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FUNDAMENTAL SOLUTION OF ONE CLASS OF DEGENERATE
SECOND ORDER PARABOLIC EQUATIONS

The article deals with the fundamental solution of a linear degenerate parabolic equation
with 4n degrees of freedom, which generalizes the Kolmogorov equation. The coefficients of the
equation are continuous, bounded, and satisfy the Gelder condition with exponent 0 < o < 1.
They used the Levi method and investigated the behavior of the volumetric potential generated
by parametrix. The derivatives of the fundamental solution are established.
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INTRODUCTION

In this work, we build a fundamental solution of degenerate second order linear parabolic
equations with three groups of parabolic degeneracy. Such equations describe diffusion sys-
tems with 4n degrees of freedom.

We use the explicit form of the fundamental solution (parametrix) of the equation with
parameters and apply to it the method of Levy E.E.; this work is a generalization of work
[1], it has one n — — dimensional group of degenerate variables corresponding to the system
of diffusion processes with 2n degrees of freedom.

This problem for equations with one group of parabolic degeneracy variables is solved
in [9] with two groups of variables [1],[2],[3]. Interest in such equations is caused by their
application in economic theory [8]-[9].

1 DESIGNATION AND TASK STATEMENT. MAIN RESULTS.

Let’s denote n € N, z € R"™, x = (x1,29,73,24), 7; € R", j = 1,4, £ € R™" & €
R", j=1,4,0<7<t<T < +00,T := (x1,12), T := (T17273).
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pu (21,8560, 7) =27 (2, — &) (t— 7) 2,
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Njw

por (B, 4,6, 7) = V3 (zaor — o + 27w + &)t — 7)) (t — 7) 72,

P3k (5, t&, 7’) = 6V/B(t —7) 72 (e — &g + 271 (o + Ear) (8 — 7) + (22 — 1)
(t—7)%127,

pa (.1, €,7) = 60V/7(t — T)_%(mk — Eap + 27" (3 + &) (t —7) +
107" (o, — Eax) (t — 7+ (s + Eai) (E— 7)*120 ),

Pi (x7t;§’7) = p%k ($1,t;€1,7’) +p%k (Eatvga T) +p§k (iataga T) +p121k: (:L‘at;gaT)a k= 1,’[’L.

NI
Njw

r(t—ma,&)= (v —&)(E—7)" ,r2(t—7;f,§2):(x2—§25+x1 t—7)(t—7)2,
T3 (t — 77, fg) =(r3— &tz (t—7)+x1(t — 7')22*1) (t— 7')_5,

[SIEN]

ra(t —7m2,80) = (s — &G+ a3 (t —7) + 22( — 7)2271 + i (t — 7)3(3!)_1)(t —7) %

Let

n

wy,ﬁ ($at;€77) = Z al J (y’/B) (plj ($1,t;§1,7’) Pu ("L‘lat;gl’T) + P2 (Eatga 7_) X

Lj=1

pa (T, 6,6, 7) + ps; (i t;€, T) P (i t;€, T) + paj (2,46, 7) par (2,46, 7)),

where (a’ j)lnj:1

fixed point [4]
Consider the equation:

— inverted matrix to matrix (alj)l"j:l, a; =aj, yE€R™ Belr,T] (y,5B)-

n

Lu(z,t) = Z ap (x, t)@glkxuu (x,t) + Z ai (x,t) Oy u (x,t) +a(z, t)u(x,t)+
k=1 k=1
3

Z Z Ty (2, 1) —Opu (2,t) = 0, (1)

j=1 p=1

where (ay (z, t))ZJ:l a positively defined matrix in the band Iljo 7y = {(z,¢), © € R*", t €
0,7]).

