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On unconditionally convergent series in topological rings

Banakh T.O.1,2, Ravsky A.V.3

We define a topological ring R to be Hirsch, if for any unconditionally convergent series ∑n∈ω xi

in R and any neighborhood U of the additive identity 0 of R there exists a neighborhood V ⊆
R of 0 such that ∑n∈F anxn ∈ U for any finite set F ⊂ ω and any sequence (an)n∈F ∈ VF . We

recognize Hirsch rings in certain known classes of topological rings. For this purpose we introduce

and develop the technique of seminorms on actogroups. We prove, in particular, that a topological

ring R is Hirsch provided R is locally compact or R has a base at the zero consisting of open ideals or

R is a closed subring of the Banach ring C(K), where K is a compact Hausdorff space. This implies

that the Banach ring ℓ∞ and its subrings c0 and c are Hirsch. Applying a recent result of Banakh

and Kadets, we prove that for a real number p ≥ 1 the commutative Banach ring ℓp is Hirsch if

and only if p ≤ 2. Also for any p ∈ (1, ∞), the (noncommutative) Banach ring L(ℓp) of continuous

endomorphisms of the Banach ring ℓp is not Hirsch.
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Introduction

We define a topological ring R to be Hirsch if for any unconditionally convergent series

∑n∈ω xn in R and any neighborhood U ⊆ R of the additive identity 0 of R there exists a

neighborhood V ⊆ R of 0 such that ∑n∈F anxn ∈ U for any finite set F ⊂ ω and any sequence

(an)n∈F ∈ VF.

This notion was suggested by a question [8] of Dylan Hirsch who was motivated by the

idea of generalizing the standard theory of Lebesgue measure and integral to functions with

values in topological rings.

In this paper we consider the following general problem.

Problem 1 (see [8]). Recognize Hirsch rings in known classes of topological rings.

Exploring Problem 1, we shall introduce and develop the technique of seminorms on ac-

togroups, see Section 3. We shall show, in particular, that a topological ring R is Hirsch pro-

vided R has a base at the zero consisting of open ideals (see Proposition 3) or R is locally

compact (see Theorem 9) or R is a subring of the topological rings CK(X, S) of continuous

functions from a topological space X to a locally compact topological ring S, endowed with

the topology of uniform convergence on sets from an ideal K of compact Hausdporff subsets
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of X (see Theorem 10). This implies that the Banach ring ℓ∞ and its subrings c0 and c are

Hirsch, see Theorem 15. We prove also that for a number p ∈ [1, ∞] the commutative Banach

ring ℓp is Hirsch if and only if p ∈ [1, 2] ∪ {∞}, see Corollary 7. Also for any p ∈ (1, ∞), the

(noncommutative) Banach ring L(ℓp) of continuous endomorphisms of the Banach ring ℓp is

not Hirsch, see Propositions 6 and 7.

1 Unconditional convergence in topological groups

A group in this paper means an Abelian topological group. We shall use the additive no-

tation for denoting the group operations. For a group G its identity element is denoted by 0G

(so, x + 0G = x = 0G + x for every x ∈ G).

Let I be a countable infinite set and (xi)i∈I be a sequence of elements of a group G. The

sequence (xi)i∈I

• converges to an element x ∈ G if for any neighborhood U of the identity of G there exists

a finite set F ⊂ I such that xi ∈ x + U for any i ∈ I \ F;

• is Cauchy if for any neighborhood U of the identity of G there exists a finite set F ⊂ I

such that xi − xj ∈ U for any i, j ∈ I \ F.

It is easy to show that any convergent sequence is Cauchy. A group G is sequentially complete if

any Cauchy sequence in G converges.

The series ∑i∈I xi

• unconditionally converges to an element x ∈ G if for any neighborhood U of the identity

of G there exists a finite set F ⊂ I such that ∑i∈J xi ∈ x + U for any finite set J ⊂ I

containing F (if the set J is empty then we put ∑i∈J xi = 0);

• is unconditionally Cauchy if for any neighborhood U of the identity of G there exists a finite

set F ⊂ I such that ∑i∈K xi ∈ U for any finite set K ⊂ I \ F.

It is easy to show that any unconditionally convergent series is unconditionally Cauchy. On

the other hand we have the following assertion.

Proposition 1. Let ∑i∈I xi be an unconditionally Cauchy series in a group G and (In)n∈ω be

a nondecreasing sequence of finite sets such that
⋃

n∈ω In = I. If the sequence
(

∑i∈In
xi

)

n∈ω

converges to a point x ∈ G then the series ∑i∈I xi unconditionally converges to x.

Proof. Let U be any neighborhood of the identity of G. Pick a neighborhood V of the identity

of G such that V +V ⊆ U. Since the sequence
(

∑i∈In
xi

)

n∈ω
converges to x, there exists m ∈ ω,

such that ∑i∈In
xi ∈ x + V for any n ≥ m. Since the series ∑i∈I xi is unconditionally Cauchy,

there exists a finite set J ⊂ I such that ∑i∈K xi ∈ V for any finite set K ⊂ I \ J. Since the

sequence (In)n∈ω is nondecreasing and
⋃

n∈ω In = I, there exists a number k ≥ m such that

Ik ⊇ J. Let F ⊂ I be any finite set containing Ik. Then

∑
i∈F

xi = ∑
i∈Ik

xi + ∑
i∈F\Ik

xi ∈ x + V + V ⊆ x + U.
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Proposition 2. Any unconditionally Cauchy series ∑i∈I xi in a sequentially complete group G

is unconditionally convergent.

Proof. Fix any increasing sequence (In)n∈ω of finite subsets of I such that
⋃

n∈ω In = I. Let

U be any neighborhood of the identity of G such that U = −U. Since the series ∑i∈I xi is

unconditionally Cauchy, there exists a finite set F ⊂ I such that ∑i∈K xi ∈ U for any finite set

K ⊂ I \ F. Since the sequence (In)n∈ω is increasing and
⋃

n∈ω In = I, there exists k ∈ ω such

that Ik ⊇ F. Let m, n ∈ ω be any numbers with k ≤ m ≤ n. Since In \ Im ⊂ I \ F, we have

∑
i∈In

xi − ∑
i∈Im

xi = ∑
i∈In\Im

xi ∈ U.

Thus the sequence
(

∑i∈In
xi

)

n∈ω
is Cauchy. Since the group G is sequentially complete, the

sequence
(

∑i∈In
xi

)

n∈ω
converges to a point a ∈ G. By Proposition 1, the series ∑i∈I xi uncon-

ditionally converges to x.

An endomorphism of a group G is a continuous homomorphism from G to itself.

Lemma 1. Let ∑i∈I xi be an unconditionally Cauchy series in a group G and (vi)i∈I be a

sequence of endomorphisms of G such that the set D = {vi}i∈I is finite. Then the series

∑i∈I vi(xi) is unconditionally Cauchy.

Proof. Let U be any neighborhood of the identity of G. Pick a neighborhood V of the identity

of G such that the sum of |D| summands V is contained in U. Let v ∈ D be any element. Put

Iv = {i ∈ I : vi = v} and pick a neighborhood Wv of the identity of G such that v(Wv) ⊆ V.

Put W =
⋂

v∈D Wv. Since the series ∑i∈I xi is unconditionally Cauchy, there exists a finite set

F ⊂ I such that ∑i∈K xi ∈ W for any finite set K ⊂ I \ F. Then for any finite set K ⊂ I \ F we

have

∑
i∈K

vi(xi) = ∑
v∈D

∑
i∈K∩Iv

v(xi) = ∑
v∈D

v
(

∑
i∈K∩Iv

xi

)

∈ ∑
v∈D

v(W) ⊆ ∑
v∈D

v(Wv) ⊆ ∑
v∈D

V ⊆ U,

witnessing that the series ∑i∈I vi(xi) is unconditionally Cauchy.

2 Topological rings that have a local base of open ideals

A topological ring is a group R endowed with a continuous associative binary operation

· : R × R → R which is distributive, that is

x(y + z) = xy + xz and (x + y)z = xz + yz

for all x, y, z ∈ R. A nonempty subset J of a ring R is called an ideal in R if

J + J ⊆ J and JR ∪ RJ ⊆ J.

Proposition 3. Every topological ring R that has a neighborhood base at zero consisting of

open ideals is Hirsch.

Proof. Let ∑i∈ω xi be any (unconditionally) convergent series in R and U be any neighborhood

of the zero 0 of R. Let J be an arbitrary open ideal contained in U. Then for every finite set

I ⊂ ω we have ∑i∈I Jxi ⊆ J ⊆ U as J is an ideal in R.
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3 Hirsch actogroups

It is natural to explore Problem 1 in a wider context of active groups, i.e., groups endowed

with an action of a topological space with zero.

Definition 1. An active group (briefly an actogroup) A y G is a topological group G en-

dowed with a continuous action A × G → G, (a, x) 7→ ax, of a topological space A with a

distinguished point 0A ∈ A. The action should satisfy two axioms:

(i) 0A · x = 0G for every x ∈ G;

(ii) a(x + x) = ax + ax for every a ∈ A and x ∈ G.

