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Smooth symmetric bilinear forms on Ls(2l2
∞)

Kim Sung Guen

In [Carpathian Math. Publ. 2020, 12 (2), 340–352], the author classified the extreme points and
exposed points of the unit ball of the space of symmetric bilinear forms on the space Ls(2l2

∞), where
Ls(2l2

∞) is the space of symmetric bilinear forms on the plane with the supremum norm. Motivated
by this paper, we classify the smooth points of the unit ball of the space of symmetric bilinear forms
on Ls(2l2

∞).
Key words and phrases: smooth point, space of symmetric bilinear forms.

Department of Mathematics, Kyungpook National University, 41566, Daegu, South Korea
E-mail: sgk317@knu.ac.kr

Introduction

Throughout the paper, we let n, m ∈ N, n, m ≥ 2. We write BE for the closed unit ball of
a real Banach space E and the dual space of E is denoted by E∗. An element x ∈ BE is called
an extreme point of BE if y, z ∈ BE with x = 1

2(y + z) implies x = y = z. An element x ∈ BE

is called an exposed point of BE if there is an f ∈ E∗ so that f (x) = 1 = ‖ f‖ and f (y) < 1
for every y ∈ BE \ {x}. It is easy to see that every exposed point of BE is an extreme point. A
point x ∈ BE is called a smooth point of BE if there is a unique f ∈ E∗ so that f (x) = 1 = ‖ f‖.
We denote by ext BE, exp BE and sm BE the set of extreme points, the set of exposed points
and the set of smooth points of BE, respectively. We denote by L(nE) the Banach space of all
continuous n-linear forms on E endowed with the norm ‖T‖ = sup‖xk‖=1 |T(x1, . . . , xn)|. An
n-linear form T is symmetric if T(x1, . . . , xn) = T(xσ(1), . . . , xσ(n)) for every permutation σ on
{1, . . . , n}. Ls(nE) denotes the closed subspace of all continuous symmetric n-linear forms on
E. Notice that L(nE) is identified with the dual of n-fold projective tensor product ˆ⊗

π,nE. With
this identification, the action of a continuous n-linear form T as a bounded linear functional
on ˆ⊗

π,nE is given by

〈 k

∑
i=1

x(1),i ⊗ · · · ⊗ x(n),i, T
〉

=
k

∑
i=1

T
(

x(1),i, · · · , x(n),i
)

.

Notice also that Ls(nE) is identified with the dual of n-fold symmetric projective tensor prod-
uct ˆ⊗

s,π,nE. With this identification, the action of a continuous symmetric n-linear form T as
a bounded linear functional on ˆ⊗

s,π,nE is given by

〈 k

∑
i=1

1

n!

(

∑
σ

xσ(1),i ⊗ · · · ⊗ xσ(n),i
)

, T
〉

=
k

∑
i=1

T
(

x(1),i, · · · , x(n),i
)

,
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where σ goes over all permutations on {1, . . . , n}. A mapping P : E → R is a continuous
n-homogeneous polynomial if there exists a unique T ∈ Ls(nE) such that P(x) = T(x, . . . , x)

for every x ∈ E. We denote by P(nE) the Banach space of all continuous n-homogeneous
polynomials from E into R endowed with the norm ‖P‖ = sup‖x‖=1 |P(x)|. For more details
about the theory of multilinear mappings and polynomials on a Banach space, we refer to [3].

The main result about smooth points is known as “the Mazur density theorem”. Recall
that the Mazur density theorem (see [5, p. 171]) says that the set of all the smooth points of
a solid closed convex subset of a separable Banach space is a residual subset of its boundary.
Y.S. Choi and S.G. Kim [1, 2] initiated and characterized the smooth points of the unit balls
of P(2l2

1) and P(2l2
2). B.C. Grecu [4] characterized the smooth 2-homogeneous polynomials

on Hilbert spaces. S.G. Kim [7] classified the smooth points of the unit ball of P(2d∗(1, w)2),

where d∗(1, w)2 = R
2 with the octagonal norm ‖(x, y)‖w =max

{

|x|, |y|, |x|+|y|
1+w

}

for 0 < w < 1.

S.G. Kim [6, 8, 9] classified the smooth points of the unit balls of Ls(2l2
∞), Ls(3l2

∞) and Ls(nl2
∞).

