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The arti
le deals with the fundamental solution of a linear degenerate paraboli
 equation

with 4n degrees of freedom, whi
h generalizes the Kolmogorov equation. The 
oe�
ients of the

equation are 
ontinuous, bounded, and satisfy the Gelder 
ondition with exponent 0 < α ≤ 1.

They used the Levi method and investigated the behavior of the volumetri
 potential generated

by parametrix. The derivatives of the fundamental solution are established.

Key words and phrases: Fundamental solution, Kolmogorov equation, Levy method, de-

generate paraboli
 equations, di�usion pro
esses.

Vasyl Stefanyk Pre
arpathian National University, Ivano-Frankivsk, Ukraine

e-mail: ivan.burtnyak�pnu.edu.ua

Introdu
tion

In this work, we build a fundamental solution of degenerate se
ond order linear paraboli


equations with three groups of paraboli
 degenera
y. Su
h equations des
ribe di�usion sys-

tems with 4n degrees of freedom.

We use the expli
it form of the fundamental solution (parametrix) of the equation with

parameters and apply to it the method of Levy E.E., this work is a generalization of work

[1℄, it has one n−− dimensional group of degenerate variables 
orresponding to the system

of di�usion pro
esses with 2n degrees of freedom.

This problem for equations with one group of paraboli
 degenera
y variables is solved

in [9℄ with two groups of variables [1℄,[2℄,[3℄. Interest in su
h equations is 
aused by their

appli
ation in e
onomi
 theory [8℄-[9℄.

1 Designation and task statement. Main results.

Let's denote n ∈ N , x ∈ R4n
, x = (x1, x2, x3, x4), xj ∈ Rn, j = 1, 4, ξ ∈ R4n, ξj ∈

Rn, j = 1, 4, 0 < τ < t ≤ T < +∞,x := (x1, x2), x := (x1x2x3).

ρ1k (x1, t; ξ1, τ) := 2−1 (x1k − ξ1k) (t− τ)−
1
2 ,
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ρ2k
(

x, t; ξ, τ
)

:=
√
3
(

x2k − ξ2k + 2−1(x1k + ξ1k)(t− τ)
)

(t− τ)−
3
2 ,

ρ3k

(

x, t; ξ, τ
)

:= 6
√
5(t− τ)−

3
2 (x3k − ξ3k + 2−1 (x2k + ξ2k) (t− τ) + (x1k − ξ1k)

(t− τ)212−1,

ρ4k (x, t; ξ, τ) := 60
√
7(t− τ)−

7
2 (x4k − ξ4k + 2−1 (x3k + ξ3k) (t− τ) +

10−1(x2k − ξ2k)(t− τ)2+(x1k + ξ1k)(t− τ)3120
−1
),

ρ2k (x, t; ξ, τ) = ρ21k (x1, t; ξ1, τ) + ρ22k
(

x, t; ξ, τ
)

+ ρ23k

(

x, t; ξ, τ
)

+ ρ24k (x, t; ξ, τ) , k = 1, n.

r1 (t− τ ; x1, ξ1) = (x1 − ξ1) (t− τ)−
1
2 , r2 (t− τ ; x, ξ2) = (x2 − ξ2 + x1 (t− τ)) (t− τ)−

3
2 ,

r3
(

t− τ ; x, ξ3
)

= (x3 − ξ3 + x2 (t− τ) + x1(t− τ)22−1) (t− τ)
− 5

2 ,

r4 (t− τ ; x, ξ4) = (x4 − ξ4 + x3 (t− τ) + x2(t− τ)22−1 + x1(t− τ)3(3!)−1)(t− τ)−
7
2 .

Let

wy,β (x, t; ξ, τ) =

n
∑

l,j=1

al j (y, β) (ρ1j (x1, t; ξ1, τ) ρ1l (x1, t; ξ1, τ) + ρ2j
(

x, t; ξ, τ
)

×

ρ2l
(

x, t; ξ, τ
)

+ ρ3j

(

x, t; ξ, τ
)

ρ3l

(

x, t; ξ, τ
)

+ ρ4j (x, t; ξ, τ) ρ4l (x, t; ξ, τ)),

where

(

al j
)n

l,j=1
� inverted matrix to matrix (alj)

n

l,j=1, alj = ajl, y ∈ R4n, β ∈ [τ, T ], (y, β)�

�xed point [4℄.

Consider the equation:

Lu (x, t) =
n
∑

k,l=1

akl (x, t)∂
2
x1kx1l

u (x, t) +
n
∑

k=1

ak (x, t) ∂x1k
u (x, t) + a (x, t) u (x, t) +

3
∑

j=1

n
∑

µ=1

xjµ∂xj+1 µ
u (x, t)−∂tu (x, t) = 0, (1)

where (akl (x, t))
n

k,l=1 a positively de�ned matrix in the band Π[0,T ] = {(x, t) , x ∈ R4n, t ∈
[0, T ]}.