The topological space A is called the acting space of the actogroup A y G and the distin-

guished point 0A is called the zero of A. If the acting space A and the action A × G → G are

clear from the context, then we shall write G instead of A y G.

Example 1. Each topological ring R is an actogroup R y R with respect to the continuous

action R × R → R, (a, x) 7→ ax, assigning to a pair of elements a, x ∈ R their product ax in the

ring R.

Definition 2. An actogroup A y G is defined to be Hirsch if for every unconditionally con-

vergent series ∑i∈ω xi in G and every neighborhood U ⊆ G of 0G there exists a neighborhood

V of zero 0A in the acting space A of G such that for every finite set F ⊆ ω and sequence

(ai)i∈F ∈ VF we have ∑i∈F aixi ∈ U.

It follows that a topological ring is Hirsch if and only if it is Hirsch as an actogroup. So,

Problem 1 is a partial case of the following more general one.

Problem 2. Recognize Hirsch actogroups in known classes of actogroups.

In the following subsections we shall present examples of Hirsch actogroups among ac-

togroups whose topology is generated by some specific seminorms.

3.1 Seminorms on groups

Definition 3. A seminorm on a (topological) group G is a (continuous) function ‖ · ‖ : G →
[0, ∞) such that

‖0G‖ = 0, ‖ − x‖ = ‖x‖ and ‖x + y‖ ≤ ‖x‖+ ‖y‖

for every x, y ∈ G.

A seminorm ‖ · ‖ : G → [0, ∞) is a norm if

• ‖x‖ > 0 for any x ∈ G \ {0G} and

• ‖nx‖ = n‖x‖ for any x ∈ G and n ∈ ω.

Here nx is the element of G, defined by the recursive formula:

0x = 0G and (n + 1)x = nx + x for every n ∈ ω.
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We say that the topology of a group G is generated by a family S of seminorms if for every

neighborhood U ⊆ G of 0G there exists a seminorm ‖ · ‖ ∈ S such that {x ∈ G : ‖x‖ < ε} ⊆ U

for some ε > 0 (by the definition, all seminorms on a group are continuous). If the family

S consists of a single seminorm ‖ · ‖, then we say that the topology of G is generated by the

seminorm ‖ · ‖.

A seminorm ‖ · ‖ : G → [0, ∞) is said to be bounded if supx∈G ‖x‖ < ∞. Theorem 3.3.9

from [1] implies that the topology of any group is generated by a suitable family of bounded

seminorms.

3.2 Locally 2-homogeneous seminorms on groups

Definition 4. A seminorm ‖ · ‖ on a group G is called

• 2-homogeneous if ‖2x‖ = 2‖x‖ for every x ∈ G;

• locally 2-homogeneous if there exists ε > 0 such that ‖2x‖ = 2‖x‖ for every x ∈ G with

‖x‖ ≤ ε.

Each 2-homogeneous seminorm on a group is locally 2-homogeneous.

Example 2. Each norm on a group is 2-homogeneous. In particular, the norm ‖ · ‖ : R →
[0, ∞), ‖ · ‖ : x 7→ |x|, on the additive group of real numbers R is 2-homogeneous.

Next we explore some operations over (locally) 2-homogeneous seminorms. The following

two lemmas can be easily derived from the definitions.

Lemma 2. Let h : H → G be a continuous homomorphism between groups. If ‖ · ‖G is a

(locally) 2-homogeneous seminorm on G, then the seminorm

‖ · ‖H : H → [0, ∞), ‖ · ‖H : x 7→ ‖h(x)‖G ,

on the group H is (locally) 2-homogeneous.

We recall that for a group G and a subgroup H ⊆ G the quotient group G/H is the group

whose elements are cosets x + H where x ∈ G.

Lemma 3. Let ‖ · ‖G and ‖ · ‖H be seminorms on groups G and H, respectively. If the semi-

norms ‖ · ‖G and ‖ · ‖H are (locally) 2-homogeneous, then so is the seminorm ‖ · ‖ : G × H →
[0, ∞), ‖ · ‖ : (x, y) 7→ max{‖x‖G , ‖y‖H}.

Lemma 4. Let ‖ · ‖G be a locally 2-homogeneous seminorm on a group G and H be a subgroup

of G such that {x ∈ H : ‖x‖G < 5ε} = {0H} for some ε > 0. Then the seminorm

‖ · ‖ : G/H → [0, ∞), ‖y‖ = inf{‖x‖G : x ∈ y}

is locally 2-homogeneous.

Proof. Replacing ε > 0 by a smaller positive number, we can assume that ‖2x‖G = 2‖x‖G for all

x ∈ G with ‖x‖G <
3
2 ε. We claim that for every y ∈ G/H with ‖y‖ ≤ ε we have ‖2y‖ = 2‖y‖.

Indeed, assume for a contradiction that ‖2y‖ 6= 2‖y‖. Since ‖2y‖ ≤ ‖y‖ + ‖y‖ = 2‖y‖, we

have ‖2y‖ < 2‖y‖, so there exists z ∈ 2y such that ‖z‖G < 2‖y‖ ≤ 2ε. Since ‖y‖ ≤ ε, there
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exists x ∈ y such that ‖x‖G <
3
2 ε and then ‖2x‖G = 2‖x‖G < 3ε. It follows from z, 2x ∈ 2y that

z − 2x ∈ H. The triangle inequality implies that

‖2x − z‖G ≤ ‖2x‖G + ‖z‖G < 3ε + 2ε = 5ε

and hence 2x − z ∈ {h ∈ H : ‖h‖ < 5ε} = {0H} and finally z = 2x. Then

2‖y‖ ≤ 2‖x‖G = ‖2x‖G = ‖z‖G < 2‖y‖,

which is a required contradiction.

Corollary 1. The seminorm ‖ · ‖ : R/Z → [0, ∞), ‖ · ‖ : y 7→ min{|x| : x ∈ y}, on the quotient

group T = R/Z is locally 2-homogeneous.

Lemma 5. Let H be an open subgroup of a group G. If a seminorm ‖ · ‖H : H → [0, ∞) on the

group H is locally 2-homogeneous, then the seminorm

‖ · ‖G : G → [0, ∞), ‖ · ‖G 7→
{

min{1, ‖x‖H}, if x ∈ H,

1, if x ∈ G \ H

on the group G is locally 2-homogeneous, too.

Proof. Since ‖ · ‖H is locally 2-homogeneous, there exists a positive ε <
1
2 such that ‖2x‖H =

2‖x‖H for every x ∈ H with ‖x‖H ≤ ε. The definition of the seminorm ‖ · ‖G ensures that for

every x ∈ G with ‖x‖G ≤ ε we will have x ∈ H and hence 1 > ε ≥ ‖x‖G = min{1, ‖x‖H}
implies that ‖x‖H = ‖x‖G and ‖2x‖H ≤ 2‖x‖H ≤ 2ε < 1. Then

‖2x‖G = min{1, ‖2x‖H} = ‖2x‖H = 2‖x‖H = min{2, 2‖x‖H} = 2 min{1, ‖x‖H} = 2‖x‖G,

so the seminorm ‖ · ‖G is locally 2-homogeneous.

3.3 Lipschitz and contracting seminorms on actogroups

By a seminorm on an actogroup A y G we understand a seminorm on the group G.

Definition 5. A seminorm ‖ · ‖ : G → [0, ∞) on an actogroup A y G is called

• Lipschitz if there exist positive real numbers L, ε and a neighborhood V ⊆ A of 0A such

that ‖ax‖ ≤ L‖x‖ for every a ∈ V and every x ∈ G with ‖x‖ ≤ ε;

• contracting if for every λ > 0 there exist ε > 0 and a neighborhood V ⊆ A of 0A such that

‖ax‖ ≤ λ‖x‖ for every a ∈ V and every x ∈ G with ‖x‖ ≤ ε.

It is clear that each contracting seminorm on an actogroup is Lipschitz.
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Theorem 1. Let ‖ · ‖ : G → [0, ∞) be a locally 2-homogeneous seminorm on an actogroup

A y G and assume that there exists ε > 0 such that the closed ε-ball B = {x ∈ G : ‖x‖ ≤ ε} is

compact. Then the seminorm ‖ · ‖ is contracting.

Proof. Since ‖ · ‖ is locally 2-homogeneous, we can replace ε by a smaller positive number and

assume that ε ≤ 1 and ‖2x‖ = 2‖x‖ for every x ∈ B. To prove that ‖ · ‖ is contracting, take any

positive real number λ ≤ 1.

The continuity of the action A × G → G, (a, x) 7→ ax, implies that W = {(a, x) ∈ A × B :

‖ax‖ <
1
4 λε} is an open neighborhood of the compact set {0A} × B in A × B. Using the

compactness of B, we can find a neighborhood V ⊆ A of 0A such that V × B ⊆ W and hence

‖ax‖ <
1
4 λε for every a ∈ V and x ∈ B.

To see that ‖ · ‖ is contracting, it remains to show that ‖ax‖ ≤ λ‖x‖ for every a ∈ V and

x ∈ B. Suppose for a contradiction that there exist a ∈ V and x ∈ B such that ‖ax‖ > λ‖x‖.

