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In this paper, we extend the study of statistical convergence of complex uncertain sequences in a

given uncertainty space. We produce the relation between convergence and statistical convergence

in an uncertain environment. We also initiate statistically Cauchy complex uncertain sequence to

prove that a complex uncertain sequence is statistically convergent if and only if it is statistically

Cauchy. We further characterize a statistically convergent complex uncertain sequence via bound-

edness and density operator.
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Introduction

Convergence of sequences plays a pivotal role in the study of fundamental theory of math-

ematics [17, 21, 23]. B. Liu [13] first introduced and studied four types of convergences (in

mean, measure, distribution and almost surely) of real uncertain sequences and C. You [25]

extended this work by commencing another convergence namely convergence in uniformly

almost surely. Then, X. Chen et al. [2] explored the same concepts by considering complex

uncertain sequences. Convergence of a complex uncertain double sequence is initiated by

D. Datta and B.C. Tripathy [8]. In current days, various notions of convergences like almost

convergence, strong convergence, statistical convergence are being studied in uncertain envi-

ronment. For instance, one can go through B. Das et al. [5–7], S. Saha et al. [18], B.C. Tripathy

and P.K. Nath [22], D. Datta and B.C. Tripathy [9] etc. The concept of statistical convergence of

a real sequences was first commenced by H. Fast [10], R.C. Buck [1], I.J. Schohenberg [20] inde-

pendently in the mid of the twentieth century. But the work of T. Šalát [19] and J.A. Fridy [11]

gave the real momentum of research in this direction. B.C. Tripathy [24], M. Mursaleen and

H.H.O. Edely [15], F. Móricz [14] independently explored this notion considering real double

sequences. Some more works on statistical convergence may be seen in [3, 12].

It is pertinent to mention here that a subset E of the set N of natural numbers is said to

have natural density δ(E) if

δ(E) = lim
n

1

n
|{k ≤ n : k ∈ E}|,
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where the vertical bars denote the cardinality of the enclosed set.

B.C. Tripathy and P.K. Nath [22] initiated the study of statistical convergence considering

complex uncertain sequence and established the interrelationships between several types of

convergences. The same work was extended by considering complex uncertain double se-

quence by D. Datta and B.C. Tripathy [9]. In that context, B. Das et al. [4] further characterized

statistical convergence of complex uncertain double sequences. Statistical convergence is in-

troduced by considering triple sequences of complex uncertain variable also [5].

In this paper, we analyse this concept of statistical convergence in a given uncertainty space

via natural density operator δ. We introduce the notions of complex uncertain bounded se-

quences in mean, measure, distribution, almost surely and uniformly almost surely and char-

acterize these sequences to some extent. Finally we initiate statistically complex uncertain

Cauchy sequence and establish that a complex uncertain sequence is statistically convergent if

and only if it is statistically Cauchy.

We now procure some fundamental concepts and results on uncertainty theory, those will

be used throughout the paper.

1 Preliminaries

Before going to the main section we need some basic and preliminary ideas about the ex-

isting definitions and results which will play a major role in this study.

Definition 1 ([13]). Let L be σ-algebra on a non-empty set Γ. A set function M on Γ is called

an uncertain measure if it satisfies the following axioms.

Axiom 1 (Normality Axiom). M{Γ} = 1.

Axiom 2 (Duality Axiom). M{Λ}+M{Λc} = 1 for any Λ ∈ L.

Axiom 3 (Subadditivity Axiom). For every countable sequence of {Λj} ∈ L, we have

M

{ ∞
⋃

j=1

Λj

}

≤
∞

∑
j=1

M{Λj}.

The triplet (Γ,L,M) is called an uncertainty space and each element Λ in L is called an event.

In order to obtain an uncertain measure of compound events, a product uncertain measure is

defined as follows.

Axiom 4 (Product Axiom). Let (Γk,Lk,Mk) be uncertainty spaces for k = 1, 2, 3, . . . . The

product uncertain measure M is an uncertain measure satisfying

M

{ ∞

∏
j=1

Λj

}

=
∞
∧

j=1

M{Λj},

where Λj are arbitrarily chosen events from Γj for j = 1, 2, 3, . . . , respectively.