We assume

a1) there are positive steels v0 > 0, v1 > 0, su
h that for any real ξ1 ∈ Rn

v0|ξ1|2 =
n
∑

l,j=1

alj(x, t)ξ1lξ1j ≤ v1|ξ1|2, (2)

v0|ξ|2 =
n
∑

l,j=1

alj(x, t)ξ1lξ1j ≤ v1|ξ1|2,

to all (x, t)∈Π[0,T ], where alj (x, t)� elements of the inverse matrix up to (alj (x, t))
n

l,j=1

a2) Coe�
ient alj (x, t) , al (x, t) , a (x, t) 
ontinuous and limited in Π[0,T ].
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a3) For any two points (x, t)∈Π[0,T ], (x0, t0)∈Π[0,T ] there is a 
onstant A > 0, i 0 < α ≤
1, what

|alj (x, t)− alj (x0, t0)| ≤ A
(

|x− x0|α + | t− t0|
α
2

)

;

|al (x, t)− al (x0, t0)| ≤ A|x− x0|α;

|a (x, t)− a (x0, t0)| ≤ A|x− x0|α.

Denote by t > τ

G0 (x, t; ξ, τ, ξ, τ) = Φ (ξ, τ) (t− τ)−8nexp
{

−wy,β (x, t; ξ, τ)
}

,

G0 (x, t; ξ, τ, ξ, τ) = 0, t ≤ τ,

where

Φ (x, t) =
(

π−2180
√
105
)n

/(det(alj(t, x)))
−2

. (3)

The main result

Theorem 1. If 1) f (x, t) satis�es the uniform 
ondition of Gelder on x with the index

α, 0 < α ≤ 1 in Π[0,T ]

2) 
ontinuous and limited in Π[0,T ], then the volume potential

V (x, t) =

∫ t

τ

dβ

∫

R4n

G0 (x, t; ξ, β, ξ, β)f (ξ, β)dξ, (4)

has 
ontinuous derivatives ∂t V (x, t), ∂xjk
V (x, t) , ∂2

x1kx1l
V (x, t) , j = 1, 4, k = 1, 4 and


orre
t formulas

∂t V (x, t) = f (x, t) +

∫ t

τ

dβ

∫

R4n

∂t G0 (x, t; ξ, β, ξ, β) [f (ξ, β)− f (x, β)] dξ+ (5)

∫ t

τ

f (x, β) dβ

∫

R4n

∂t G0 (x, t; ξ, β, ξ, β)dξ.

∂x1k
V (x, t) =

∫ t

τ

dβ

∫

R4n

∂x1k
G0 (x, t; ξ, β, ξ, β)f (ξ, β)dξ, k = 1, n. (6)

∂xjk
V (x, t) =

∫ t

τ

dβ

∫

R4n

∂xjk
G0 (x, t; ξ, β, ξ, β) [f (ξ, β)− f (x, β)] dξ (7)

+

∫ t

τ

f (x, β) dβ

∫

R4n

∂xjk
G

0
(x, t; ξ, β, ξ, β)dξ,

∂2
x1kx1l

V (x, t) =

∫ t

τ

dβ

∫

R4n

∂2
x1kx1l

G0 (x, t; ξ, β, ξ, β) [f (ξ, β)− f (x, β)] dξ (8)

+

∫ t

τ

f (x, β) dβ

∫

R4n

∂2
x1kx1l

G
0
(x, t; ξ, β, ξ, β)dξ,
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Theorem 2. If the 
onditions are satis�ed: a1)− a3) then equation (1) has a fundamental

solution Γ (x, t; ξ, τ).

Γ (x, t; ξ, τ) = G0 (x, t; ξ, τ, ξ, τ) +

∫ t

τ

dβ

∫

R4n

G0 (x, t; γ, β, γ, β)ϕup (γ, t; ξ, τ) dγ, (9)

where ϕ (x, t; ξ, τ)� the desired fun
tion is su
h that LΓ (x, t; ξ, τ) ≡ 0, t < τ .

The volumetri
 potential of the fun
tion f (x, t) relatively parametrix G0 (x, t; ξ, τ, ξ, τ) .

Consider the Cau
hy problem

L0u (x, t) =
n
∑

k,l=1

akl (y, β)∂
2
x1kx1l

u (x, t) +
3
∑

j=1

n
∑

µ=1

xjµ∂xj+1 µ
u (x, t)−∂tu (x, t) = 0,

(x, t) ∈ Π[0,T ], (y, β)� �xed point, parameter (y, β) ∈ Π[0,T ].

u (x, t) | t=τ = u0 (x) , 0 ≤ τ < t ≤ T < +∞.