We assume

ap) there are positive steels vy > 0,v; > 0, such that for any real & € R"

n

voléil® =Y ay(x, )éudy < vl (2)

l?j:1

n
volé]* = Z a (z, t)€uéy < vil&l,
1j=1

n

to all (z,t) €lljg 1}, where a" (z,¢)— elements of the inverse matrix up to (a; (z, )1

az) Coefficient a;; (x,t),a; (x,t) ,a(x,t) continuous and limited in I}y 7).
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asg) For any two points (z,t) €Il 1}, (0, o) €Lz there is a constant A >0, i 0 < a <
1, what

Jay (2, 1) — a; (o, o) < A (Jo =@l + | £ = 10]7 ) ;
|CL[ (Zlf,t) — (l’o,to)| < A|.I‘ - x0|a;
la (z,t) — a(xo,to)] < Az — 0"

Denote by ¢t > 7
Go (2, t:&,7,6,7) =@ (5, 7) (t —7) " exp {—w? (,1;¢,7)},

GO(xut;£7T7£7T):O7 tSTv

where
—2

O (2,t) = <w—2180¢ﬁ)"/(det(alj(t,a;))) (3)

The main result
Theorem 1. If 1) f(x,t) satisfies the uniform condition of Gelder on z with the index

a, 0<a<lin H[O,T]
2) continuous and limited in Iy 7y, then the volume potential

t
Vi) = [(a5 [ Golwti&pe )8 (6.0)ds (1
T R4n
has continuous derivatives &, V (x,t), 0y, V (x,t), &2 , V(x,t), j =1,4, k=14 and

correct formulas
oV = fen+ [ 4] aGEesenEn S ald 6

[ @i [ acnepe e

D, V / ds / 0,,Gy (4,66, 5,6 0)f (€A e, k=Tn (6)

0 Vet = [(48 [ 0 Golnnesen)fEn) -l @
+ [ £0.5185 [ 00, Gy (oti6 5.6 i

P V)= [a5 [ 0, Golnt&BEA €D - TN )
+/f< 08 [ 5, Gy a6 5.6 B
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Theorem 2. If the conditions are satisfied: a;) — a3) then equation (1) has a fundamental
solution I (x,t; &, 7).

F(.T,t;é,’?’):G0<l’,t;§,7,§,7)+/ dﬁ Rin GO('rvt;7757776)90up(77t;£77—)d77 (9)

where ¢ (z,t; &, 7)— the desired function is such that LT (z,t;&,7) =0, t <T.

The volumetric potential of the function f (z,t) relatively parametrix G (x,t; &, 7,€, 7).
Consider the Cauchy problem

n

3 n
Lou (x,t) = Z ar (y, )02 o u (1) + Z Z 70,y 0 (2, 1) —Osu (z,t) = 0,

k=1 j=1 p=1

(z,t) € Iomy, (y, B)- fixed point, parameter (y, 5) € I 7).
u(z,t)|,_. =uo(z), 0<7<t<T < +o0.

Using the Fourier transform and [5], we find the fundamental solution of the Cauchy
problem for Ly mpu ¢ < 7, we define it 0, we get it G (z,t;&,7,y,5) and substituting
(y,B) = (&, 7) we get the formula (3):

Go(x,t:6,7,6,7) = ®(&,7)(t —7) Pexp {—w¥P (z,8;¢,7)}, att > 7.

Go(z, t;¢, 1,6, 7)=0att <7

For Gy (x,t; €, 7,&,7) and its derivatives are correct estimates:

m a4 (2=l
O Go, 46,7, 6,7)| < Ot — 1) 53 20— 2
3
>t =)y exp{—cop?(z, t;€,7)}, (10)

Jj=1

5—Z|s]| s; = (Sji,---,Sin), sjp € NU{0}, me NU{0}, k=1n.

|8trnaiG0(x7t;§aT’§’T) - 8?8;G0(l’,t;€,7,€,7')| < (]-]-)
4
Tm 4 (2i=Dlsjl / —\m m
Clt—m) ™3 = e = ) (4= 1) fay " exp { —cop® (2, 4:€,7) }
j=1

t > 7. Because it exists ¢, ¢; > 0, where r%(t — 7;2,€) = p*(x,t; &, 7), then in (10), (11)
can be replaced p? on 2.

It follows from estimates (10) that 0,Go(w,t;¢, 3,€,8), O, Go(w,t:€,8,6,8), J =
2,n, k=1,n, have a non-integral feature at ¢t = 7.

Consider the boundary of the relation:

or(t—my)=({t—71)" exp{ —coy?(t —7) 2} and
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o (t—T,y)=(t—7)" exp{ —coy*(t —7) p} p=23,57 ~*>0att— 7. The limit
is zero therefore at0<t—7'<§.

(t—71)" exp{ —coy*(t — 1) p} <(t—T1)" exp{ —coy?(t —7)~ 2}.