It follows from x ∈ B that ‖x‖ ≤ ε and hence 0 ≤ λ‖x‖ < ‖ax‖ <
1
4 λε ≤ ε. Then there

exists a unique number k ∈ ω such that 2k‖ax‖ ≤ ε < 2k+1‖ax‖.

Claim 1. For every nonnegative integer i ≤ k + 1 we have ‖a(2ix)‖ = 2i‖ax‖.

Proof. We prove the claim by induction on i. For i = 0 the equality ‖a(20x)‖ = 20‖ax‖ is trivial.

Assume that ‖a(2ix)‖ = 2i‖ax‖ for some i < k + 1. Then

‖a(2ix)‖ = 2i‖ax‖ ≤ 2k‖ax‖ ≤ ε

and hence

‖a(2i+1x)‖ = ‖a(2ix + 2ix)‖ = ‖a(2ix) + a(2ix)‖ = 2‖a(2ix))‖ = 2i+1‖ax‖

by the inductive hypothesis.

Claim 2. ‖x‖ > 0.

Proof. Assume on contrary that ‖x‖ = 0. Claim 1 and the choice of k imply ‖a(2k+1x)‖ =

2k+1‖ax‖ > ε. On the other hand, ‖x‖ = 0 implies ‖2k+1x‖ = 0 and hence 2k+1x ∈ B and

‖a(2k+1x)‖ <
1
4 λε ≤ ε by the choice of the neighborhood V ∋ a. This contradiction shows that

‖x‖ > 0.

Since 0 < ‖x‖ ≤ ε, there exists a unique number n ∈ ω such that 2n‖x‖ ≤ ε < 2n+1‖x‖. By

analogy with Claim 1 we can prove that ‖2ix‖ = 2i‖x‖ for all nonnegative integers i ≤ n + 1.

Since λ ≤ 1, there exists a unique number d ∈ ω such that 2dλ ≤ 1 < 2d+1λ.

Observe that for every i ≤ n we have ‖2ix‖ ≤ 2i‖x‖ ≤ 2n‖x‖ ≤ ε and hence 2ix ∈ B

and ‖a(2ix)‖ <
1
4 λε ≤ ε < 2k+1‖ax‖ = ‖a(2k+1x)‖ by the choice of the neighborhood V ∋ a

and the number k. Also for every integer i ≤ d + 2, by the triangle inequality, ‖a(2n+ix)‖ ≤
2i‖a(2nx)‖ < 2d+2 1

4 λε ≤ ε < 2k+1‖ax‖ = ‖a(2k+1x)‖. Therefore, for every i ≤ n + d + 2 we

have ‖a(2ix)‖ ≤ ε < ‖a(2k+1x)|, which implies that n + d + 2 < k + 1. Then Claim 1 and the

choice of k and n ensure that

2n+d+2‖ax‖ = ‖a(2n+d+2x)‖ ≤ ε < 2n+1‖x‖

and finally ‖ax‖ <
1

2d+1‖x‖ < λ‖x‖, which contradicts our assumption.
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3.4 Absolute seminorms

Definition 6. A seminorm ‖ · ‖ on a group G is defined to be

• C-absolute for some positive real number C if there exists ε > 0 such that for any finite set

F and sequence (xi)i∈F ∈ GF with M := maxE⊆F ‖∑i∈E xi‖ ≤ ε we have ∑i∈F ‖xi‖ ≤ CM;

• absolute if ‖ · ‖ is C-absolute for some positive real number C.

Example 3. The norm | · | : R → [0, ∞), | · | : x 7→ |x|, on the additive group R of real numbers

is 2-absolute.

Proof. Given any finite set F and sequence (xi)i∈F ∈ RF, consider the sets F+ = {i ∈ F : xi ≥ 0}
and F− = F \ F+. It follows from

∑
i∈F

|xi| = ∑
i∈F+

xi − ∑
i∈F−

xi =
∣

∣ ∑
i∈F+

xi

∣

∣+
∣

∣ ∑
i∈F−

xi

∣

∣

that

∑
i∈F

|xi| ≤ 2 max
{
∣

∣ ∑
i∈F+

xi

∣

∣,
∣

∣ ∑
i∈F−

xi

∣

∣

}

≤ 2 max
E⊆F

∣

∣ ∑
i∈E

xi

∣

∣,

witnessing that the norm | · | on R is 2-absolute.

A result of I. Netuka and J. Veselý [10] implies the following general fact.

Example 4. For every positive integer n, the standard Euclidean norm ‖ · ‖ : Rn → [0, ∞) on

the additive group R
n is C-absolute for the constant

C = 2
√

π
Γ(n+1

2 )

Γ(n
2 )

,

which is the best possible. Here Γ(z) is the well-known gamma function, see [4, §2.1].

As partial cases of Example 4 we have two next examples.

Example 5. The norm ‖ · ‖ : C → [0, ∞), ‖ · ‖ : z 7→ |z|, on the additive group of complex

numbers C is π-absolute.

Example 6. The norm ‖ · ‖ : H → [0, ∞), ‖ · ‖ : q 7→ |q|, on the additive group of quaternion

numbers H is 3π-absolute.

Lemma 6. Let G, H be two groups and ‖ · ‖G, ‖ · ‖H be seminorms on G, H, respectively. If for

some positive real number C these seminorms are C-absolute, then the norm

‖ · ‖ : G × H → [0, ∞), ‖ · ‖ : (g, h) 7→ max{‖g‖G , ‖h‖H},

is 2C-absolute.

Proof. Let F be a finite set and (zi)i∈F be a sequence in G × H. Write each zi as (xi, yi) for some

xi ∈ G and yi ∈ H. For the sets I = {i ∈ F : ‖xi‖G ≤ ‖yi‖H} and J = {i ∈ F : ‖xi‖G > ‖yi‖H}
we have

∑
i∈F

‖zi‖ = ∑
i∈F

max{‖xi‖G, ‖yi‖H} = ∑
i∈J

‖xi‖G + ∑
i∈I

‖yi‖H
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and hence

max
{

∑
i∈J

‖xi‖G, ∑
i∈I

‖yi‖H

}

≥ 1

2 ∑
i∈F

‖zi‖.

Since the norms ‖ · ‖G, ‖ · ‖H are C-absolute, there are subsets I ′ ⊆ I and J ′ ⊆ J such that

∥

∥ ∑
i∈I ′

xi

∥

∥

G
≥ 1

C ∑
i∈I

‖xi‖G and
∥

∥ ∑
i∈J′

yi

∥

∥

H
≥ 1

C ∑
i∈J

‖yi‖H.

Then

max
E⊆F

∥

∥ ∑
i∈E

zi

∥

∥ ≥ max
{
∥

∥ ∑
i∈I ′

xi

∥

∥

G
,
∥

∥ ∑
i∈J′

yi

∥

∥

H

}

≥ 1

C
max

{

∑
i∈I

‖xi‖G, ∑
i∈J

‖yi‖H

}

≥ 1

2C ∑
i∈F

‖zi‖,

witnessing that the norm ‖ · ‖ on G × H is 2C-absolute.

Lemma 6 implies the following result.

Corollary 2. Let G, H be two groups and ‖ · ‖G, ‖ · ‖H be seminorms on G, H, respectively. If

the seminorms ‖ · ‖G, ‖ · ‖H are absolute, then so is the seminorm

‖ · ‖ : G × H → [0, ∞), ‖ · ‖ : (g, h) 7→ max{‖g‖G , ‖h‖H}.

Lemma 7. Let C be a positive real number, ‖ · ‖G : G → [0, ∞) be a C-absolute seminorm on a

group G, and H be a subgroup of G such that {x ∈ H : ‖x‖G < 5ε} = {0H} for some ε > 0.

Then the seminorm

‖ · ‖ : G/H → [0, ∞), ‖ · ‖ : y 7→ inf{‖x‖G : x ∈ y},

is C-absolute.

Proof. Replacing the number ε by a smaller number, if necessary, we can assume that for any

finite set F and any sequence (xi)i∈F ∈ GF with M := maxA⊆F

∥

∥∑i∈A xi

∥

∥

G
≤ ε we have

∑i∈F ‖xi‖G ≤ CM. To show that the seminorm ‖ · ‖ on the group G/H is C-absolute, take any

finite set F and sequence (yi)i∈F ∈ (G/H)F such that M := maxA⊆F

∥

∥ ∑i∈F yi‖ ≤ ε. By the

definition of the seminorm ‖ · ‖ on G/H, for every i ∈ F there exists an element xi ∈ yi such

that ‖yi‖ ≤ ‖xi‖G < ‖yi‖+ 1
2 ε.

Claim 3. For every k ∈ {0, . . . , |F|} and any set E ⊆ F of cardinality |E| = k we have

∥

∥ ∑
i∈E

xi‖G =
∥

∥ ∑
i∈E

yi‖.

Proof. The claim will be proved by induction on k. For k = 0 and the empty set E = ∅ we have

∥

∥ ∑
i∈E

xi‖G = ‖0G‖G = 0 = ‖0G/H‖ =
∥

∥ ∑
i∈E

yi

∥

∥.