Using the Fourier transform and [5℄, we �nd the fundamental solution of the Cau
hy

problem for L0 ïðè t < τ , we de�ne it 0, we get it G0 (x, t; ξ, τ, y, β) and substituting

(y, β) = (ξ, τ) we get the formula (3):

G0 (x, t; ξ, τ, ξ, τ) = Φ (ξ, τ) (t− τ)−8nexp
{

−wy,β (x, t; ξ, τ)
}

, at t > τ .

G0 (x, t; ξ, τ, ξ, τ) = 0 at t < τ

For G0 (x, t; ξ, τ, ξ, τ) and its derivatives are 
orre
t estimates:

|∂m
t ∂s

xG0(x, t; ξ, τ, ξ, τ)| ≤ Cms(t− τ)−8n− 7m
2

−
∑4

j=1

(2j−1)|sj |

2

3
∑

j=1

(t− τ)(3−j)m|xj|m exp{−c0ρ
2(x, t; ξ, τ)}, (10)

s =

4
∑

j=1

|sj |, sj = (sji, . . . , sjn) , sjk ∈ N ∪ {0} , m ∈ N ∪ {0} , k = 1, n.

|∂m
t ∂s

rG0(x, t; ξ, τ, ξ, τ)− ∂m
t ∂s

xG0(x, t; ξ, τ, ξ, τ)| ≤ (11)

C(t− τ)−8n− 7m
2

−
∑4

j=1

(2j−1)|sj |

2 |ξ − ξ
′|

4
∑

j=1

(t− τ)(4−j)m |xj |m exp
{

−c0ρ
2 (x, t; ξ, τ)

}

,

t > τ. Be
ause it exists c1, c1 > 0, where r2(t− τ ; x, ξ) = ρ2(x, t; ξ, τ), then in (10), (11)


an be repla
ed ρ2 on r2.

It follows from estimates (10) that ∂tG0(x, t; ξ, β, ξ, β), ∂xjk
G0(x, t; ξ, β, ξ, β), j =

2, n, k = 1, n, have a non-integral feature at t = τ .

Consider the boundary of the relation:

ϕ1(t− τ, γ) = (t− τ)−2 exp
{

−c0γ
2(t− τ)−2}

and
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ϕ2 (t− τ, γ) = (t− τ)−p exp
{

−c0γ
2(t− τ)−p

}

, p = 3, 5, 7, γ2 > 0 at t → τ . The limit

is zero therefore at 0 < t− τ < 1
2
.

(t− τ)−p exp
{

−c0γ
2(t− τ)−p

}

≤ (t− τ)−2 exp
{

−c0γ
2(t− τ)−2} .

For

1
2
≤ t− τ ≤ T any γ ∈ R be
ause ϕ1(t− τ, γ) and ϕ2(t− τ, γ) � 
ontinuous, limited,

positive, there is a 
onstant c∗1, c
∗
1 ≥ max{c∗, 1}, what

ϕ1 (t− τ, γ) ≤ c∗1ϕ2 (t− τ, γ) . (12)

It follows from (12) that for the 
onvergen
e of re-integrals from derivatives

∂t G0 (x, t; ξ, β, ξ, β) , ∂xjk
G0 (x, t; ξ, β, ξ, β) , j = 2, n, k = 1, n, su�
e the 
onditions

of Theorem 1.

In parti
ular at j = 4, let's take h > 0

∂x4k
Vh (x, t) :=

∫ t−h

τ

dβ

∫

R4n

∂x4k
G0 (x, t; ξ, β, ξ, β)f (ξ, β) dξ = (13)

=

∫ t−h

τ

dβ

∫

R4n

∂x4k
G0 (x, t; ξ, β, ξ, β) [f (ξ, β)− f (x, β)]dξ

+

∫ t−h

τ

dβ

∫

R4n

∂x4k
G0 (x, t; ξ, β, ξ, β)dξ f (x, β) = I1 + I2.

Be
ause

|∂x4k
G0(x, t; ξ, τ, ξ, τ)− ∂x1k

G0(x, t; ξ, τ, y, τ)|y=x| ≤ (14)

C(t− τ)−8n− 7
2 |ξ − x|α exp{−c0ρ

2(x, t; ξ, τ)}

using the Gauss-Ostrogradsky formula [6℄, we have

∫

R4n

∂x4k
G0 (x, t; ξ, τ, y, τ) |y=xdξ = −

∫

R4n

∂ξ4k G0 (x, t; ξ, τ, x, τ) dξ = 0. (15)

Iç (10), (12), (14), (15) we have

|I2| ≤ CM

∫ t−h

τ

(t− β)−(1−
α
2 )dβ ≤Ñ

(

h
α
2 + (t− τ)

α
2

)

. (16)

Similarly from (10) we obtain:

|I1| ≤
∫ t−h

τ

dβ

∫

R4n

(t− β)−8n− 7
2 (t− β)−7+α

2 exp







−c

n
∑

l=1

4
∑

j=1

γ2
jl(t− β)

−(2j−1)






dγ.

