @2n+1)(n+1)(n+2)Cy 2z 222 1-z z

and containing the evaluation
() 2]1
EO 2n+1)(n+1)(n+2)Cy

T

r_r
8 2

as a special instance (at z = %).
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