For  <t—7 < T any v € R because ¢;(t —7,7) and @,(t — 7,7) — continuous, limited,
positive, there is a constant ¢}, ¢ > max{c*, 1}, what

o1t —7,7) <l (t—7,7). (12)

It follows from (12) that for the convergence of re-integrals from derivatives
O Go (x,8:6,8,6,0), 0O, Go(x,t:6,6,6,8), j=2,n, k=1n,suffice the conditions
of Theorem 1.

In particular at j = 4, let’s take h > 0

t—h
g Vilest)i= [ 08 [ 01 Golants 8.6 B (6.5)d = (13)

_ / B Du Go (@€, 5,6,8) [ (6,8) = f (w, B)de

+/ dﬁ/ e Gy (@, 1:6, 8,6, A)dE £ (2,8) = I + .
Because

| £B4kG0('r t é T, é T) I1kG0('r7t;£7T7y7T)‘y=l“‘ < (14)
Ct— 7)™ 3¢ — 2| exp{—cop’(z,,€,7)}

using the Gauss-Ostrogradsky formula [6], we have
/ T4k 'I t;€77_7y77_) |y:$d§ - _/ 8§4k GO ($,t;€,7,$,7) dg = 0. (15)
R4n

I3 (10), (12), (14), (15) we have

R

L] < CM /t_h (t-8) "ag < (n% + (1-n)F). (16)

Similarly from (10) we obtain:

- . —(2j-1)
_gn_T a
I B R R e S D) DR .
T " =1 j=1
We use (12) then
t—h . o
Lj<c / ag [ (k- - gy s (17)
R4n
exp {—60 S5 - 8 Y m”} 4y < CihE,0 < 6 < co.
Jj=1 k#l
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With (16), (17) follows existence hma

T4k

Vi(z,t) , we show the equality of the boundary of
the expression (7) at j=4, that is [

=[5 [ onGuletie pi BB — (o e

# [ ([ uGolatig.5i6 B)i6) (o )i

Consider the difference I — 0,,, Vi,(x,t) and appreciate:

Tqk
t
- z@m@wnsc/"dﬁ (t— B) it — gy s (18)
t—h R4n
n 4
exp {—CS DD vt =BT — it~ TV} dy < ChE.
I#k j=1

From (18) follows formula (7) in the case j = 4.
In the case of j = 3,2 the proof of (7) is similar, using that

aa:4kG0 (l’, ta 67 T, T) - _a§4kG0 (l” ta 67 T, T) ) (19)

Ouy Go (2,66, 72, 7) = =0, Go (2, 6,6, 732, 7) — (t — 7) O, Go (2,4, €, 732, 7) ; (20)

8x2kG0 (IL',t; f, T, T, T) = _8§2kG0 (ff,t; f, T, T, T) - (t - T) 8§3kG0 (ZL‘,t; f, T, 7—) + (21)
0.9 9, Go (z,t; &, 752, 1) ;

In the case of j =1

01, Go (2, 6:€,730,7)| < Ot — 7)™ Rexp {~op? (2. :6,1)} L t> 1, k=T

Therefore, in the case of linear parabolic equations |7], we establish existence and continuity
Op .V (2,1),

0V )= [ [0 Gortiesie 0 £ (6.6 deds

To establish formula (8) we write 92 Gq(x,t;&,7;2,7) through the derivatives 9, [ =

T1iT1j
1,4. In particular

Op,;Go (2, 4,8, 7,0, 7) Za(] —p1i +27Ht — T) pas

1071t — 7)%pai + 12071 (¢ — 7)3/)42‘)efw(yﬂ)(x’t’“)q) (y,B)

y
B=
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O, Go (2, t;, 732, 7) Za (pri + 271t — 7) pos

—w @B (mtfr
1072t — 7)2ps: + 1207 (t — 7)pa)e O (y, B) y—a
b=t
Given (19) - (21), we obtain
azlj GO (.T, ta 57 T, T) = _aﬁu GO (.T, ta 57 T, %, T) (22)

=2 a2 (t = 1) pu +1207 (£ = )’ pagJe T =
i=1
_aﬁlj GO (.’,U’ ta 57 T, T) - (t - T) 852]'GO (.’,U, ta 57 T, T)
—271(t — 7)28&)]. Go(z, ;€1 0,7) — 247t — 7')38541. Go(z,t; €, 152, 7) .