We use (12) then

|I1| ≤ C

∫ t−h

τ

dβ

∫

R4n

(t− τ)−8n+ 7
2 (t− β)−2+α

2
(17)

exp

{

−c∗0

4
∑

j=1

n
∑

k 6=l

γ2
jl(t− β)−(2j−1) − c∗0γ

2
4k(t− β)−2

}

dγ ≤ C1h
α
2 , 0 < c∗0 < c0.
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With (16), (17) follows existen
e lim
h→0

∂x4k
Vh(x, t) , we show the equality of the boundary of

the expression (7) at j=4, that is I.

I =

∫ t

τ

dβ

∫

R4n

∂x4k
G0(x, t; ξ, β; ξ, β)[f(ξ, β)− f(x, β)]dξ

+

∫ t

τ

(

∫

R4n

∂x4k
G0(x, t; ξ, β; ξ, β)dξ)f(x, β)dβ

Consider the di�eren
e I − ∂x4k
Vh(x, t) and appre
iate:

|I − ∂x4k
Vh (x, t)| ≤ C

∫ t

t−h

dβ

∫

R4n

(t− β)−8n+ 7
2 (t− β)−2+α

2
(18)

exp

{

−c∗0

n
∑

l 6=k

4
∑

j=1

γ2
jl(t− β)−(2j−1) − c∗0γ

2
4k(t− τ)−2

}

dγ ≤ Ch
α
2 .

From (18) follows formula (7) in the 
ase j = 4.

In the 
ase of j = 3, 2 the proof of (7) is similar, using that

∂x4k
G0 (x, t; ξ, τ ; x, τ) = −∂ξ4kG0 (x, t; ξ, τ ; x, τ) , (19)

∂x3k
G0 (x, t; ξ, τ ; x, τ) = −∂ξ3kG0 (x, t; ξ, τ ; x, τ)− (t− τ) ∂ξ4kG0 (x, t; ξ, τ ; x, τ) ; (20)

∂x2k
G0 (x, t; ξ, τ ; x, τ) = −∂ξ2kG0 (x, t; ξ, τ ; x, τ)− (t− τ) ∂ξ3kG0 (x, t; ξ, τ ; x, τ)+ (21)

0.9 ∂ξ4kG0 (x, t; ξ, τ ; x, t) ;

In the 
ase of j = 1

|∂x1k
G0 (x, t; ξ, τ ; x, τ)| ≤ C(t− τ)−8n+ 1

2 exp
{

−c0ρ
2 (x, t; ξ, τ)

}

, t > t, k = 1, n.

Therefore, in the 
ase of linear paraboli
 equations [7℄, we establish existen
e and 
ontinuity

∂x,1k
V (x, t),

∂x1k
V (x, t) =

∫ t

τ

∫

R4n

∂x1k
G0 (x, t; ξ, β; ξ, β)f (ξ, β) dξdβ.

To establish formula (8) we write ∂2
x1ix1j

G0 (x, t; ξ, τ ; x, τ) through the derivatives ∂ξl l =

1, 4. In parti
ular

∂x1j
G0 (x, t; ξ, τ ; x, τ) = −

n
∑

i=1

a(ij)(−ρ1i + 2−1(t− τ)ρ2i

10−1(t− τ)2ρ3i + 120−1(t− τ)3ρ4i)e
−w(y,β)(x,t,ξ,τ)Φ (y, β)

∣

∣

∣

∣

∣

∣

∣

∣

y = x

β = τ

.



Fundamental solution of one 
lass of degenerate se
ond order paraboli
 equations 7

∂ξ1jG0 (x, t; ξ, τ ; x, τ) = −
n
∑

i=1

a(ij)(ρ1i + 2−1(t− τ)ρ2i

10−1(t− τ)2ρ3i + 120−1(t− τ)3ρ4i)e
−w(y,β)(x,t,ξ,τ)

Φ (y, β)

∣

∣

∣

∣

∣

∣

∣

∣

y = x

β = τ

.

Given (19) - (21), we obtain

∂x1j
G0 (x, t; ξ, τ ; x, τ) = −∂ξ1jG0 (x, t; ξ, τ ; x, τ) (22)

−2
n
∑

i=1

a(ij)(2−1 (t− τ) ρ2i + 120−1(t− τ)3ρ4i)e
−w(y,β)(x,t,ξ,τ) =

−∂ξ1jG0 (x, t; ξ, τ ; x, τ)− (t− τ) ∂ξ2jG0 (x, t; ξ, τ ; x, τ)

−2−1(t− τ)2∂ξ3jG0 (x, t; ξ, τ ; x, τ)− 24−1(t− τ)3∂ξ4jG0 (x, t; ξ, τ ; x, τ) .