Now assume that the equality in the claim has been proved for some nonnegative integer

k < |F|. Take any set E ⊆ F of cardinality |E| = k + 1. Choose any index j ∈ E and consider

the set E′ = E \ {j}. By the inductive assumption,
∥

∥∑i∈E′ xi

∥

∥

G
=

∥

∥ ∑i∈E′ yi

∥

∥ ≤ M ≤ ε.
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Assuming that
∥

∥ ∑i∈E xi

∥

∥

G
6=

∥

∥∑i∈E yi

∥

∥ and taking into account that ∑i∈E xi ∈ ∑i∈E yi, we

conclude that
∥

∥ ∑i∈E yi

∥

∥ < ‖∑i∈E xi

∥

∥

G
. Then we can find an element h ∈ H such that

∥

∥h + ∑
i∈E

xi

∥

∥

G
<

∥

∥ ∑
i∈E

xi

∥

∥

G
.

The triangle inequality implies that

‖h‖G =
∥

∥h + ∑
i∈E

xi − ∑
i∈E

xi

∥

∥

G
≤

∥

∥h + ∑
i∈E

xi

∥

∥

G
+

∥

∥ ∑
i∈E

xi

∥

∥

G

<
∥

∥ ∑
i∈E

xi

∥

∥

G
+

∥

∥ ∑
i∈E

xi‖G ≤ 2
(

‖xj‖G +
∥

∥ ∑
i∈E′

xi‖G

)

< 2
(

‖yj‖+ 1
2 ε +

∥

∥ ∑
i∈E′

yi

∥

∥

)

≤ 2(M + 1
2 ε + M) ≤ 5ε.

Since {x ∈ H : ‖x‖G < 5ε} = {0H}, the element h equals 0H and we obtain a required

contradiction
∥

∥ ∑
i∈E

xi

∥

∥

G
=

∥

∥h + ∑
i∈E

xi

∥

∥

G
<

∥

∥ ∑
i∈E

xi

∥

∥

G
,

showing that
∥

∥ ∑i∈E xi

∥

∥

G
=

∥

∥ ∑i∈E yi

∥

∥ and completing the proof of the claim.

By Claim 3,

max
E⊆F

∥

∥ ∑
i∈E

xi

∥

∥

G
= max

E⊆F

∥

∥ ∑
i∈E

yi

∥

∥ = M ≤ ε.

Now the C-absoluteness of the seminorm ‖ · ‖G and the choice of ε ensure that

∑
i∈F

‖yi‖ ≤ ∑
i∈F

‖xi‖G ≤ CM,

witnessing that the seminorm ‖ · ‖ on G/H is C-absolute.

Example 3 and Proposition 7 imply the next assertion.

Lemma 8. The seminorm ‖ · ‖ : R/Z → [0, ∞), ‖ · ‖ : y 7→ min{|x| : x ∈ y}, on the compact

group T = R/Z is 2-absolute.

The following two lemmas can be easily deduced from the definitions.

Lemma 9. Let H be an open subgroup of a group G. If ‖ · ‖H : H → [0, ∞) is a C-absolute

seminorm on the group H, then the seminorm

‖ · ‖G : G → [0, ∞), ‖x‖G =

{

min{1, ‖x‖H}, if x ∈ H,

1, if x ∈ G \ H

on the group G is C-absolute, too.

Lemma 10. Let h : H → G be a continuous homomorphism between groups. If a seminorm

‖ · ‖G on the group G is C-absolute for some positive real number C, then the seminorm

‖ · ‖H : H → [0, ∞), ‖ · ‖H : x 7→ ‖h(x)‖G ,

is C-absolute.
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3.5 Locally Euclidean and locally compact groups

A group G is called locally Euclidean if some open neighborhood of 0G in G is homeomor-

phic to the Euclidean space Rn for some n ∈ ω. In particular, every discrete group is locally

Euclidean.

Proposition 4. The topology of every locally Euclidean group G is generated by a locally

2-homogeneous absolute seminorm.

Proof. By [11, Example 75], the locally Euclidean group G contains an open subgroup H, which

is topologically isomorphic to the product Rn × Tk for some n, k ∈ ω. By Examples 2 and 3,

the norm ‖ · ‖R : R → [0, ∞), ‖ · ‖R : x 7→ |x|, is locally 2-homogeneous and absolute. By

Corollary 1 and Lemma 8, the seminorm ‖ · ‖T : T → [0, ∞), ‖ · ‖T : y 7→ min{|x| : x ∈ y}, is

locally 2-homogeneous and absolute. By Lemma 3 and Corollary 2, the seminorms

‖ · ‖Rn : R
n → [0, ∞), ‖ · ‖Rn : (xi)i∈n 7→ max

i∈n
‖xi‖R,

‖ · ‖
Tk : T

k → [0, ∞), ‖ · ‖
Tk : (xi)i∈k 7→ max

i∈k
‖xi‖T,

and

‖ · ‖ : R
n × T

k → [0, ∞), ‖ · ‖ : (x, y) 7→ max{‖x‖Rn , ‖y‖
Tk}

are locally 2-homogeneous and absolute. It is clear that the topology of the group Rn × Tk is

generated by the seminorm ‖ · ‖. Since H is topologically isomorphic to R
n × T

k, the topol-

ogy of the group H is generated by a locally 2-homogeneous absolute seminorm ‖ · ‖H. By

Lemmas 5 and 9, the seminorm

‖ · ‖G : G → [0, ∞), ‖ · ‖G : x 7→
{

min{1, ‖x‖H}, if x ∈ H,

1, if x ∈ G \ H

is locally 2-homogeneous and absolute. It remains to observe that the seminorm ‖ · ‖G gener-

ates the topology of the group G.

An actogroup A y G is locally compact if the group G is locally compact, that is every

element of G has a compact neighborhood in G.

Proposition 5. The topology of any locally compact actogroup A y G is generated by a family

of contracting absolute seminorms.

Proof. Let U ⊆ G be a neighborhood of 0G in G. Since G is locally compact, we can replace

U by a smaller neighborhood, if necessary, and assume that U has compact closure U in G.

By [9, Corollary 7.54], there exists a surjective continuous homomorphism h : G → L onto

a locally Euclidean group L such that h−1[V] ⊆ U for some neighborhood V ⊆ L of 0L.

By Proposition 4, the topology of the locally Euclidean group L is generated by a locally 2-

homogeneous absolute seminorm ‖ · ‖L : L → [0, ∞). So, {x ∈ L : ‖x‖L ≤ ε} ⊆ V for some

ε > 0. By Lemmas 2 and 10, the seminorm

‖ · ‖G : G → [0, ∞), ‖ · ‖G : x 7→ ‖h(x)‖L

on the group G is locally 2-homogeneous and absolute. Since the closed neighborhood

{x ∈ G : ‖x‖G ≤ ε} ⊆ {x ∈ G : ‖h(x)‖L ≤ ε} ⊆ {x ∈ G : h(x) ∈ V} ⊆ U ⊆ U

is compact, we can apply Theorem 1 and conclude that the seminorm ‖ · ‖G is contracting.
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3.6 Obsolete seminorms

Definition 7. A seminorm ‖ · ‖ : G → [0, ∞) on a group G is defined to be obsolete if for every

unconditionally convergent series ∑i∈ω xi in G the series ∑i∈ω ‖xi‖ converges.

Lemma 11. Each absolute seminorm ‖ · ‖ on a group G is obsolete.

Proof. Being absolute, the seminorm ‖ · ‖ is C-absolute for some positive real number C. This

means that there exists ε > 0 such that such that for any finite set F and sequence (xi)i∈F ∈ GF

with M := maxE⊆F ‖∑i∈E xi‖ ≤ ε we have ∑i∈F ‖xi‖ ≤ CM.

To show that ‖ · ‖ is obsolete, fix any unconditionally convergent series ∑i∈ω xi in G. The

unconditional convergence of ∑i∈ω xi yields a finite set K ⊆ ω such that
∥

∥ ∑i∈F xi

∥

∥ < ε for any

finite set F ⊂ ω \ K.

Suppose for a contradiction that the series ∑i∈ω ‖xi‖ diverges in the real line. Then we can

find a finite set F ⊂ ω \ K such that ∑i∈F ‖xi‖ > Cε. The choice of the sets K and F ensures

that

M := max
E⊆F

∥

∥ ∑
i∈E

xi

∥

∥ < ε

and hence ∑i∈F ‖xi‖ ≤ CM ≤ Cε, a contradiction.

The obsoleteness is preserved by standard operations over seminorms.

Lemma 12. Let h : H → G be a continuous homomorphism between groups. If ‖ · ‖G is an

obsolete seminorm on the group G, then the seminorm

‖ · ‖H : H → [0, ∞), ‖ · ‖H : x 7→ ‖h(x)‖G

is an obsolete seminorm on the group H.