Axiom 5 (Monotonicity Axiom). For any two events Λ1 and Λ2 with Λ1 ⊆ Λ2, we have

M{Λ1} ≤ M{Λ2}.
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Definition 2 ([16]). A complex uncertain variable is a measurable function ζ from an uncer-

tainty space (Γ,L,M) to the set of complex numbers, i.e. for any Borel set B of complex num-

bers, the set {ζ ∈ B} = {γ ∈ Γ : ζ(γ) ∈ B} is an event.

Definition 3 ([22]). The complex uncertain sequence {ζn} is said to be statistically convergent

almost surely (a.s.) to ζ if for every ε > 0 there exists an event Λ with M{Λ} = 1 such that

lim
n→∞

1

n
|{k ≤ n : ||ζk(γ)− ζ(γ)|| ≥ ε}| = 0 for every γ ∈ Λ.

The collection of all statistical convergent complex uncertain sequence in almost surely is de-

noted by st-Γa.s.

Definition 4 ([22]). The complex uncertain sequence {ζn} is said to be statistically convergent

in measure to ζ if

lim
n→∞

1

n
|{k ≤ n : M{||ζk(γ)− ζ(γ)|| ≥ ε} ≥ δ}| = 0 for every ε, δ > 0.

The family of all statistical convergent complex uncertain sequence in measure is denoted by

st-ΓM.

Definition 5 ([22]). The complex uncertain sequence {ζn} is said to be statistically convergent

in mean to ζ if

lim
n→∞

1

n
|{k ≤ n : E(||ζk(γ)− ζ(γ)||) ≥ ε}| = 0 for every ε > 0.

The collection of all statistical convergent complex uncertain sequence in mean is denoted by

st-ΓE.

Definition 6 ([22]). Let Φ, Φ1, Φ2, . . . be the complex uncertainty distributions of complex un-

certain variables ζ, ζ1, ζ2, . . . , respectively. We say the complex uncertain sequence {ζn} statis-

tically converges in distribution to ζ if for every ε > 0 we have

lim
n→∞

1

n
|{k ≤ n : ||Φk(c)− Φ(c)|| ≥ ε}| = 0

for all c at which Φ is continuous. The collection of all statistical convergent complex uncertain

sequence in distribution is denoted by st-ΓD.

Definition 7 ([22]). The complex uncertain sequence {ζn} is said to be statistically convergent

uniformly almost surely (u.a.s) to ζ if for every ε > 0 there exist δ > 0 and a sequence of events

E′
k such that

lim
n→∞

1

n
|{k ≤ n : |M(E′

k)− 0| ≥ ε}| = 0 =⇒ lim
n→∞

1

n
|{k ≤ n : ||ζk(x)− ζ(x)|| ≥ δ}| = 0.

The collection of all statistical convergent complex uncertain sequence with respect to uni-

formly almost surely is denoted by st-Γu.a.s.

Definition 8 ([2]). The complex uncertain sequence {ζn} is said to be convergent almost surely

(a.s.) to ζ if there exists an event Λ with M{Λ} = 1 such that lim
n→∞

||ζn(γ) − ζ(γ)|| = 0 for

every γ ∈ Λ.
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2 Some results on statistical convergence of complex uncertain sequences

In this section, we study statistically convergent complex uncertain through density opera-

tor and also by introducing the concept of boundedness.

Theorem 1. A complex uncertain sequence, which converges in almost surely, is also statisti-

cally convergent to the same limit.

Proof. Let the complex uncertain sequence {ζn} converges to ζ in almost surely. Then there

exists an event Λ with unit uncertain measure so that for all ε > 0 there must have an n0 ∈ N

such that ||ζn(γ)− ζ(γ)|| < ε for all γ ∈ Λ and n ≥ n0. Then we have

max
n

|{n : ||ζn(γ)− ζ(γ)|| ≥ ε}| = n3
0.

Consequently,

lim
p→∞

1

p
|{n : n ≤ p, ||ζn(γ)− ζ(γ)|| ≥ ε}| ≤ lim

p→∞

n3
0

p
= 0 for all γ ∈ Λ.