Given (22) we have

∂2
x1lx1j

G0 (x, t; ξ, τ ; x, τ) = −∂2
x1iξ1j

G0 (x, t; ξ, τ ; x, τ) (23)

− (t− τ) ∂2
x1iξ2j

G0 (x, t; ξ, τ ; x, τ)− 2−1(t− τ)2∂2
x1iξ3j

G0 (x, t; ξ, τ ; x, τ)

−24−1 (t− τ)
3
∂2
x1iξ4j

G0 (x, t; ξ, τ ; x, τ) .

So we have Given (24) we have

∫

R4n

∣

∣

∣
∂2
x1lx1j

G0 (x, t; ξ, τ ; ξ, τ)− ∂2
x1lx1j

G0 (x, t; ξ, τ ; x, τ)
∣

∣

∣
dξ ≤ C(t− τ)−1+α

2 . (24)

It follows from (23) and the Gauss-Ostrogradsky theorem:

∫

R4n

∂2
x1lx1j

G0 (x, t; ξ, τ ; x, τ) dξ = 0. (25)

Be
ause

∣

∣

∣
∂2
x1ix1j

G0 (x, t; ξ, τ ; ξ, τ) [f (ξ, τ)− f (x, τ)]
∣

∣

∣
≤ (26)

C(t− τ)−8n−1+α
2 exp

{

−c0ρ
2 (x, t; ξ, τ)

}

,

then from (24) - (26) follows the existen
e of all integrals in the form (8) at h → 0.

Let us prove (5). Be
ause

∂t G0 (x, t; ξ, τ, ξ, τ) =

3
∑

j=1

n
∑

µ=1

xjµ∂xj+1 µ
G0 (x, t; ξ, τ, ξ, τ)

+

n
∑

k,l=1

akl (ξ, τ)∂2
x1kx1l

G0 (x, t; ξ, τ, ξ, τ) ,
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then it follows existen
e

lim
h→0

∫ t−h

τ

dβ

∫

R4n

∂t G0 (x, t; ξ, β, ξ, β) dβf (x, β) .

Formula (5) is set in the same way as (6) - (8). When di�erentiating

∫ t−h

τ
dβ
∫

R4n G0 (x, t; ξ, β, ξ, β)f(ξ, β)dξ on the upper bound we have

∫

R4n

G0 (x, t; ξ, t− h, ξ, t− h) f (ξ, t− h) dξ =

∫

R4n

G0 (x, t; ξ, t− h, ξ, t− h) dξf(x, t− h)+

∫

R4n

G0 (x, t; ξ, t− h, ξ, t− h) [f (ξ, t− h)− f(x, t− h)] dξ → f (x, t) ,

evenly a
ross t when �xed x. In parti
ular, the �rst addition goes to f(x, t), the se
ond

supplement does not ex
eed Ch
α
2
, so it goes to 0 at h → 0. As a result we have V (x, t)

satis�es the equation

L0V (t, x) = f (x, t) +

∫ t

τ

dβ

∫

R4n

L0G0 [f (ξ, β)− f (x, β)]dξ

+

∫ t

τ

dβ

∫

R4n

L0 G0 (x, t; ξ, β, ξ, β)dξf (x, β) = f (x, t) .

Method E.E. Levy Finding the Fundamental Solution of Equation (1)

We are looking for a fundamental solution Γ (x, t; ξ, τ) by the method of E.E. Levy in the

form

Γ (x, t; ξ, τ) = G0 (x, t; ξ, τ, ξ, τ) +

∫ t

τ

dβ

∫

R4n

G0 (x, t;λ, β, λ, β)ϕ (λ, β; ξ, τ)dλ (27)

= G0 + U,

where ϕ (x, t; ξ, τ) � the desired fun
tion that a priori when t > τ 
ontinuous and satis�es

inequalities

|ϕ(x, t; ξ, τ)| ≤ C(t− τ)−8n−1+α
2 exp{−cρ2(x, t; ξ, τ)} (28)

|∆xjiϕ(x, t; ξ, τ)| = |ϕ(x, t; ξ, τ)− ϕ(x
′

, t; ξ, τ)| ≤ C|x− x
′ |

α1
2j−1 (t− τ)−8n−1+

α2
2 × (29)

max{{exp−c
′

ρ2(x, t; ξ, τ)}, {exp cρ2(x′

, t; ξ, τ)}},

α1 < α, α2 = α − α1, x
′
= x + ∆xij . From the a priori assumptions of 
ontinuity ϕ and

(28), (29) imply that for any 
ontinuous and bounded fun
tion u0 (x) , we have

lim
t→τ

∫

R4n

Γ (x, t; ξ, τ) u0 (ξ) dξ = lim
t→τ+

∫

R4n

G0 (x, t; ξ, τ, ξ, τ) u0 (ξ) dξ,
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∫