Given (22) we have

02 Golx, t;&,12,7) = =02

1T 14815

Go (z,t; &, 72, 7) (23)

—(t—7)8x1§2G0(:L‘t§Tl‘7')—2 Yt — )021§3G0(xt§,7'x7')
—2471(t — 1) 8; e, Go (@, 16,732, 7).

So we have Given (24) we have

J.

It follows from (23) and the Gauss-Ostrogradsky theorem:

0§HWGO (2, t;€, 7,6, 7) — mum]GO (z, 66, mx,7)|dE < Ct—7)7T2. (24)

/ 2 o Go (€, 75, 7) dE = 0. (25)

Because

02, Go (0,6, T 6T [f (6,7) = f (2, 7)]| < (26)
Ct —7) " exp {—cop? (a,1;6,7)}

then from (24) - (26) follows the existence of all integrals in the form (8) at h — 0.
Let us prove (5). Because

3 n
at GO (SL’, tv gu T, gu T) = Z Z xjuaxj+1 MGO (SL’, tv gu T, £7 T)
7j=1 p=1

+ Z kl 67 IlkzllGO ('I t; 677_ 67 )7

k=1
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then it follows existence
tf

h
lim dB O Go (x,;€,8,€,8) dB f (z, ).

h—0 - R4n

Formula (5) is set in the same way as (6) - (8). When differentiating
B [ Go (2,6, 8,6, B) f(€, B)dE on the upper bound we have

/W Go (2,156, — hy €t — h) f (6, — h) dE =

Go (z,t;6,t — h, &t — h)dEf(x,t — h)+
R4n

/R4n Go(x,t,g,t—h,g,t—h)[f({,t—h)—f(x,t—h)]dﬁ—)f(x,t),

evenly across t when fixed x. In particular, the first addition goes to f(z,t), the second
supplement does not exceed Chz, so it goes to 0 at h — 0. As a result we have V(z,1t)
satisfies the equation

LoV (h2) = £ @)+ [ a8 [ 1aGolr (€.0) = f (a0

+ / 4B [ | In Go w1565, A)ES (0.) = £ (&.1).

Method E.E. Levy Finding the Fundamental Solution of Equation (1)
We are looking for a fundamental solution I' (x,¢; £, 7) by the method of E.E. Levy in the
form

D (e, t:6,7) = Go (2, 6:€,7.6,7) + / B[ Gole AR BN BET AN (27)

T R4n

= Go+ U,

where ¢ (x,t;&,7) — the desired function that a priori when ¢ > 7 continuous and satisfies
inequalities

oz, t:6,7)| < Ot = 1) 5 exp{—cp?(z,;€,7)} (28)

Azjip(e, t:6,7) = (2,66, 7) = @@ 4:6,7)] < Cla — 2|27 (¢ — 1) 7% (29)
max{{exp —¢ p*(z, €, )}, {exp ep (2, 1€, 7)} ),

ap <, Qg = — o, T =+ Ax;;. From the a priori assumptions of continuity ¢ and
(28), (29) imply that for any continuous and bounded function ug (), we have

lim P($7t7§a7) Ug (g) d€ = lim GO (.I’,t;g,T,g,T) Ug (5) dga

=7 J pan t—7T ) pan
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Jin U (€) d§  has a minor minor feature since

U (2, 8:6,7)| < Ot — 7)™ Fexp {—cp? (w, 1€, 7)},

With proper choice ¢ (z,¢; €, 7) function I' (z, ¢; £, 7) satisfies the equation LI (x,t;&,7) =
0. Let’s calculate the estimate LG (z,6;&,7,&,7) = K (2,8, &, 7),

n

> law (&,7) — aw (2,0))07,,,,,Go (2, 6,7, 6,7) — (30)

k=1

K (2,66, 7)] =

Zak z, t amlkGO (.T,t;f,T,é,T) —a(,’lf,t)Go ('rat;£77—7£77—) S
At —7)7% 1JF?exp{ —cp? (z, 1 6,7)} .