Let lm
∞ = R

m with the supremum norm. S.G. Kim [12] characterized the smooth points of the
unit balls of L(nlm

∞) and Ls(nlm
∞) for n, m ≥ 2. In [13], S.G. Kim classified the smooth points

of the unit ball of P(2
R

2
h( 1

2 )
), where R

2
h( 1

2 )
= R

2 with the hexagonal norm ‖(x, y)‖h( 1
2 )

=

max
{

|y|, |x| + 1
2 |y|

}

, and in [10], he classified the extreme and exposed points of the unit ball

of Ls(2Ls(2l2
∞)). Recently, S.G. Kim [11] classified the smooth points of the unit ball of Ls(nl1)

and L(nl1) for n ≥ 2.
In this paper we classify the smooth points of the unit ball of Ls(2Ls(2l2

∞)).

1 Results

Let n ≥ 2. For j = 0, . . . , n, we let

Fj

(

(x1, y1), . . . , (xn, yn)
)

= ∑
{l1,...,lj,k1,...,kn−j}={1,...,n}

xl1 · · · xlj
yk1

· · · ykn−j
.

Then,
{

F0

(

(x1, y1), . . . , (xn, yn)
)

, . . . , Fn

(

(x1, y1), . . . , (xn, yn)
)}

is a basis for Ls(nl2
∞). Hence, dim(Ls(nl2

∞)) = n + 1. If S ∈ Ls(nl2
∞), then

S
(

(x1, y1), . . . , (xn, yn)
)

=
n

∑
j=0

ajFj

(

(x1, y1), . . . , (xn, yn)
)

for some a0, . . . , an ∈ R. By simplicity we denote S = (a0, . . . , an)t.
Let R

n+1
Ls(nl2

∞)
:= R

n+1 with the Ls(nl2
∞)-norm

∥

∥

∥
(a0, . . . , an)

∥

∥

∥

Ls(nl2
∞)

: = sup
‖(xk,yk)‖∞=1, k=1,...,n

∣

∣

∣

n

∑
j=0

ajFj((x1, y1), . . . , (xn, yn))
∣

∣

∣
=

∥

∥

∥
(a0, . . . , an)

t
∥

∥

∥
.

We have the following identification.

Theorem 1. For m, n ≥ 2, the equality Ls(mLs(nl2
∞)) = Ls(m

R
n+1
Ls(nl2

∞)
) holds.
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Notice that ext BLs(mLs(nl2
∞)) = ext BLs(mR

n+1
Ls(nl2∞)

), exp BLs(mLs(nl2
∞)) = exp BLs(mR

n+1
Ls(nl2∞)

) and

sm BLs(mLs(nl2
∞)) = sm BLs(mR

n+1
Ls(nl2∞)

).

S.G. Kim [10] classified the extreme and exposed points of the unit ball of the space
R

6
Ls(2l2

∞)
= Ls(2

R
3
Ls(2l2

∞)
) = Ls(2Ls(2l2

∞)).

Let T ∈ Ls(2Ls(2l2
∞)). Then, for (t1, t2, t3), (s1, s2, s3) ∈ R

3,

T((t1, t2, t3), (s1, s2, s3)) = at1s1 + bt2s2 + ct3s3 + d(t1s2 + t2s1) + e(t1s3 + t3s1) + f (t2s3 + t3s2),

where

a = T(x1y1, x1y1), b = T(x2y2, x2y2), c = T(x1y2 + x2y1, x1y2 + x2y1),

d = T(x1y1, x2y2), e = T(x1y1, x1y2 + x2y1), f = T(x2y2, x1y2 + x2y1).

Notice that
{

t1s1, t2s2, t3s3, t1s2 + t2s1, t1s3 + t3s1, t2s3 + t3s2
}

is a basis for Ls(2Ls(2l2
∞)) and

dim(Ls(2Ls(2l2
∞))) = 6. For simplicity we denote T = (a, b, c, d, e, f )t .

Let S be a non-empty subset of a real Banach space E. Let

conv(S) :=
{ k

∑
j=1

tjaj : 0 ≤ tj ≤ 1, t1 + · · ·+ tk = 1, aj ∈ S for k ∈ N and 1 ≤ j ≤ k
}

.

We call conv(S) the convex hull of S. Recall that the Krein-Milman Theorem [14] states that
every nonempty compact convex subset of a Hausdorff locally convex space is the closed con-
vex hull of its set of extreme points. Hence, the unit ball of Ls(2l2

∞) is the closed convex hull of
ext BLs(2l2

∞).