R4n Uu0 (ξ) dξ has a minor minor feature sin
e

|U (x, t; ξ, τ)| ≤ C(t− τ)−8n+
α1
7 exp

{

−cρ2 (x, t; ξ, τ)
}

,

With proper 
hoi
e ϕ (x, t; ξ, τ) fun
tion Γ (x, t; ξ, τ) satis�es the equation LΓ (x, t; ξ, τ) =

0. Let's 
al
ulate the estimate LG0 (x, t; ξ, τ, ξ, τ) = K (x, t; ξ, τ) ,

|K (x, t; ξ, τ)| =
∣

∣

∣

∣

∣

n
∑

k,l=1

[akl (ξ, τ)− akl (x, t)]∂
2
x1kx1l

G0 (x, t; ξ, τ, ξ, τ) − (30)

n
∑

k=1

ak (x, t)∂x1k
G0 (x, t; ξ, τ, ξ, τ)− a(x, t)G0 (x, t; ξ, τ, ξ, τ)

∣

∣

∣

∣

∣

≤

A1(t− τ)−8n−1+α
2 exp

{

−cρ2 (x, t; ξ, τ)
}

.

Let's 
onsider LU (x, t; ξ, τ):

LU (x, t; ξ, τ) = ϕ (x, t; ξ, τ) +

∫ t

τ

dβ

∫

R4n

(

n
∑

k,l=1

akl (x, t)∂
2
x1kx1l

+

3
∑

j=1

n
∑

µ=1

xjµ∂xj+1µ
−∂t)

G0 (x, t;λ, β, λ, β) [ϕ (λ, β; ξ, τ)− ϕ (x, β; ξ, τ)] dλ+

∫ t

τ

dβ

∫

R4n

(

n
∑

k=1

ak (x, t)∂x1k

+a (x, t))G0 (x, t;λ, β, λ, β) ϕ (λ, β; ξ, τ)dλ+

∫ t

τ

dβ

∫

R4n

[

n
∑

k,l=1

akl (x, t)∂
2
x1kx1l

+
3
∑

j=1

n
∑

µ=1

xjµ∂xj+1 µ
− ∂t

]

G0 (x, t;λ, β, λ, β)ϕ (x, β; ξ, τ) .

Given the estimate (30) for ϕ (x, t; ξ, τ)

L0G0 (x, t; ξ, τ) =

[

n
∑

k,l=1

akl (ξ, τ)∂
2
x1kx1l

+
3
∑

j=1

n
∑

µ=1

xjµ∂xj+1 µ
− ∂t

]

G0 (x, t; ξ, τ, ξ, τ) = 0.

we obtain the integral equation

ϕ (x, t; ξ, τ) = −K (x, t; ξ, τ) +

∫ t

τ

dβ

∫

R4n

−K (x, t;λ, β)ϕ (λ, β; ξ, τ)dλ. (31)

We solve the integral equation (31) by the method of su

essive approximations

ϕ (x, t; ξ, τ) =
∞
∑

m=1

Km (x, t; ξ, τ). (32)

K1 (x, t; ξ, τ) = K (x, t; ξ, τ)

Km (x, t; ξ, τ) =

∫ t

τ

dβ

∫

R4n

K (x, t;λ, β)Km−1 (λ, β; ξ, τ)dλ.
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Using (30), we �nd an estimate K2 (x, t; ξ, τ) .

|K2 (x, t; ξ, τ)| ≤ A2
1

∫ t

τ

dβ

[(t− β)(β − τ)]1−
α
2

∫

R4n

(t− β)−8nexp
{

−cρ2 (x, t;λ, β)
}

(33)

(β − τ)−8nexp
{

−cρ2 (λ, β; ξ, τ)
}

= A2
1B
(α

2
,
α

2

)(π

c

)2n

(t− τ)−8n−1+α

exp
{

−cρ2 (x, t; ξ, τ)
}

.

B
(

α
2
, α
2

)

− Euler's beta fun
tion. Estimation of approximation K3 (x, t; ξ, τ) , K4 (x, t; ξ, τ)

et
. we will 
arry out similarly, by means of mathemati
al indu
tion we prove that for any

m:

|Km (x, t; ξ, τ)| ≤ Γm
(

α
2

)

Am
1

(

π
c

)2n(m−1)
(t− τ)−8n−1+mα

2

Γ
(

nα
2

) exp
{

−cρ2 (x, t; ξ, τ)
}

. (34)

From estimates (30), (34) at t− τ ≥ ε > 0 a uniform and absolute 
onvergen
e of series (32)

and a 
orre
t estimate are obtained (28).

We show the estimate (29). At (t− τ)
1
2 <

∣

∣xji − x
′

ji

∣

∣

1
2j−1

inequality (29) follows from (28).