Proof. To prove that the seminorm ‖ · ‖H is obsolete, take any unconditionally convergent se-

ries ∑i∈ω xi in the group H. The continuity of the homomorphism h implies that ∑i∈ω h(xi)

is an unconditionally convergent series in the group G. Since the seminorm ‖ · ‖G is obso-

lete, the series ∑i∈ω ‖h(xi)‖G = ∑i∈ω ‖xi‖H converges, witnessing that the seminorm ‖ · ‖H is

obsolete.

Lemma 13. For two obsolete seminorms ‖ · ‖G : G → [0, ∞) and ‖ · ‖H : H → [0, ∞) on groups

G, H, the seminorm

‖ · ‖ : G × H → [0, ∞), ‖ · ‖ : (g, h) 7→ max{‖g‖G , ‖h‖H}

on G × H is obsolete.

Proof. Let ∑i∈ω zi be any unconditionally convergent series in the group G× H. For every i ∈ ω

write the element zi ∈ G × H as a pair (xi, yi) for some xi ∈ G and yi ∈ H. The unconditional

convergence of the series ∑i∈ω zi implies the unconditional convergence of the series ∑i∈ω xi

and ∑i∈ω yi. By the obsoleteness of the seminorms ‖ · ‖G and ‖ · ‖H , the series ∑i∈ω ‖xi‖G and

∑i∈ω ‖yi‖H converge in the real line. Then

∑
i∈ω

‖zi‖ = ∑
i∈ω

max{‖xi‖G, ‖yi‖H} ≤ ∑
i∈ω

(‖xi‖G + ‖yi‖H) ≤ ∑
i∈ω

‖xi‖G + ∑
i∈ω

‖yi‖H < ∞,

which means that the series ∑i∈ω ‖zi‖ converges, and therefore the seminorm ‖ · ‖ on G × H

is obsolete.
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3.7 Unconditional seminorms on actogroups

Definition 8. A seminorm ‖ · ‖ : G → [0, ∞) on an actogroup A y G is called

• C-unconditional for some real number C if there exist a positive real number ε and a neigh-

borhood V ⊆ A of 0A such that for any finite set F and sequences (xi)i∈F ∈ GF and

(ai)i∈F ∈ VF with M := max
E⊆F

∥

∥ ∑
i∈E

xi

∥

∥ ≤ ε we have
∥

∥ ∑
i∈F

aixi

∥

∥ ≤ CM;

• unconditional if ‖ · ‖ is C-unconditional for some positive real number C.

Lemma 14. If a seminorm ‖ · ‖ on an actogroup A y G is absolute and Lipschitz, then ‖ · ‖ is

unconditional.

Proof. Assuming that ‖ · ‖ is absolute and Lipschitz, find positive real numbers L, C, ε and a

neighborhood V ⊆ A of 0A such that

• ∑i∈F ‖xi‖ ≤ C · maxE⊆F

∥

∥ ∑i∈E xi

∥

∥ for any finite set F and sequence (xi)i∈F ∈ GF with

maxE⊆F

∥

∥ ∑i∈E xi

∥

∥ ≤ ε;

• ‖ax‖ ≤ L‖x‖ for any a ∈ V and x ∈ G with ‖x‖ ≤ ε.

Then for any finite set F and sequences (xi)i∈F ∈ GF and (ti)i∈F ∈ VF with max
E⊆F

∥

∥ ∑
i∈E

xi

∥

∥ ≤ ε

we have
∥

∥ ∑
i∈F

tixi

∥

∥ ≤ ∑
i∈F

‖tixi‖ ≤ ∑
i∈F

L‖xi‖ ≤ LC max
E⊆F

∥

∥ ∑
i∈E

xi

∥

∥,

which means that the seminorm ‖ · ‖ is LC-unconditional and hence unconditional.

3.8 Absolutely and unconditionally seminormable actogroups

Definition 9. An actogroup A y G is called

1) absolutely seminormable if the topology of G is generated by a family of Lipschitz absolute

seminorms;

2) obsoletely seminormable if the topology of G is generated by a family of Lipschitz obsolete

seminorms;

3) unconditionally seminormable if the topology of G is generated by a family of unconditional

seminorms.

Lemmas 11 and 14 imply the following result.

Lemma 15. Every absolutely seminormable actogroup is obsoletely and unconditionally semi-

normable.

Theorem 2. A actogroup A y G is Hirsch if one of the following conditions holds:

1) A y G is unconditionally seminormable;

2) A y G is obsoletely seminormable;

3) A y G is absolutely seminormable.
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Proof. To prove that the actogroup A y G is Hirsch, fix any unconditionally convergent series

∑n∈ω xi in G and any neighborhood U of 0G in G.

1) First we assume that A y G is unconditionally seminormable. Then there exists an

unconditional seminorm ‖ · ‖ on G such that {x ∈ G : ‖x‖ ≤ 2ε} ⊆ U for some ε > 0.

Since ‖ · ‖ is unconditional, there exist positive numbers C, δ and a neighborhood V ⊆ A of

0A such that for every finite set F and any sequences (yi)i∈F ∈ GF and (ai)i∈F ∈ VF with

M = maxE⊆F

∥

∥∑i∈E yi‖ ≤ δ, we have
∥

∥∑i∈F aiyi‖ ≤ CM.

Since the series ∑i∈ω xi is unconditionally convergent, there exists a finite set E ⊆ ω such

that
∥

∥ ∑i∈F xi

∥

∥ < min{δ, ε
C} for every finite set F ⊆ ω \ E.

By the continuity of the action A×G → G, for every i ∈ E, there exists a neighborhood Vi ⊆
A of 0A such that supa∈Vi

‖axi‖ ≤ ε
|E| . Replacing the neighborhood V by the neighborhood

V ∩ ⋂

i∈E Vi, we can additionally assume that maxi∈E supa∈V ‖axi‖ ≤ ε
|E| .

Now observe that for every finite set F ⊂ ω and a sequence (ai)i∈F ∈ VF we have

∥

∥ ∑
i∈F

aixi

∥

∥ ≤ ∑
i∈F∩E

‖aixi‖+
∥

∥ ∑
i∈F\E

aixi

∥

∥ ≤ ∑
i∈F∩E

ε

|E| + C max
K⊆F\E

∥

∥ ∑
i∈K

xi

∥

∥ ≤ ε|F ∩ E|
|E| + C

ε

C
≤ 2ε

and hence ∑i∈F aixi ∈ U.

2) Next, assume that A y G is obsoletely seminormable. Then there exists a Lipschitz

obsolete seminorm ‖ · ‖ on G such that {x ∈ G : ‖x‖ ≤ 2ε} ⊆ U for some ε > 0. By the

obsoleteness of ‖ · ‖, we have ∑n∈ω ‖xi‖ < ∞. Since the seminorm ‖ · ‖ is Lipschitz, there exist

positive numbers L ≥ 1, ε′ ≤ ε and a neigborhood V′ ⊆ A of 0A such that ‖ax‖ ≤ L‖x‖ for

every a ∈ V′ and x ∈ G with ‖x‖ ≤ ε′. Since ∑i∈ω ‖xi‖ < ∞, there exists a nonempty finite

set E ⊂ ω such that ∑i∈ω\E ‖xi‖ ≤ ε′
L . For every i ∈ ω \ E we have ‖xi‖ ≤ ∑j∈ω\E ‖xj‖ ≤ ε′

and hence supa∈V ′ ‖axi‖ ≤ L‖xi‖. By the continuity of the seminorm ‖ · ‖ and continuity of

the action A × G → G, for every i ∈ E, there exists a neighborhood Vi ⊆ A of 0A such that

supa∈Vi
‖axi‖ ≤ ε

|E| . We claim that the neighborhood V = V′ ∩ ⋂

i∈E Vi witnesses that G is

Hirsch. Take any finite set F ⊆ ω and any sequence (ai)i∈F ∈ VF. It follows that

∥

∥ ∑
i∈F

aixi

∥

∥ ≤ ∑
i∈F∩E

‖aixi‖+ ∑
i∈F\E

‖aixi‖ ≤ ∑
i∈F∩E

ε

|E| + ∑
i∈F\E

L‖xi‖ ≤ ε|F ∩ E|
|E| + L

ε

L
≤ 2ε

and hence ∑i∈F aixi ∈ U.

3) If A y G is absolutely seminormable, then by Lemma 15, A y G is both obsoletely

seminormable and unconditionally seminormable and hence A y G is Hirsch by any of the

preceding cases.

Lemmas 11, 14 and Theorem 2 imply that for any actogroup we have the following implica-

tions.

absolutely seminormable +3

��

obsoletely seminormable

��

unconditionally seminormable +3 Hirsch

Since every contracting seminorm of an actogroup is Lipschitz, Proposition 5 and Theo-

rem 2 imply the next result.

Theorem 3. Every locally compact actogroup is absolutely seminormable and Hirsch.
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3.9 Tychonoff products of actogroups

Definition 10. The Tychonoff product ∏i∈I(Ai y Gi) of a nonempty family of actogroups

(Ai y Gi)i∈I is the group ∏i∈I Gi endowed with the action

∏
i∈I

Ai ×∏
i∈I

Gi → ∏
i∈I

Gi,
(

(ai)i∈I , (xi)i∈I

)

7→ (aixi)i∈I

of the topological space ∏i∈I Ai whose distinguished point is the unique point of the singleton

∏i∈I{0Ai
}.