Hence, the complex uncertain sequence {ζn} statistically converges to ζ in almost surely.

Remark 1. The converse of the above theorem is not true, that is, a statistically convergent com-

plex uncertain sequence may not be convergent therein. This claim is justified in the following

example.

Example 1. Let (Γ,L,M) be an uncertainty space with Γ = {γ1, γ2, γ3, . . .},L = P(Γ). Let the

uncertainty measure of events be defined as follows M{Λ} = ∑γi∈Λ 2−i, where Λ ⊆ Γ. Let us

now consider the complex uncertain sequence {ζn}, where the complex uncertain variable ζn

is defined by

ζn(γ) =

{

n, if n is a square,

0, otherwise,

for all γ ∈ Γ. Let ζ be another complex uncertain variable with ζ(γ) = 1 for all γ ∈ Γ. Now,

for any given ε > 0 and γ ∈ Γ the set {n : ||ζk(γ)− ζ(γ)|| ≥ ε}, that is {K : ||ζk(γ)− 1|| ≥ ε},

has cardinality less than or equal to
√

k.

Consequently,

lim
n→∞

1

n
|{k : k ≤ n, ||ζk(γ)− 1|| ≥ ε}| ≤ lim

n→∞

1

n

√
n = lim

n→∞

1√
n
= 0.

Hence, the complex uncertain sequence {ζn} converges statistically to ζ. But it is obvious that

the complex uncertain sequence {ζn} does not converge to any finite limit in respect of almost

surely.

Remark 2. From the above example, we can easily verify that the complex uncertain sequence

{ζn} is not bounded in almost surely. Thus we can make a conclusion that an almost surely

statically convergent complex uncertain triple sequence is not bounded with respect to almost

surely.
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Theorem 2. A convergent complex uncertain sequence converges statistically with preserva-

tion of limit in view of the concept uncertain measure.

Proof. Let ζ = {ζn} be a convergent complex uncertain sequence in measure to the limit ζ.

Then for any given ε > 0 there exists a number n0 ∈ N such that

lim
n→∞

M{||ζn − ζ|| ≥ ε} = 0 for all n > n0,

which means that for any ε > 0 and δ > 0 there exists n0 ∈ N such that M{||ζn − ζ|| ≥ ε} > δ

for some n ≤ n0. This implies that the cardinality of the set {n : M{||ζn − ζ|| ≥ ε} ≥ δ} is at

most n3
0. Hence,

lim
p→∞

1

p
|{n : n ≤ p,M{||ζn − ζ|| ≥ ε} ≥ δ}| ≤ lim

p→∞

n3
0

p
= 0.

As a consequence, the complex uncertain sequence is statistically convergent to ζ in mea-

sure.

Remark 3. Theorem 1 is true for the cases of convergence in mean, in distribution and with

respect to uniformly almost surely.

By considering the expected value operator and complex uncertainty distribution function

respectively in Theorem 2, we can easily prove that every convergent complex uncertain se-

quence is statistically convergent in mean and distribution, respectively.

Also, considering the sequence {Ex} of events with uncertain measure of each of the events

tending to zero and then by taking the events γ ∈ Γ − Ex in the Theorem 1, it can be proved

that every convergent complex uncertain sequence with respect to uniformly almost surely is

statistically convergent therein.

Theorem 3. A complex uncertain sequence {ζn} is statistically convergent in mean to ζ if and

only if there exists a subset K ⊆ N such that δ(K) = 1 and lim
k→∞

E[||ζk − ζ||] = 0, k ∈ K.

Proof. Let the complex uncertain sequence {ζn} be statistically convergent in mean to ζ and

Kr = {k ∈ N : E[||ζk − ζ||] ≥ 1/r} with Lr = {k ∈ N : E[||ζk − ζ||] < 1/r}. Then δ(Kr) = 0,

L1 ⊃ L2 ⊃ . . . ⊃ Li ⊃ Li+1 ⊃ . . . (1)

and

δ(Lr) = 1, r = 1, 2, . . . . (2)

We want to show that for any k ∈ Lr the complex uncertain sequence {ζk} is convergent in

mean to ζ. If possible, let {ζk} be not convergent in mean to ζ. Therefore there is ε > 0 such

that E[||ζk − ζ||] ≥ ε for infinitely many terms.