So let's 
onsider the 
ase

∣

∣xji − x
′

ji

∣

∣

1
2j−1 ≤ (t− τ)

1
2
. First let's evaluate ∆xji

K(x, t; ξ, τ):

∣

∣∆xji
K (x, t; ξ, τ)

∣

∣ ≤
∣

∣

∣

∣

∣

n
∑

k,l=1

[

∆xji
a
kl
(x, t)∂2

x1kx1l
G0 (x, t; ξ, τ)

+(akl (ξ, τ)− akl

(

x
′

, t
)

)∆xji
∂2
x1kx1l

G0 (x, t; ξ, τ)
]

−
n
∑

k=1

(∆xji
ak (x, t)∂x1k

G0 (x, t; ξ, τ) + ak

(

x
′

, t
)

∆xji
∂x1k

G0 (x, t; ξ, τ))

−∆xji
a (x, t)G0 (x, t; ξ, τ)− a

(

x
′

, t
)

∆xji
G0 (x, t; ξ, τ)

∣

∣

∣
.

Using the estimates (28), (30), we evaluate the terms ∆xji
∂2
x1kx1l

G0 (x, t; ξ, τ),

∆xji
∂x1k

G0 (x, t; ξ, τ), ∆xji
G0 (x, t; ξ, τ) using the mean and inequality theorem |∆xij | ≤

(t− τ)
2j−1

2
i −1 < Θ ≤ 1.

−1 +

∣

∣

∣

∣

∣

x1i − ξ1i

(t− τ)
1
2

∣

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

(x1i − ξ1i)

(t− τ)
1
2

+
Θ∆xij

(t− τ)
1
2

∣

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

x1i − ξ1i

(t− τ)
1
2

∣

∣

∣

∣

∣

+ 1;

−1 +

∣

∣

∣

∣

∣

x2i − ξ2i

(t− τ)
3
2

+
x1i − ξ1i

2(t− τ)
1
2

∣

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

x2i − ξ2i

(t− τ)
3
2

+
x1i − ξ1i

2(t− τ)
1
2

+
Θ∆xij

2(t− τ)
1
2

∣

∣

∣

∣

∣

;

≤
∣

∣

∣

∣

∣

x2i − ξ2i

(t− τ)
3
2

+
x1i − ξ1i

2 (t− τ)
1
2

∣

∣

∣

∣

∣

+ 1;

−1 +

∣

∣

∣

∣

∣

x3i − ξ3i

(t− τ)
5
2

+
x2i − ξ2i

2 (t− τ)
3
2

+
x1i − ξ1i

12 (t− τ)
1
2

∣

∣

∣

∣

∣

≤
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∣

∣

∣

∣

∣

x3i − ξ3i

(t− τ)
5
2

+
x2i − ξ2i

2 (t− τ)
3
2

+
x1i − ξ1i

12 (t− τ)
1
2

+
Θ∆xij

2(t− τ)
1
2

∣

∣

∣

∣

∣

;

≤
∣

∣

∣

∣

∣

x3i − ξ3i

(t− τ)
5
2

+
x2i − ξ2i

2 (t− τ)
3
2

+
x1i − ξ1i

12 (t− τ)
1
2

∣

∣

∣

∣

∣

+ 1;

−1 +

∣

∣

∣

∣

∣

x4i − ξ4i

(t− τ)
7
2

+
x3i − ξ3i

2(t− τ)
5
2

+
x2i − ξ2i

10 (t− τ)
3
2

+
x1i − ξ1i

120 (t− τ)
1
2

∣

∣

∣

∣

∣

≤
∣

∣

∣

∣

∣

x4i − ξ4i

(t− τ)
7
2

+
x3i − ξ3i

2(t− τ)
5
2

+
x2i − ξ2i

10 (t− τ)
3
2

+
x1i − ξ1i

120 (t− τ)
1
2

+
Θ∆xij

2(t− τ)
1
2

∣

∣

∣

∣

∣

;

≤
∣

∣

∣

∣

∣

x4i − ξ4i

(t− τ)
7
2

+
x3i − ξ3i

2(t− τ)
5
2

+
x2i − ξ2i

10 (t− τ)
3
2

+
x1i − ξ1i

120 (t− τ)
1
2

∣

∣

∣

∣

∣

+ 1;

sin
e

∣

∣∆xji
K (x, t; ξ, τ)

∣

∣ ≤ Ñ|∆xij |
α1

2j−1 (t− τ)
−8n−1+

α−α1
2

exp
{

−cρ2 (x, t; ξ, τ)
}

. (35)

Using inequalities (28), (35), we estimate ∆xji
U(x, t; ξ, τ):

∣

∣∆xji
U(x, t; ξ, τ)

∣

∣ =

∣

∣

∣

∣

∫ t

τ

dβ

∫

R4n

K (x, t; γ, β)ϕ (γ, β; ξ, τ)dγ

∣

∣

∣

∣

≤ ÑA1|∆xij |
α1

2j−1

∫ t

τ

dβ

(t− τ)1−
α2
2 (β − τ)1−

α2
2

∫

R4n

(t− τ)−8n [exp
{

−cρ2 (x, t; γ, β)
}

+

exp
{

−cρ2
(

x
′

, t; γ, β
)}

exp
{

−cρ2 (γ, β; ξ, τ)
}

(β − τ)−8ndγ ≤

Ñ2|∆xij |
α1

2j−1 (t− τ)
−8n−1+

α−α1
2

exp
{

−cρ2 (x, t; ξ, τ)
}

.