If all the actogroups Ai y Gi are equal to some fixed actogroup A y G, then the product

∏i∈I(Ai y Gi) will be denoted by (A y G)I .

Theorem 4. The Tychonoff product ∏i∈I(Ai y Gi) of a nonempty family of absolutely

(resp. obsoletely) seminormable actogroups is absolutely (resp. obsoletely) seminormable and

Hirsch.

Proof. For a subset F ⊆ I let GF = ∏i∈F Gi and prF : G → GF, prF : (xi)i∈I 7→ (xi)i∈F be the

projection homomorphism. It follows that ∏i∈I Gi = GI . Given any neighborhood U ⊆ GI of

0GI
, find a finite set F ⊆ I and a neighborhood W of 0GF

in the group GF such that pr−1
F [W] ⊆

U. For every i ∈ F find a neighborhood Wi of 0Gi
in Gi such that ∏i∈F Wi ⊆ W. Since the

actogroup Ai y Gi is absolutely (resp. obsoletely) seminormable, there exists a Lipschitz

absolute (resp. obsolete) seminorm ‖ · ‖i : Gi → [0, ∞) such that {x ∈ Gi : ‖x‖i ≤ ε i} ⊆ Wi for

some ε i > 0. By Lemma 6 (resp. 13), the seminorm

‖ · ‖F : GF → [0, ∞), ‖ · ‖F : (xi)i∈F 7→ max
i∈F

‖x‖i

is absolute (resp. obsolete). By Lemma 10 (resp. 12), the seminorm

‖ · ‖ : GI → [0, ∞), ‖ · ‖ : x 7→ ‖prF(x)‖F

is absolute (resp. obsolete). It is clear that

{x ∈ GI : ‖x‖ ≤ min
i∈F

ε i} ⊆ pr−1
F

[

∏
i∈F

Wi

]

⊆ pr−1
F [W] ⊆ U.

It remains to prove that the seminorm ‖ · ‖ is Lipschitz. For every i ∈ I the Lipschitz property

of the seminorm ‖ · ‖i yields positive numbers Li, δi and a neighborhood Vi ⊆ Ai of 0Ai
such

that supa∈Vi
‖ax‖i ≤ Li‖x‖i for any x ∈ Gi with ‖x‖i ≤ δi. Let L = maxi∈F Li, δ = mini∈F δi

and V =
⋂

i∈F{(aj)j∈I ∈ ∏j∈I Aj : ai ∈ Vi}. It is easy to see that for every a = (aj)j∈I ∈ V and

x = (xj)j∈I ∈ G with ‖(xj)j∈I‖ = maxi∈F ‖xi‖i ≤ δ = mini∈F δi we have

‖ax‖ = max
i∈F

‖aixi‖i ≤ max
i∈F

Li‖xi‖i ≤ L max
i∈F

‖xi‖i = L‖x‖,

which means that the seminorm ‖ · ‖ is Lipschitz. Therefore, the actogroup ∏i∈I(Ai y Gi) is

absolutely (resp. obsoletely) seminormable. By Theorem 2, this actogroup is Hirsch.

Corollary 3. For every nonempty set I and every absolutely (resp. obsoletely) seminormable

actogroup A y G the actogroup (A y G)I is absolutely (resp. obsoletely) seminormable and

Hirsch.

Theorem 5. For any nonempty set I and any locally compact actogroup A y G, the actogroup

(A y G)I is absolutely seminormable and Hirsch.
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3.10 Function actogroups

A family K of compact subsets of a topological space X is called an ideal of compact sets if for

any sets A, B ∈ K and any closed subset K ⊆ A ∪ B we have K ∈ K.

For topological spaces X, Y and an ideal K of compact subsets of X, let CK(X, Y) be the

space of continuous functions from X to Y, endowed with the topology generated by the sub-

base consisting of the sets

[K; U] = { f ∈ CK(X, Y) : f (K) ⊆ U},

where K ∈ K and U is an open subset of Y.

If K is the ideal of all compact (finite) subsets of X, then the space CK(X, Y) is denoted by

Ck(X, Y) (resp. Cp(X, Y)).

If X is a discrete space then Cp(X, Y) is equal to the power YX, endowed with the Tychonoff

product topology.

Let X be a topological space and K be an ideal of compact Hausdorff subspaces of X.

Given topological spaces Y, Z, T and a continuous map α : Y × Z → T, consider the map

α̃ : CK(X, Y)× CK(X, Z) → CK(X, T) assigning to every pair of functions ( f , g) ∈ CK(X, Y) ×
CK(X, Z) the function α̃( f , g) ∈ CK(X, T) defined by α̃( f , g)(x) = α( f (x), g(x)) for x ∈ X.

Since the family K consists of compact Hausdorff subspaces of X, we can apply Proposition 4.2

of [3] and conclude that the map α̃ is continuous. This implies that for every actogroup A y G

we can consider the actogroup CK(X, A) y CK(X, G) endowed with the action

CK(X, A)× CK(X, G) → CK(X, G), (a, g) 7→ ag,

where ag : x 7→ a(x)g(x). The distinguished point of the topological space CK(X, A) is the

constant function X → {0A} ⊆ A.

Theorem 6. Let X be a topological space and K be an ideal of compact Hausdorff subspaces of

X. If A y G is an unconditionally seminormable actogroup, then the actogroup CK(X, A) y

CK(X, G) is unconditionally seminormable and Hirsch.

Proof. Given any neighborhood U of zero in the group CK(X, G), find a set K ∈ K and a

neighborhood U of zero in G such that [K, U] ⊆ U . Since the actogroup A y G is un-

conditionally seminormable, there exists an unconditional seminorm ‖ · ‖G on G such that

{x ∈ G : ‖x‖G ≤ ε} ⊆ U for some ε > 0. By the unconditionality of ‖ · ‖G, there exist

positive real numbers C, δ and a neighborhood V ⊆ A of zero 0A such that for any finite set

F and any sequences (xi)i∈F ∈ GF and (ai)i∈F ∈ VF with maxE⊆F

∥

∥ ∑i∈E xi

∥

∥

G
≤ δ we have

∥

∥ ∑i∈F aixi

∥

∥

G
≤ C · maxE⊆F

∥

∥∑i∈E xi

∥

∥

G
.

Consider the seminorm

‖ · ‖K : CK(X, G), ‖ · ‖K : f 7→ ‖ f‖K = sup
x∈K

‖ f (x)‖G

on the group CK(X, G). The compactness of K implies that the seminorm ‖ · ‖K is well-defined

and continuous. Observe that

{ f ∈ CK(X, G) : ‖ f‖K ≤ ε} ⊆ [K; U] ⊆ U .
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It remains to show that the seminorm ‖ · ‖K is unconditional. The definition of the topology

on the space CK(X, T) ensures that [K; V] = { f ∈ C(X, A) : f [K] ⊆ V} is a neighborhood of

zero in the acting topological space CK(X, A).

Now take any finite set F and sequences ( fi)i∈F ∈ CK(X, G)F and (ai)i∈F ∈ [K; V]F such

that M := maxE⊆F

∥

∥∑i∈E fi‖K ≤ ε. Observe that for every x ∈ K we have {ai(x)}i∈F ⊆ V and

max
E⊆F

∥

∥ ∑
i∈E

fi(x)
∥

∥

G
≤ max

E⊆F

∥

∥ ∑
i∈E

fi

∥

∥

K
= M ≤ ε

and hence
∥

∥ ∑
i∈F

ai(x) fi(x)
∥

∥

G
≤ C · max

E⊆F

∥

∥ ∑
i∈E

fi(x)
∥

∥

G
≤ CM.

Then
∥

∥ ∑
i∈F

ai fi

∥

∥

K
= max

x∈K

∥

∥ ∑
i∈F

ai(x) fi(x)
∥

∥

G
≤ CM = C max

E⊆F

∥

∥ ∑
i∈E

fi‖K,

witnessing that the seminorm ‖ · ‖K on CK(X, G) is unconditional.

Therefore, the topology of the group CK(X, G) is generated by unconditional seminorms

and by Theorem 2, the actogroup CK(X, A) y CK(X, G) is Hirsch.

Theorem 7. Let X be a topological space and K be an ideal of compact Hausdorff subspaces

of X. For every locally compact actogroup A y G, the actogroup CK(X, A) y CK(X, G) is

unconditionally seminormable and Hirsch.

Proof. By Theorem 3 and Lemma 15, the actogroup A y G is absolutely seminormable and

unconditionally seminormable. By Theorem 6, the actogroup CK(X, A) y CK(X, G) is uncon-

ditionally seminormable and Hirsch.

4 Applications to Hirsch topological rings

In this section, we apply the results of the preceding section to topological rings. First we

write down Definition 9 (item 3)) for the partial case of topological rings.