Let Lε = {k : E[||ζk − ζ||] < ε} and rε > 1, r = 1, 2, 3, . . . . Then δ(Lε) = 0 and by

condition (1), Lr ⊂ Lε. Hence, δ(Lε) = 0, which contradicts the condition (2). Therefore, {ζk}
is convergent in mean to ζ.

Conversely, let there exists a subset K ⊆ N such that δ(K) = 1 and lim
k→∞

E[||ζk − ζ||] = 0,

k ∈ K, that is, there exists n0 ∈ N such that for every ε > 0 we have E[||ζk − ζ||] < ε for all

k ≥ n0. Now,

Kε = {k ∈ N : E[||ζk − ζ||] ≥ ε} ⊆ N − {kn0+1, kn0+2, . . .},

that is, δ(Kε) ≤ 1 − 1 = 0. Hence, {ζk} is statistically convergent in mean to ζ.
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Theorem 4. The sequence {ζn} of complex uncertain variable is statistically convergent in

distribution to ζ if and only if there exists K ⊆ N with density 1 and lim
k→∞

Φk(z) = Φ(z),

k ∈ K, where Φ, Φk are the distribution functions of the complex uncertain variables ζ, ζk,

respectively, and z is the point at which Φ is continuous.

Proof. Let {ζn} be a statistically convergent complex uncertain sequence in distribution to ζ

and Kr and Mr be two sets defined as follows:

Kr = {k ∈ N : ||Φk − Φ|| ≥ 1/r}, Mr = {k ∈ N : ||Φk − Φ|| < 1/r}

uniformly for all r ∈ N. Then

M1 ⊃ M2 ⊃ . . . ⊃ Mi ⊃ Mi+1 ⊃ . . . and δ(Kr) = 0. (3)

The density of each of the sets Mi, i = 1, 2, . . ., being 1.

We now show that the sequence {ζk} is convergent in distribution to ζ. If possible, let {ζk}
be not convergent in distribution to ζ. Therefore there is ε > 0 such that ||Φk(z)− Φ(z)|| ≥ ε

for infinitely many terms.

Let Lε = {k : ||Φk(z) − Φ(z)|| ≥ ε} and rε > 1, r = 1, 2, 3, . . . . Then δ(Lε) = 0 and by

equation (3), Lr ⊂ Mε. Hence, δ(Lε) = 0, which is a contradiction. Therefore {ζk} is convergent

in distribution to ζ.

Conversely, let there exists K ⊆ N such that δ(K) = 1 and lim
k→∞

Φk(z) = Φ(z), k ∈ K, where

Φ is continuous at the point z, which implies there exists n0 ∈ N such that for every ε > 0

||Φk(z)− Φ(z)|| < ε for all k ≥ n0.

Now,

Tε = {k ∈ N : ||Φk(z)− Φ(z)|| ≥ ε} ⊆ N − {kn0+1, kn0+2, . . .},

that is, δ(Tε) ≤ 1 − 1 = 0. Hence, {ζk} is statistically convergent in distribution to ζ.

Now we state the following results without proofs as these can be established using the

same techniques as above.

Theorem 5. A complex uncertain sequence {ζn} is statistically convergent in measure to ζ if

and only if there exists a set K ⊆ N with natural density unity such that

lim
k→∞

M{||ζk − ζ|| ≥ ε} = 0, k ∈ K.

Theorem 6. The sequence {ζn} of complex uncertain variables converges statistically to ζ with

respect to almost surely if there exists a subset K of N with unit density and event Λ with unit

uncertain measure such that

lim
k→∞

ζk(γ) = ζ(γ), k ∈ K, γ ∈ Λ.