Let’s consider LU (z,t; &, 7):

n

t
LU (2,6:6,7) = o (¢, 4:€,7) + / a | . (Z a (2,003, +ZZ% Y

k,l=1 =1 p=1

n

Go(l‘,t;)\,ﬁ,)\,ﬁ) [QO()\,ﬁ;f,T)—QO(I‘,B;S,T)]d)\*F/ dﬁ i (Zak(x’t)axlk

k=1

+a(z,t))Go (z, 6 A, 8,A,8) ¢ (A B; € 7)dA+

/ Rin [Z akl .T}f} mlkmll_'_zzx.]ﬂ Tjtl ] GO('T t A 6 A 6) (x76§§77->-

k=1 j=1 p=1

Given the estimate (30) for ¢ (z,¢;&,7)

3 n
LoGy (z,:€,7) = liymff mm+§j§}w@MM—@r%@maaaﬂ=a

k=1 =1 p=1

we obtain the integral equation
t
plotitn) = —K@tgn)+ [d5 [ —K@arde0send ()
T RAn
We solve the integral equation (31) by the method of successive approximations
o (x,t;€,7) ZKmxth (32)
m=1
Ky (2,66, 7) = K (2,£¢,7)

K (x,t:6,7) = /t dp - K (z,t; X, B) K1 (A, B;€,7) dX
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Using (30), we find an estimate Ky (z,t;&,7) .

6T > [ dp — B) ¥exp {—cp? (z,t;
Kot <At [ ey [ G- e A} 6

(6= "exp {—e A Big, )} =428 (5.5) (5) - me
exp {—cp2 (z,t; &, 7')} )

B (%, %) — Euler’s beta function. Estimation of approximation K3 (z,t;&,7), K4 (x,t;€,7)

etc. we will carry out similarly, by means of mathematical induction we prove that for any

exp {—cp2 (z,t; &, 7')} ) (34)

From estimates (30), (34) at t —7 > ¢ > 0 a uniform and absolute convergence of series (32)
and a correct estimate are obtained (28).

We show the estimate (29). At (¢t — T)% < ’xﬁ- — x;l}

1
|71 < (t— T)%. First let’s evaluate A, K (z,t;€,7):

_1
2;—1

inequality (29) follows from (28).
So let’s consider the case }:L’ji — SL’;Z

Z [Affjiakl (LL’, t>8§1kmll Go (LL’, 213 T)

k=1

‘AmjiK<x7t;§7T)} <

+(a'k‘l (ga 7—) — QA (l‘/a t) )A$J, 8§1kqu0 (:L‘7 t? g’ T)]

3

_ (Al,ink (,)04,,Go (2, €, 7) + ay, (:p/, t) Ay 0y, Go (2,4, 7))
k=1

—Aga(x,t)Go (2, 4,8,7) — a (:p/, t) Ay, Go (7,t5€, 7')’ .

Using the estimates (28), (30), we evaluate the terms A, .02 _ Go(x, &, 7),

Tji " T1KT11

ijiﬁxlkGo (7,4;€,7), Ag;;Go(2,t;€,7) using the mean and inequality theorem |Azy;| <
t—7)7 i-1<©<1.
L1i — Qi L1i — Qi OAz;; L1i — Qi
R 2| 511 < (71 511) " i 1 511 ey
(t—7)° t—m7)2 (=72 |(t—7)3
L2i — G2 T1i — Q14 L2i — G2 L1i — Qli OAwy;
14| 523_1_ 1 511 < |® 523+ 1 f11+ i |
(t—7)2 2(t—171)2 (t—7)2 2(t—71)2 2(t—171)2

<

To; — f% i X153 — ful

5 + 1
(t—7)2 2(t—7)2

X3; — 5351‘ i Toj — §2i i T1; — fu

-1+ 3 1
(t—7)2 2(t—7)2 12(t—1)2

<
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i i T S2i L1i — Qi OAz;;
53 L2 §23+ 1 511 1 i
(t—T) 2(t—7')5 12(t—7)2 2(t—71)2
L3i — S3i L2i — Q2i L1i — Qi
3 faéJr 2 §2§+ 1 511
(t—m7)2 2(t—71)2 12(t—71)2
Tai — Gdi T3i — G3i T2i — Q24 T1i — Qi
4 541+ 3 §3§+ 2 §2§+ 1 511
(t—m7)2 2(t—7)2 10(t—7)2 120(t—17)2