Definition 11. A topological ring R is unconditionally seminormable if for every neighborhood

U ⊆ R of 0R there exist a seminorm ‖ · ‖ : R → [0, ∞) on the additive group of R, a neighbor-

hood V ⊆ R of 0R, and positive real numbers C, ε such that {x ∈ R : ‖x‖ < ε} ⊆ U and for any

finite set F and sequences (xi)i∈F ∈ RF and (ai)i∈F ∈ VF with M := maxE⊆F

∥

∥∑i∈E xi

∥

∥ ≤ ε we

have
∥

∥ ∑
i∈F

aixi

∥

∥ ≤ CM.

The following theorems are partial cases of Theorems 2, 3, 6 and 7, respectively.

Theorem 8. Every unconditionally seminormable topological ring is Hirsch.

Theorem 9. Every locally compact topological ring is unconditionally seminormable and

Hirsch.

Theorem 10. Let X be a topological space, K be an ideal of compact Hausdorff subspaces of X,

and R be a topological ring which is either unconditionally seminormable or locally compact.

Then the topological ring CK(X, R) is unconditionally seminormable and Hirsch.
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Theorem 10 has two corollaries.

Corollary 4. For every locally compact topological ring R and any nonempty set I the topolog-

ical ring RI is unconditionally seminormable and Hirsch.

Corollary 5. For every Hausdorff topological space X and any locally compact topological ring

R the topological rings Cp(X, R) and Ck(X, R) are unconditionally seminormable and Hirsch.

5 Banach actospaces

A Banach actospace A y X is a Banach space X endowed with a continuous bilinear action

A × X → X, (a, x) 7→ ax, of a Banach space A. All Banach spaces considered in this paper

are over the field F of real or complex numbers. It is clear that each Banach actospace is an

actogroup. Banach actospaces with the Hirsch property admit a nice characterization.

Theorem 11. For a Banach actospace A y X the following conditions are equivalent:

(1) A y X is Hirsch;

(2) the norm of X is unconditional;

(3) there exists a positive real constant C such that for every finite set F and sequences

(an)n∈F ∈ AF and (xn)n∈F ∈ XF we have ‖ ∑
n∈F

anxn‖ ≤ C · max
n∈F

‖an‖ · max
E⊆F

‖ ∑
n∈E

xn‖;

(4) for any unconditionally convergent series ∑n∈ω xn in X and any bounded sequence

(an)n∈ω in A, the series ∑n∈ω anxn converges (unconditionally) in X.

Proof. We shall prove the implications (3) ⇒ (2) ⇒ (1) ⇒ (3) ⇔ (4).

(3) ⇒ (2) Assume that condition (3) is satisfied for some positive real constant C. We claim

that the norm of the Banach space X is C-uncounditional. Given a positive real number ε,

consider the neighborhood V = {a ∈ A : ‖a‖ < 1} of zero in the Banach space A. By the

choice of C, for any finite set F and sequences (an)n∈F ∈ VF and (xn)n∈F ∈ XF we have
∥

∥ ∑
n∈F

anxn

∥

∥ ≤ C max
n∈F

‖ai‖ · max
E⊆F

∥

∥ ∑
n∈E

xn

∥

∥ ≤ C max
E⊆F

∥

∥ ∑
n∈E

xn

∥

∥,

witnessing that the norm of X is C-unconditional.

The implication (2) ⇒ (1) follows from Theorem 2 (item 1)).

(1) ⇒ (3) Assume that the Banach actogroup A y X is Hirsch. Consider the linear space

ΣX of all sequences (xn)n∈ω in X that have finite norm

‖(xn)n∈ω‖ΣX = sup
F∈[ω]<ω

∥

∥ ∑
n∈F

xn

∥

∥,

where [ω]<ω is the family of finite subsets of ω. Repeating the standard proof [5, 1.16 (i)] of

the completeness of the Banach space ℓ∞, one can easily show that ΣX is a Banach space with

respect to the norm ‖ · ‖ΣX. Let Σ0X be the (closed) subspace of ΣX consisting of sequences

(xn)n∈ω for which the series ∑n∈ω xn converges unconditionally in X. Let ℓ∞[A] be the Ba-

nach space of all bounded sequences (an)n∈ω in A, endowed with the norm ‖(an)n∈ω‖ℓ∞[A] =

supn∈ω ‖an‖A. By the Hirsch property of X, the bilinear operator

T : ℓ∞[A]× Σ0X → ΣX, T :
(

(an)n∈ω , (xn)n∈ω

)

7→ (anxn)n∈ω



284 Banakh T.O., Ravsky A.V.

is well-defined. The operator T has closed graph

{(

(an)n∈ω, (xn)n∈ω , (yn)n∈ω

)

∈ ℓ∞[A]× Σ0X × ΣX : ∀n ∈ ω (anxn = yn)
}

and hence is continuous by the Closed Graph Theorem of Fernandez [6]. Then T has bounded

norm

‖T‖ = sup{‖T(a, x)‖ΣX : (a, x) ∈ ℓ∞[A]× Σ0X, max{‖a‖ℓ∞ [A], ‖x‖Σ0X} ≤ 1}

and hence
∥

∥ ∑
n∈ω

anxn

∥

∥ ≤ ‖T‖ · sup
n∈ω

‖an‖ · sup
F∈[ω]<ω

∥

∥ ∑
n∈F

xn

∥

∥

for any sequences (an)n∈ω ∈ ℓ∞[A] and (xn)n∈ω ∈ Σ0X. The latter inequality implies that

condition (3) holds with the constant C = ‖T‖.

The equivalence (3) ⇔ (4) is proved in [2, Theorem 3.2].

Theorem 11 and [2, Theorem 4.1] imply the following result.

Theorem 12. A Banach actospace A y X is Hirsch if A is a Hilbert space possessing an

orthonormal basis (en)n∈ω such that for every x ∈ X the series ∑n∈ω enx converges uncondi-

tionally in X.

For a number p ∈ [1, ∞] let ℓp be the Banach space of all functions x : ω → F to the field F

of real or complex numbers such that the norm

‖x‖ℓp
=







(

∑n∈ω |x(n)|p
)

1
p , if p < ∞,

supn∈ω |x(n)|, if p = ∞

is finite. For any p, q ∈ [1, ∞] and functions x ∈ ℓp and y ∈ ℓq, the function xy : ω → F,

xy : n 7→ x(n)y(n), belongs to ℓq, witnessing that the Banach actospace ℓp y ℓq is well-

defined. The Hirsch properties of this actospace are described in the following corollary of

Theorem 11 and [2, Theorem 1.2].

Theorem 13. For any numbers p, q ∈ [1, ∞] the Banach actospace ℓp y ℓq is Hirsch if and only

if p ≤ 2 or p < q or q = ∞.

6 Banach rings

In this section, we recognize Hirsch rings among Banach rings and also present examples

of Banach rings which are not Hirsch.

A Banach ring is a Banach space X endowed with a binary operation · : X × X → X turning

X into a topological ring.

6.1 Hirsch Banach rings

For a Banach ring R and a compact Hausdorff space K, let C(K, R) be the Banach ring

endowed with the norm ‖ · ‖K : C(K, R) → [0, ∞), ‖ · ‖K : f 7→ supx∈K ‖ f (x)‖, where ‖ · ‖ is

the norm of the Banach space R.



On unconditionally convergent series in topological rings 285

Theorem 14. For every finite-dimensional Banach ring R and compact Hausdorff space K, the

Banach ring C(K, R) is Hirsch.

Proof. Being finite-dimensional, the Banach space R is locally compact. Now Corollary 5 im-

plies that the Banach ring C(K, R) = Ck(K, R) is Hirsch.

By R, C, H we denote the Banach rings of real, complex and quaternion numbers, respec-

tively. Theorem 14 implies the following assertion.

Corollary 6. For any compact Hausdorff space K the Banach rings C(K, R), C(K, C) and

C(K, H) are Hirsch.

Let ℓ∞ be the Banach ring of all bounded sequences of real (or complex) numbers, endowed

with the sup-norm ‖(xi)i∈ω‖ℓ∞
= supi∈ω |xi| and the operation of coordinatewise multiplica-

tion. Let c be the Banach subring of ℓ∞ consisting of all convergent sequences and c0 be the

Banach subring of c, consisting of all sequences that converge to zero.

Theorem 15. The Banach rings c0, c, and ℓ∞ are Hirsch.

Proof. Let βω be the Stone-Čech compactification of the discrete space ω of finite ordinals and

F be the topological field of real (or complex) numbers. It is well-known (and easy to see)

that the restriction operator C(βω, F) → ℓ∞, f 7→ f ↾ω, is a topological isomorphism of the

Banach rings C(K, F) onto ℓ∞. By Corollary 6, the Banach ring C(K, F) is Hirsch and so is its

isomorphic copy ℓ∞. Since the Hirschness is inherited by subrings, the subrings c and c0 of the

Hirsch ring ℓ∞ are Hirsch.

Observe that for every real number p ∈ [1, ∞) the Banach space ℓp endowed with the

pointwise multiplication of functions is a Banach ring. Theorem 13 implies the next result.

Corollary 7. Let p ∈ [1, ∞]. The Banach ring ℓp is Hirsch if and only if p ∈ [1, p] ∪ {∞}.