Theorem 7. The sequence {ζn} of complex uncertain variables converges statistically to ζ with

respect to uniformly almost surely if there exists a subset K of N with δ(K) = 1 and a sequence

of events {Ek} having uncertain measure zero of each events such that

lim
m→∞

ζm(γ) = ζ(γ), m ∈ K, γ ∈ Γ − Ek.
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Definition 9. A complex uncertain sequence {ζn} is said to be bounded in measure if there

exists a positive number δ such that M(||ζn || ≥ δ) = 0. The collection of all bounded complex

uncertain sequences in measure is denoted by ℓ∞(ΓM).

The remaining types of boundedness may be defined as follows.

Definition 10. A complex uncertain sequence {ζn} is said to be bounded in mean if there exists

a positive number δ such that supn E[||ζn ||] is a finite value. The collection of such sequences

is denoted by ℓ∞(ΓE).

Definition 11. Let Φn, Φ be the distribution functions for the complex uncertain variables ζn

and ζ, respectively.

Then the sequence {ζn} is said to be bounded in distribution if supn ||Φn(z)|| < ∞, where

z is the point at which Φ is continuous. The family of all sequences of such type is denoted

by ℓ∞(ΓD).

Definition 12. A complex uncertain sequence {ζn} is said to be bounded in almost surely if

for every ε > 0 there exists some event Λ with unit uncertain measure such that

sup
k

||ζk(γ)|| < ∞, γ ∈ Λ.

The class of all bounded complex uncertain sequences is denoted by ℓ∞(Γa.s).

Definition 13. A complex uncertain sequence {ζn} is said to be bounded with respect to uni-

formly almost surely if for any ε > 0 there exist events Ek with an approximate zero uncertain

measure and supn ||ζn(γ)|| < ∞ for all γ ∈ Γ − Ek. The set of all such types of sequences is

denoted by ℓ∞(Γu.a.s).

Theorem 8. The set of all statistically convergent and bounded complex uncertain sequences in

measure is a closed linear subspace of the bounded complex uncertain sequence space ℓ∞(ΓM).

Proof. Let ζm = {ζm
i } ∈ st-(ΓM) ∩ ℓ∞(ΓM) and ζm → ζ ∈ ℓ∞(ΓM). Since ζm ∈ st-(ΓM) ∩

ℓ∞(ΓM), there exists complex number zm such that st-(ΓM)- lim
k→∞

ζm
k = zm, m = 1, 2, . . . . Since

ζm → ζ in measure, for each ε > 0 there exists n0 ∈ N such that

M{||ζp − ζm|| ≥ δ} ≤ M{||ζp − ζ|| ≥ δ′}+M{||ζm − ζ|| ≥ δ′}

for some

δ′ ≤ δ

2
<

ε

6
+

ε

6
=

ε

3
for all p ≥ m ≥ n0.

By the Theorem 5, there exists K1, K2 ⊂ N with δ(K1) = δ(K2) = 1 and lim
k→∞

ζm
k = zm,

k ∈ K1, lim
k→∞

ζ
p
k = zp, k ∈ K2 with δ(K1 ∩ K2) = 1.

Now, let k1, k2 ∈ K1 ∩ K2. Then from the above we have

M{||ζm
k1k2

− zm|| ≥ δ} ≤ ε

3
, M{||ζp

k1k2
− zp|| ≥ δ} <

ε

3
.

Then for each p ≥ m ≥ n0 and δ > 0 there exists δ′′ ≤ δ/2 such that

M{||zp − zm|| ≥ δ} ≤ M{||zp − ζ
p
k1k2

|| ≥ δ
′′}+M{||ζp

k1k2
− ζm

k1k2
|| ≥ δ

′′}

+M{||ζm
k1k2

− zm|| ≥ δ
′′} <

ε

3
+

ε

3
+

ε

3
= ε,
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for some δ′′ ≤ δ/3. Therefore, the complex sequence {zm} is a Cauchy sequence in measure

and hence convergent, since C, the set of complex numbers is complete.