The geometrical structures of the unit ball of the space Ls(2l2
∞) were investigated in [6]. In

particular, it was shown that

ext BLs(2l2
∞) = exp BLs(2l2

∞) =
{

± (1, 0, 0)t,±(0, 1, 0)t,±
(1

2
,−

1

2
,±

1

2

)t}

.

The following presents an explicit formulae for the norm of T ∈ Ls(2Ls(2l2
∞)).

Theorem 2. Let T ∈ Ls(2Ls(2l2
∞)) with T = (a, b, c, d, e, f )t for some a, b, c, d, e, f ∈ R. Then,

‖T‖ = max
{

|a|, |b|, |d|,
1

2
(|a − d|+ |e|),

1

2
(|b − d|+ | f |),

1

4
|a + b − c − 2d|,

1

4
(|a + b + c − 2d|+ 2|e − f |)

}

.

Proof. In [6] it was shown that

ext BLs(2l2
∞) =

{

± (1, 0, 0)t,±(0, 1, 0)t,±
(1

2
,−

1

2
,±

1

2

)t}

.

Let

U1 : =
(

(1, 0, 0)t, (1, 0, 0)t
)

, U2 :=
(

(0, 1, 0)t, (0, 1, 0)t
)

,

U3 : =
(

(1, 0, 0)t, (0, 1, 0)t
)

, U4 :=
(

(1, 0, 0)t,
(1

2
,−

1

2
,

1

2

)t)

,

U5 : =
(

(1, 0, 0)t,
(1

2
,−

1

2
,−

1

2
)t
)

, U6 :=
(

(0, 1, 0)t,
(1

2
,−

1

2
,

1

2

)t)

,

U7 : =
(

(0, 1, 0)t,
(1

2
,−

1

2
,−

1

2

)t)

, U8 :=
((1

2
,−

1

2
,

1

2

)t
,
(1

2
,−

1

2
,

1

2

)t)

,

U9 : =
((1

2
,−

1

2
,

1

2

)t
,
(1

2
,−

1

2
,−

1

2

)t)

, U10 :=
((1

2
,−

1

2
,−

1

2

)t
,
(1

2
,−

1

2
,

1

2

)t)

.
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Notice that T(U1) = a,T(U2) = b, T(U3) = d, T(U4) = 1
2(a − d + e), T(U5) = 1

2(a − d − e),
T(U6) = 1

2(−b + d + f ), T(U7) = 1
2(−b + d − f ), T(U8) = 1

4(a + b + c) + 1
2(−d + e − f ),

T(U9) =
1
4(a + b − c)− 1

2d, T(U10) =
1
4(a + b + c) + 1

2(−d − e + f ).
By the bilinearity of T and the Krein-Milman theorem,

‖T‖ = sup
{

|T(L1, L2)| : L1, L2 ∈ ext BLs(2l2
∞)

}

= sup
1≤j≤10

|T(Uj)|.

For z1, · · · , z6 ∈ R, we let

Y1(z1, · · · , z6) := z1, X1 := [1, 0, 0, 0, 0, 0],

Y2(z1, · · · , z6) := z2, X2 := [0, 1, 0, 0, 0, 0],

Y3(z1, · · · , z6) := z4, X3 := [0, 0, 0, 1, 0, 0],

Y4(z1, · · · , z6) :=
1

2
(z1 − z4 + z5), X4 :=

[1

2
, 0, 0,−

1

2
,

1

2
, 0
]

,

Y5(z1, · · · , z6) :=
1

2
(z1 − z4 − z5), X5 :=

[1

2
, 0, 0,−

1

2
,−

1

2
, 0
]

,

Y6(z1, · · · , z6) :=
1

2
(−z2 + z4 + z6), X6 :=

[

0,−
1

2
, 0,

1

2
, 0,

1

2

]

,

Y7(z1, · · · , z6) :=
1

2
(−z2 + z4 − z6), X7 :=

[

0,−
1

2
, 0,

1

2
, 0,−

1

2

]

,

Y8(z1, · · · , z6) :=
1

4
(z1 + z2 + z3) +

1

2
(−z4 + z5 + z6), X8 :=

[1

4
,

1

4
,

1

4
,−

1

2
,

1

2
,

1

2

]

,

Y9(z1, · · · , z6) :=
1

4
(z1 + z2 − z3)−

1

2
z4, X9 :=

[1

4
,

1

4
,−

1

4
,−

1

2
, 0, 0

]

,

Y10(z1, · · · , z6) :=
1

4
(z1 + z2 + z3) +

1

2
(−z4 − z5 + z6), X10 :=

[1

4
,

1

4
,

1

4
,−

1

2
,−

1

2
,

1

2

]

.