By a Hilbert ring we understand a Hilbert space H endowed with a continuous associative

operation · : H × H → H turning H into a topological ring. An example of a Hilbert ring is

the Banach ring ℓ2, which is Hirsch by Corollary 7.

Problem 3. Is every (commutative) Hilbert ring Hirsch?

6.2 Non-Hirsch Banach rings of operators

Let p ∈ [1, ∞] and L(ℓp) be the Banach space of bounded linear operators on ℓp, endowed

with the operator norm ‖a‖ = sup{‖a(x)‖ : x ∈ ℓp with ‖x‖ℓp
≤ 1}. Let L◦(ℓp) (resp.

L•(ℓp)) be the Banach space L(ℓp) endowed with the multiplication ◦ (resp. •) defined by

(a ◦ b)(x) = a(b(x)) (resp. (a • b)(x) = b(a(x))) for any a, b ∈ L(ℓp) and x ∈ ℓp. It is easy to

check that both L◦(ℓp) and L•(ℓp) are Banach rings.

Proposition 6. For any p ∈ [1, ∞), the Banach ring L•(ℓp) is not Hirsch.

Proof. Let (ei)i∈ω be the standard basis of the Banach space ℓp. For every i ∈ ω let ai : ℓp → ℓp

be the operator assigning to each (xn)n∈ω ∈ ℓp the vector xi
p√i+1

ei. Since the sequence
(

1
p√i+1

)

i∈ω

converges to zero, the series ∑i∈ω ai is unconditionally Cauchy in L(ℓp), so it unconditionally
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converges by Proposition 2. Now let U = {a ∈ L(ℓp) : ‖a‖ ≤ 1} and V be any open neighbor-

hood of 0 in L(ℓp). Find ε > 0 such that εU ⊆ V. Since the harmonic series ∑i∈ω
1

i+1 diverges,

there exists a positive integer N such that εp ∑
N
i=0

1
i+1 > 1. For each i ≤ N, let fi : ℓp → ℓp be the

linear operator assigning to each (xn)n∈ω ∈ ℓp the vector εx0ei. Observe that { fi}N
i=0 ⊆ εU ⊆ V

but
∥

∥

∥

N

∑
i=0

fi•ai

∥

∥

∥

p
≥

∥

∥

∥

( N

∑
i=0

fi•ai

)

(e0)
∥

∥

∥

p

ℓp

= εp
N

∑
i=0

(

1
p√i+1

)p
> 1.

So ∑
N
i=0 fi•ai 6∈ U and the Banach ring L•(ℓp) is not Hirsch.

Proposition 7. For any p ∈ (1, ∞], the ring L◦(ℓp) is not Hirsch.

Proof. Let (ei)i∈ω be the standard basis of the Banach space ℓp. For every i ∈ ω, let ai : ℓp → ℓp

be the operator assigning to each sequence x = (xn)n∈ω ∈ ℓp the vector ai(x) = xi
ln(i+2)

ei. Since

the sequence
(

1
ln(i+2)

)

i∈ω
converges to zero, the series ∑i∈ω ai is unconditionally Cauchy, so it

unconditionally converges by Proposition 2.

Let U = { f ∈ L(ℓp) : ‖ f‖ ≤ 1} be the closed unit ball in the Banach space L(ℓp). Given

any neighborhood of zero V ⊆ L(ℓp), find ε > 0 such that εU ⊆ V.

Let e = ∑n∈ω
1

n+2en. Since p > 1, e ∈ ℓp, see, for instance, [7, 367.5].

Since the series ∑
∞
i=2

1
i ln i diverges (see, for instance, [7, 367.6]), there exists an integer num-

ber N such that ε ∑
N
i=0

1
(i+2) ln(i+2)

> ‖e‖ℓp
. For each i ≤ N let fi : ℓp → ℓp be the operator

assigning to each vector x = (xn) ∈ ℓp the vector fi(x) = εxie0. Then { fi}N
i=0 ⊆ εU ⊆ V and

∥

∥

∥ ∑
i∈ω

fi◦ai

∥

∥

∥
·
∥

∥e
∥

∥

ℓp
≥

∥

∥

∥

(

∑
i∈ω

fi◦ai

)

(e)
∥

∥

∥

ℓp

= ε
N

∑
i=0

1
(i+2) ln(i+2)

> ‖e‖ℓp
.

So ∑i∈ω fi◦ai 6∈ U and hence L◦(ℓp) is not Hirsch.

Question 1. Are the Banach rings L•(ℓ∞) and L◦(ℓ1) Hirsch?

6.3 Non-Hirsch commutative Banach rings

In this subsection, we present a simple example of a commutative Banach ring, which is

not Hirsch. For a real number p ∈ [1, ∞) we denote by ℓp the real Banach space of functions

x : ω → R with finite norm

‖x‖ℓp
=

(

∑
k∈ω

|x(k)|p
)

1
p
< ∞.

Let Re : C → R and Im : C → R be functions of taking the real and imaginary parts of a

complex number, respectively.

Given two real numbers p, q ∈ [1, ∞), consider the subring

ℓp ⊕ iℓq = {z ∈ C
ω : Re ◦z ∈ ℓp, Im ◦z ∈ ℓq}

of the commutative ring Cω of all complex-valued sequences. The ring ℓp ⊕ iℓq is a Banach

ring with respect to the norm

‖z‖ = max{‖Re ◦z‖p, ‖ Im ◦z‖q}.
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Theorem 16. For any distinct real numbers p, q ∈ [1, ∞), the commutative Banach ring ℓp ⊕ iℓq

is not Hirsch.

Proof. For every n ∈ ω let en : ω → {0, 1} be the unique function such that e−1
n (1) = {n}.

Let m = min{p, q} and M = max{p, q}. Let

b =

{

1, if p < q,

0, if q < p.

Then ib = i if p < q and ib = 1 if q < p.

Observe that the series ∑k∈ω(k + 1)−1/mek converges unconditionally in the Banach space

ℓM but diverges in ℓm. The choice of b ensures that the series

∑
k∈ω

xk = ∑
k∈ω

ib(k + 1)−1/mek

converges unconditionally in the Banach space ℓp ⊕ iℓq.

Assuming for a contradiction that the Banach ring ℓp ⊕ iℓq is Hirsch, for the neighborhood

U = {z ∈ ℓp ⊕ iℓq : ‖z‖ < 1} of zero, find a neighborhood V ⊆ ℓp ⊕ iℓq of zero such that

for every n ∈ ω and elements (ak)k∈n ∈ Vn we have ∑k∈n akxk ∈ U. Find ε > 0 such that

{z ∈ ℓp ⊕ iℓq : ‖z‖ ≤ ε} ⊆ V. Since the series ∑k∈ω(k + 1)−1 diverges, there exists n ∈ ω such

that
(

∑
k∈n

(k + 1)−1
)

1
m
>

1

ε
.

For every k ∈ n let ak = εiek ∈ V. Then

∥

∥ ∑
k∈n

akxk

∥

∥ =
∥

∥ ∑
k∈n

(εiek)(i
b(k + 1)−1/mek)

∥

∥ =
∥

∥ ∑
k∈n

εib+1(k + 1)−1/mek

∥

∥

=
∥

∥ ∑
k∈n

ε(k + 1)−1/mek

∥

∥

ℓm
= ε

(

∑
k∈n

(k + 1)−1
)

1
m
> 1

and hence ∑k∈n akxk /∈ U, which contradicts the choice of the neighborhood V.
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Ми будемо називати топологiчне кiльце R кiльцем Гiрша, якщо для будь-яких безумов-

но збiжного ряду ∑n∈ω xi в R i околу U нуля 0 кiльця R iснує такий окiл V ⊆ R нуля 0, що

∑n∈F anxn ∈ U для будь-яких скiнченної множини F ⊂ ω та послiдовностi (an)n∈F ∈ VF.

Ми розпiзнаємо кiльця Гiрша серед певних вiдомих класiв топологiчних кiлець. Для цього

ми впроваджуємо та розвиваємо технiку напiвнорм на актогрупах. Ми доводимо, зокрема, що

топологiчне кiльце R є кiльцем Гiрша, якщо R є локально компактним або R має базу в нулi,

котра складається з вiдкритих iдеалiв або R є замкненим пiдкiльцем банахового кiльця C(K),

де K є компактним хаусдорофовим простором. З цього випливає, що банахове кiльце ℓ∞ i йо-

го пiдкiльця c0 i c є кiльцями Гiрша. Використовуючи новий результат Банаха та Кадеця, ми

доводимо, що для довiльного дiйсного числа p ≥ 1 комутативне банахове кiльце ℓp є кiльцем

Гiрша тодi i тiльки тодi, коли p ≤ 2. Також для кожного p ∈ (1, ∞) (некомутативне) банахове

кiльце L(ℓp) неперервних ендоморфiзмiв банахового кiльця ℓp не є кiльцем Гiрша.

Ключовi слова i фрази: топологiчне кiльце, безумовна збiжнiсть, локально компактне топо-

логiчне кiльце, локально компактна абельова топологiчна група.