Let lim
m→∞

zm = z, that is, for every ε, δ > 0 there exists a number n1(ε) ∈ N such that

M{||zk − z|| ≥ δ} < ε/3 for all k ≥ n1. Now, we have to show that {ζk} is statistically

convergent in measure to z. Since {ζm
k } is convergent in measure to ζk, for each ε, δ > 0 there

exists an n2 ∈ N such that M{||ζm
k − ζk|| ≥ δ} < ε/3 for all k ≥ n2. Also, {ζm

k } is statistically

convergent in measure to zm. Then there exists K = {k ∈ N} such that δ(K) = 1 and for every

ε, δ > 0 there exists an n3 ∈ N such that M{||ζm
k − zk|| ≥ δ} < ε/3 for all j ≥ n3.

Let n4 = max{n1, n2, n3}. Then for any preassigned ε, δ > 0 and k ≥ n4, k ∈ K, we have

M{||ζk − zk|| > δ} = M{||(ζk − ζm
k ) + (ζm

k − zk) + (zk − z)|| > δ}
≤ M{||ζk − ζm

k || > δ′′′}+M{||ζm
k − zk|| > δ′′′}+M{||zk − z|| > δ′′′},

for some

δ′′′ ≤ δ

3
<

ε

3
+

ε

3
+

ε

3
= ε.

Thus, {ζk} statistically converges in measure to z and hence the space st-(ΓM) ∩ ℓ∞(ΓM) is

a closed linear subspace.

Once again we put the following results without proofs as those can be showed by similar

technique adopted in above.

Theorem 9. The space st-(Γa.s) ∩ ℓ∞(Γa.s) is a closed linear subspace of the bounded complex

uncertain sequence space ℓ∞(Γa.s).

Theorem 10. The set of all statistically convergent and bounded complex uncertain sequence

in distribution is a closed linear subspace of the bounded complex uncertain sequence space

ℓ∞(ΓD).

Theorem 11. The space st-(Γu.a.s) ∩ ℓ∞(Γu.a.s) is a closed linear subspace of the bounded com-

plex uncertain sequence space ℓ∞(Γu.a.s).

Theorem 12. The set of all statistically convergent and bounded complex uncertain sequence

in mean is a closed linear subspace of the bounded complex uncertain sequence space ℓ∞(ΓE).

3 Statistically complex uncertain Cauchy sequences

In this section, we present the notion of statistically complex uncertain Cauchy sequence

and establish the interrelationship with statistically convergent complex uncertain sequence.

Definition 14. The complex uncertain sequence {ζn} is said to be statistically Cauchy in mea-

sure if for every ε, δ > 0 there exists n1 ∈ N such that for all k, p ≥ n1,

lim
n→∞

1

n
|{k ≤ n : M{||ζk − ζp|| ≥ δ} < ε}| = 0.

Definition 15. The complex uncertain sequence {ζn} is said to be statistically Cauchy in mean

if for every ε > 0 there exists n1 ∈ N such that for all k, p ≥ n1,

lim
n→∞

1

n
|{k ≤ n : E[||ζk − ζp||] ≥ ε}| = 0.
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Definition 16. The complex uncertain sequence {ζn} is called statistically Cauchy in distribu-

tion if for every positive ε there exists n1 ∈ N such that for all k, p ≥ n1,

lim
n→∞

1

n
|{k ≤ n : ||Φk(z)− Φp(z)|| ≥ ε}| = 0,

where z is the point at which Φ is continuous and Φ, Φk are uncertain distribution functions

for ζ, ζk, respectively.

Definition 17. The complex uncertain sequence {ζn} is said to be statistically Cauchy with

respect to almost surely if for any positive ε > 0 there exist event Λ with unit uncertain measure

and n1 ∈ N such that

lim
n→∞

1

n
|{k ≤ n : ||ζk(γ)− ζp(γ)|| ≥ ε}| = 0, k, p ≥ n1,

for all γ ∈ Λ.

Definition 18. A complex uncertain sequence {ζn} is called statistically Cauchy with respect

to uniformly almost surely if for any positive ε > 0 there exist sequence of events {Et} ap-

proaching to uncertain measure zero and natural numbers n1 with k, p ≥ n1 such that

lim
n→∞

1

n
|{k ≤ n : ||ζk(γ)− ζp(γ)|| ≥ ε}| = 0

for all γ ∈ Γ − Et.

Theorem 13. A complex uncertain sequence {ζn} is statistically convergent in measure if and

only if {ζn} is statistically Cauchy in measure.