Notice that for j = 1, . . . , 10,

Xj · T = T(Uj) = Yj(a, b, c, d, e, f ).

Lemma 1. Let T = (a, b, c, d, e, f )t ∈ Ls(2Ls(2l2
∞)) and H ∈ Ls(2Ls(2l2

∞))∗ with ‖T‖ = ‖H‖ =

|H(T)| = 1. Suppose that
∥

∥T ± (δ1, . . . , δ6)
t
∥

∥ ≤ 1 for some δ1, . . . , δ6 ∈ R. Then,

6

∑
j=1

δjvj = 0,

where

v1 := H(t1s1), v2 := H(t2s2), v3 := H(t3s3)

v4 := H(t1s2 + t2s1), v5 := H(t1s3 + t3s1), v6 := H(t2s3 + t3s2).

Proof. It follows that

1 ≥ max
{∣

∣

∣
H(T + (δ1, . . . , δ6)

t)
∣

∣

∣
,
∣

∣

∣
H(T − (δ1, . . . , δ6)

t)
∣

∣

∣

}

= max
{
∣

∣

∣
H(T) + H((δ1, . . . , δ6)

t)
∣

∣

∣
,
∣

∣

∣
H(T)− H((δ1, . . . , δ6)

t)
∣

∣

∣

}

= 1 +
∣

∣

∣
H((δ1, . . . , δ6)

t)
∣

∣

∣
= 1 +

∣

∣

∣

6

∑
j=1

δjvj

∣

∣

∣
,

which implies that ∑
6
j=1 δjvj = 0.
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By Lemma 1, we can characterize sm BLs(2Ls(2l2
∞)).

Theorem 3. Let T = (a, b, c, d, e, f )t ∈ Ls(2Ls(2l2
∞)) with ‖T‖ = 1. Then T ∈ sm BLs(2Ls(2l2

∞)) if
and only if there is j0 ∈ {1, . . . , 10} such that

|T(Uj0)| = 1 and |T(Uk)| < 1 for all k 6= j0.

Proof. Necessity. Suppose that T ∈ sm BLs(2Ls(2l2
∞)). We claim show that there is j0 ∈ {1, . . . , 10}

such that |T(Uj0)| = 1 and |T(Uk)| < 1 for all k 6= j0.
Otherwise. There are j1 6= j2 ∈ {1, . . . , 10} such that |T(Uj1)| = |T(Uj2)| = 1. For k = 1, 2,

let Hk = sign(T(Ujk ))δUjk
, where δUjk

∈ Ls(2Ls(2l2
∞))

∗
is defined by δUjk

(L) = L(Ujk) for all

L ∈ Ls(2Ls(2l2
∞)). Then,

H1 6= H2, ‖Hk‖ = 1 = Hk(T), ∀k = 1, 2.

Hence, T /∈ sm BLs(2Ls(2l2
∞)).

Sufficiency. Let H ∈ Ls(2Ls(2l2
∞))

∗ be such that H(T) = 1 = ‖H‖ with v1 := H(t1s1),
v2 := H(t2s2), v3 := H(t3s3), v4 := H(t1s2 + t2s1), v5 := H(t1s3 + t3s1), v6 := H(t2s3 + t3s2).
For simplicity we denote H := [v1, v2, v3, v4, v5, v6].

Claim. H = sign(T(Uj0))Xj0 .
We divide into ten cases as follows.

Case 1. j0 = 1.
It follows that

1 = sign(T(U1))a.

By Theorem 2, there is N ∈ N such that

∥

∥

∥
T ±

(

0,
1

N
, 0, 0, 0, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0, 0,
1

N
, 0, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0, 0, 0,
1

N
,0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0, 0, 0, 0,
1

N
, 0
)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0, 0, 0, 0, 0,
1

N

)t∥
∥

∥
≤ 1.

By Lemma 1, v2 = v3 = v4 = v5 = v6 = 0. It follows that

1 = av1 = sign(T(U1))v1,

which shows that v1 = sign(T(U1)) and H = sign(T(U1))X1. Therefore, T ∈ sm BLs(2Ls(2l2
∞)).

Case 2. j0 = 2.
It follows that

1 = sign(T(U2))b.