Sin
e estimates (28), (29) prove that the fun
tion Γ (x, t; ξ, τ) at t > τ s the solution of

equation (1). We establish the derivatives estimates Γ (x, t; γ, β), it is enough to estimate

the derivatives U(x, t; ξ, τ). By Theorem 1, there are all derivatives that are in
luded in

equation (1) by breaking the point t1 =
t+τ
2

integral for two integrals.

Let's 
onsider ∂2
x1kx1l

U(x, t; ξ, τ):

∣

∣∂2
x1kx1l

U(x, t; ξ, τ)
∣

∣ ≤
∣

∣

∣

∣

∫ t1

τ

dβ

∫

R4n

∂2
x1kx1l

G0 (x, t; γ, β, γ, β)

[ϕ (γ, β; ξ, τ)− ϕ (x, β; ξ, τ)] dγ+

+

∫ t

t1

dβ

∫

R4n

∂2
x1kx1l

G0 (x, t; γ, β, γ, β)ϕ (γ, β; ξ, τ)dγ+

∫ t1

τ

dβ

∫

R4n

∂2
x1kx1l

G0 (x, t; γ, β, γ, β)dγϕ (x, β; ξ, τ)

∣

∣

∣

∣

≤

CC2

∫ t

τ

dβ

(t− β)(β − τ)
2−α
2

∫

R4n

[

exp
{

−cρ2 (x, t; γ, β)
}

− exp
{

−cρ2 (γ, t; ξ, τ)
}
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[(t− β) (β − τ)]−8ndγ + CC2

∫ t

τ

dβ

∫

R4n

|x− γ|
α1
7

(t− τ)8n+1

[

exp
{

−cρ2 (x, t; γ, β)
}

−exp
{

−cρ2 (γ, t; ξ, τ)
}

(β − τ)−8n−1+α
2 dγ + CC

′

∫ t

t1

[(t− β)(β − τ)]−1+α
7

exp
{

−cρ2 (x, β; ξ, τ)
}

dβ ≤ C̃(t− τ)−8n+α
2
−1exp

{

−cρ2 (x, t; ξ, τ)
}

.

Similarly, estimates for ∂xij
U(x, t; ξ, τ), ∂tU(x, t; ξ, τ) ba
k for Γ (x, t; ξ, τ) on its deriva-

tives are the 
orre
t estimate.

∣

∣

∣
∂m
t ∂mj

xj
∂m1

x1
Γ (x, t; ξ, τ)

∣

∣

∣
≤ Cm(t− τ)−8n− (2j−1)

2
|mj |−

7
2
m0

∑3
j=1 (t−τ)

(3−j) |xj|m0

.

exp
{

−cρ2 (x, t; ξ, τ)
}

, j = 1, 4, |m1| = {0, 1, 2} , 0 ≤ m0 ≤ 1, 0 ≤ mj ≤ 1, j = 2, 4.

If any mj 6= 0, j = 0, 4 then mk = 0, k 6= j.

2 Prospe
ts for further resear
h

In the future, it is advisable to 
onstru
t a fundamental solution of an equation with an

arbitrary number of groups of variables in whi
h the 
oe�
ients depend on all the variables

by whi
h the paraboli
 degenera
y, whi
h generalizes the Kolmogorov equation.
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Â ñòàòòi ïîáóäîâàíî �óíäàìåíòàëüíèé ðîçâ'ÿçîê ëiíiéíîãî âèðîäæåíîãî ïàðàáîëi÷íîãî

ðiâíÿííÿ, ùî ìà¹ 4n ñòóïåíiâ ñâîáîäè, óçàãàëüíþ¹ ðiâíÿííÿ Êîëìîãîðîâà. Êîå�iöi¹íòè

ðiâíÿííÿ íåïåðåðâíi, îáìåæåíi i çàäîâîëüíÿþòü óìîâó �åëüäåðà ç ïîêàçíèêîì 0 < α ≤
1. Âèêîðèñòàëè ìåòîä Ëåâi òà äîñëiäèëè ïîâåäiíêó îá'¹ìíîãî ïîòåíöiàëó ïîðîäæåíîãî

ïàðàìåòðèêñîì. Âñòàíîâëåíî îöiíêè ïîõiäíèõ �óíäàìåíòàëüíîãî ðîçâ'ÿçêó.