Proof. Let {ζn} be statistically convergent in measure to ζ. Then for each ε, δ > 0 there exists

n0 ∈ N such that

lim
n→∞

1

n
|{k ≤ n : M{||ζk − ζ|| ≥ δ} ≥ ε}| = 0, k, p ≥ n0.

Let us choose a natural number n1 such that M{||ζn1 − ζ|| ≥ δ} ≥ ε. We define three sets Aε, Bε

and Cε as follows:

Aε = {k ≤ n : M{||ζk − ζn1 || ≥ δ} ≥ ε},

Bε = {k ≤ n : M{||ζk − ζ|| ≥ δ} ≥ ε},

Cε = {k = n1 ≤ n : M{||ζn1 − ζ|| ≥ δ} ≥ ε}.

Obviously, Aε ⊆ Bε ∪ Cε. Therefore δ(Aε) ≤ δ(Bε) + δ(Cε) = 0, since {ζn} is statistically

convergent in measure to ζ. Hence, {ζn} is statistically Cauchy in measure.

Conversely, let the complex uncertain sequence {ζn} be statistically Cauchy in measure.

Then δ(Aε) = 0. Hence, for the set Eε = {k ≤ n : M{||ζk − ζn1 || ≥ δ} < ε} we have δ(Eε) = 1.

Now, for each δ > 0 there exists some 0 < δ
′ ≤ δ/2 such that

M{||ζk − ζn1 || ≥ δ} ≤ 2M{||ζk − ζ|| ≥ δ
′} < ε. (4)

Now, if {ζn} is not statistically convergent in measure, then δ(Bε) = 1. Hence, for the set

Fε = {k ≤ n : M{||ζk − ζ|| ≥ δ} < ε} we have δ(Fε) = 0.

Thus, from the equation (4), for the set Gk = {k ≤ n : M{||ζk − ζn1 || ≥ δ} < ε} we

have δ(Gk) = 0, which implies that δ(Aε) = 1 and thus it arises a contradiction that {ζn} is

a statistically Cauchy sequence in measure. Hence, the complex uncertain sequence {ζn} is

statistically convergent in measure to ζ.
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Theorem 14. A complex uncertain sequence {ζn} is statistically convergent almost surely if

and only if {ζn} is statistically Cauchy with respect to almost surely.

Proof. Let {ζn} be a statistically convergent sequence with respect to almost surely to ζ. There-

fore for every ε > 0 there exist n0 ∈ N with k, p ≥ n0 and event Λ with unit uncertain measure

such that

lim
n→∞

1

n
|{k ≤ n : ||ζk(γ)− ζ(γ)|| ≥ ε}| = 0 for all γ ∈ Λ.

Take n1 ∈ N such that ||ζn1(γ)− ζ(γ)|| ≥ ε, γ ∈ Λ, and consider three sets

Aε = {k ≤ n : ||ζk(γ)− ζn1(γ)|| ≥ ε},

Bε = {k ≤ n : ||ζk(γ)− ζ(γ)|| ≥ ε},

Cε = {k = n1 ≤ n : ||ζn1(γ)− ζ(γ)|| ≥ ε},

where γ ∈ Λ. Here Aε ⊆ Bε ∪ Cε and hence δ(Aε) ≤ δ(Bε) + δ(Cε) = 0, since {ζn} is sta-

tistically convergent with respect to almost surely. Hence, the sequence {ζn} is a statistically

Cauchy sequence with respect to almost surely.

Conversely, let {ζn} be statistically Cauchy with respect to almost surely. Then δ(Aε) = 0.