Lai — C4i L3i — S3i L2i — G2i L1i — Qi OAz;;
i =& a8 W& mi— & OAwy

(t—7)2 2t—7)7 10(t—7)7 120(t—1) 2(t—71)2

<

+ 1;

1+

< —541@' + 3731'—53; i x2i_§2i§ 4 xli_flil 1
(t—7)2 2(t—7)2 10(t—71)2 120(t—17)2
since
ajp —8n— 1+a al
1A, K (2,6:€,7)] < ClAz; |51 (t —7) exp {—cp” (z,4;€,7)} . (35)

Using inequalities (28), (35), we estimate A, U(x,t; &, 7):

T4

1A, U (2, t:6,7)| =

t
dp K(:c,t;%ﬁ)w(%ﬁ;f,r)m’ < CAy|Azy|71

R4n

t dp (2,
/T t—1)"F (B 7 /RM(t )7 [exp {—cp® (2,7, 8)} +

exp {—0p2 (x t;7, B) } exp{—cp® (7,8;6,7)} (B—71)"dy <

a— Oél

a1 87L 1+
Ca| Az |51 (¢t — 7) exp {—cp” (z,1;£,7)} .

Since estimates (28), (29) prove that the function I' (z,¢;£,7) at ¢t > 7 s the solution of
equation (1). We establish the derivatives estimates I' (x,t;7, (), it is enough to estimate
the derivatives U(z,t;&,7). By Theorem 1, there are all derivatives that are included in

equation (1) by breaking the point ¢; = t” integral for two integrals.
Let’s consider 97, Ul(z,t;€,7):

t1
’821k$1l (l’,t,g,T)’ S dﬁ/ 8§1kxllG0 (x7t77’/67/y76)
R4n

[ (v, 8;€,7) — ¢ (x,8; €, 7)] dy+
t ) ‘ |
+/t1 dﬁ/szn 8$1kr1zGO (.T,t,’y,ﬁ,’y,ﬁ)gp(7’5’577—)d7+

t1
/ dﬁ 8§1k$11G0 ($>t77a6>7>5)d780 ($a/8;€77_) S

t d/B ) 2
cc L . et |
2/7 (t—B) (B =72 Jrw [exp {—cp® (2.7, 8)} —exp{—cp” (v,:€,7)}
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&1
_ 7
% [exp {—er” (.17, 8)}

(6-8) (3 =) "y +0Cy [Las [

t

—exp {—cp® (7, 5;€,7)} (8 —7) "R dy + OC / (t—B)(B—7) 7

exp {—cp’ (z,8;,7)} dB < C(t — 7)™ 5 exp {—cp® (,1:6,7) } .

Similarly, estimates for 0., U(z,t; ¢, 7), 0,U(x,t; €, 7) back for I' (z,£;£,7) on its deriva-

tives are the correct estimate.

™m,
3-) | ’

@ 2D T 53
ORI (1, 1:€,7)| < Coft — ) Il Eme e o

exp{—ch(:E,t;f,T)}, j:1,—4, |m1| :{OalaQ}a 0<mg<1, OS’I’TL] <1, j:2a—4

If any m; #0, j =0,4 then my =0, k # j.

2 PROSPECTS FOR FURTHER RESEARCH

In the future, it is advisable to construct a fundamental solution of an equation with an

arbitrary number of groups of variables in which the coefficients depend on all the variables

by which the parabolic degeneracy, which generalizes the Kolmogorov equation.

1]

2]

3]

[4]

[5]

(6]

7]

8]

[9]
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B crarTi mobymosamo pyHIaMeHTATLHAN PO3B’I30K JTIHIHOTO BUPOAZKEHOTO MapabOoIiTHOTO
piBHSHHSA, 1O Ma€ 4n cTymeHiB cBOOOAHM, y3aranbHioe piBHsaHHs Kommoroposa. Koedimientn
PIBHSIHHSI HENEpepBHi, 0OMeXKeHi 1 330BOMBHAIOTHL YMOBY Lenbaepa 3 mokasHukoM 0 < o <
1. Bukopucranu meron JleBi Ta mocaiauan MOBEmiHKY 00’€MHOTO MOTEHINAJIY MOPOIKEHOTO
mapamMerpukcoM. BeTaHOBIEHO OIMIHKK MOXIAHUX (DYHIAMEHTATLHOTO PO3B’SI3KY.