Therefore, for the set Eε = {k ≤ n : ||ζk(γ)− ζn1(γ)|| < ε}, γ ∈ Λ, for some event Λ such that

M{Λ} = 1, we have δ(Eε) = 1. In particular, we can write

||ζk(γ)− ζn1(γ)|| ≤ 2||ζk(γ)− ζ(γ)|| < ε if ||ζk(γ)− ζ(γ)|| < ε

2
. (5)

If possible, let {ζn} be not statistically convergent sequence with respect to almost surely. Then

δ(Bε) = 1. Hence, for the set Fε = {k ≤ n : ||ζk(γ)− ζ(γ)|| < ε} we have δ(Fε) = 0. Hence,

from condition (5), for the set Gk = {k ≤ n : ||ζk(γ)− ζn1(γ)|| < ε} we have δ(Gk) = 0, which

implies that δ(Aε) = 1 and so it is not a statistically Cauchy sequence with respect to almost

surely. This is a contradiction to our assumption. Hence, {ζn} is statistically convergent with

respect to almost surely to ζ.

The above results are true for mean, distribution and uniformly almost surely also. We

claim these results below.

Theorem 15. A complex uncertain sequence {ζn} is statistically convergent in mean if and only

if {ζn} is statistically Cauchy in mean.

Theorem 16. A complex uncertain sequence {ζn} is statistically convergent with respect to

uniformly almost surely if and only if {ζn} is statistically Cauchy with respect to uniformly

almost surely.

Theorem 17. A complex uncertain sequence {ζn} is statistically convergent in distribution if

and only if {ζn} is statistically Cauchy in distribution.

Theorem 18. Let {ζk} be a sequence of complex uncertain variables. Then {ζk} is statistically

Cauchy in measure if and only if there exists a subsequence {ξp} of {ζk} such that

lim
n→∞

1

n
|{p ≤ n : M{||ξp − ζ|| ≥ ε} ≥ δ}| = 0 for every ε, δ > 0,

where ζ is the limit to which the sequence {ζk} statistically converges in measure.
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Proof. Combining the Theorem 5 and Theorem 13, the proof can be established.

Theorem 19. A complex uncertain sequence {ζk} is statistically Cauchy in mean if and only

if there exists a subsequence {ξp} of {ζk} converging statistically in mean to the same limit ζ

that of {ζk}, that is

lim
n→∞

1

n
|{p ≤ n : E[||ξp − ζ||] ≥ ε}| = 0 for every ε > 0.

Proof. Straightforward from the Theorem 3 and the Theorem 15 and hence omitted.

Combining the respective theorems from the Section 2 and the Section 3, we obtain the

following results very easily.

Theorem 20. The sequence {ζk} of complex uncertain variables is statistically Cauchy in dis-

tribution if and only if there exists a subsequence {ξp} of {ζk} such that

lim
n→∞

1

n
|{k ≤ n : ||Φp(z)− Φ(z)|| ≥ ε}| = 0,

where z is the point at which Φ is continuous.

Theorem 21. A complex uncertain sequence {ζk} is statistically Cauchy with respect to al-

most surely if and only if there exists a subsequence {ξp} of {ζk} converging statistically with

respect to almost surely to the same limit as that of {ζk}.

References

[1] Buck R.C. Generalized asymptotic density. Amer. J. Math. 1953, 75 (2), 335–346. doi:10.2307/2372456

[2] Chen X., Ning Y., Wang X. Convergence of complex uncertain sequences. J. Intell. Fuzzy Syst. 2016, 30 (6), 3357–

3366. doi:10.3233/IFS-152083
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Дас Б., Дебнат П., Трiпатi Б.Ч. Про статистично збiжнi комплекснi невизначенi послiдовностi //

Карпатськi матем. публ. — 2022. — Т.14, №1. — C. 135–146.

У роботi розширено дослiдження статистичної збiжностi комплексних невизначених по-

слiдовностей у заданому просторi невизначеностi. Встановлено зв’язок мiж збiжнiстю i стати-

стичною збiжнiстю у невизначеному середовищi, а також iнiцiйовано статистично комплексну

невизначену послiдовнiсть Кошi, щоб довести, що комплексна невизначена послiдовнiсть ста-

тистично збiгається тодi i тiльки тодi, коли вона статистично Кошi. Охарактеризовано стати-

стично збiжну комплексну невизначену послiдовнiсть за допомогою оператора обмеженостi i

щiльностi.

Ключовi слова i фрази: простiр невизначеностi, невизначена мiра, статистична збiжнiсть,

комплексна невизначена послiдовнiсть, статистично послiдовнiсть Кошi.