By Theorem 2, there is N ∈ N such that

∥

∥

∥
T ±

( 1

N
, 0, 0, 0, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0, 0,
1

N
, 0, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0, 0, 0,
1

N
,0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0, 0, 0, 0,
1

N
, 0
)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0, 0, 0, 0, 0,
1

N

)t∥
∥

∥
≤ 1.

By Lemma 1, v1 = v3 = v4 = v5 = v6 = 0. It follows that

1 = bv2 = sign(T(U2))v2,
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which shows that v2 = sign(T(U2)) and H = sign(T(U2))X2. Therefore, T ∈ sm BLs(2Ls(2l2
∞)).

Case 3. j0 = 3.
It follows that

1 = sign(T(U3))d.

By Theorem 2, there is N ∈ N such that

∥

∥

∥
T ±

( 1

N
, 0, 0, 0, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0,
1

N
, 0, 0, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0, 0,
1

N
,0, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0, 0, 0, 0,
1

N
, 0
)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0, 0, 0, 0, 0,
1

N

)t∥
∥

∥
≤ 1.

By Lemma 1, v1 = v2 = v3 = v5 = v6 = 0. It follows that

1 = dv4 = sign(T(U3))v4,

which shows that v4 = sign(T(U3)) and H = sign(T(U3))X3. Therefore, T ∈ sm BLs(2Ls(2l2
∞)).

Case 4. j0 = 4.

It follows that

1 = sign(T(U4))
1

2
(a − d + e).

By Theorem 2, there is N ∈ N such that

∥

∥

∥
T ±

( 1

N
, 0, 0,

1

N
, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

( 1

N
, 0, 0, 0,−

1

N
, 0
)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0,
1

N
, 0, 0, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0, 0,
1

N
, 0, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0, 0, 0, 0, 0,
1

N

)t∥
∥

∥
≤ 1.

By Lemma 1, v1 = −v4 = v5, v2 = v3 = v6 = 0. It follows that

1 = av1 + bv2 + cv3 + dv4 + ev5 + f v6 = v1(a − d + e) = 2 sign(T(U4))v1,

which shows that v1 = sign(T(U4))
2 and H = sign(T(U4))X4. Therefore, T ∈ sm BLs(2Ls(2l2

∞)).

Case 5. j0 = 5.
It follows that

1 = sign(T(U5))
1

2
(a − d − e).

By Theorem 2, there is N ∈ N such that

∥

∥

∥
T ±

( 1

N
, 0, 0,

1

N
, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

( 1

N
, 0, 0, 0,

1

N
, 0
)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0,
1

N
, 0, 0, 0, 0

)t∥
∥

∥
≤ 1,

∣

∣

∣
T ±

(

0, 0,
1

N
, 0, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0, 0, 0, 0, 0,
1

N

)t∥
∥

∥
≤ 1.

By Lemma 1, v1 = −v4 = −v5, v2 = v3 = v6 = 0. It follows that

1 = av1 + bv2 + cv3 + dv4 + ev5 + f v6 = v1(a − d − e) = 2 sign(T(U5))v1,

which shows that v1 =
sign(T(U5))

2 and H = sign(T(U5))X5. Therefore, T ∈ sm BLs(2Ls(2l2
∞)).
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Case 6. j0 = 6.
It follows that

1 = sign(T(U6))
1

2
(−b + d + f ).

By Theorem 2, there is N ∈ N such that

∥

∥

∥
T ±

(

0,
1

N
, 0,

1

N
, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0,
1

N
, 0, 0, 0,

1

N

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

( 1

N
, 0, 0, 0, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0, 0,
1

N
, 0, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0, 0, 0, 0,
1

N
, 0
)t∥
∥

∥
≤ 1.

By Lemma 1, v2 = −v4 = −v6, v1 = v3 = v5 = 0. It follows that

1 = av1 + bv2 + cv3 + dv4 + ev5 + f v6 = v2(b − d − f ) = −2 sign(T(U6))v2,

which shows that v2 = − sign(T(U6))
2 and H = sign(T(U6))X6. Therefore, T ∈ sm BLs(2Ls(2l2

∞)).

Case 7. j0 = 7.
It follows that

1 = sign(T(U7))
1

2
(−b + d − f ).

By Theorem 2, there is N ∈ N such that

∥

∥

∥
T ±

(

0,
1

N
, 0,

1

N
, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0,
1

N
, 0, 0, 0, 0,−

1

N

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

( 1

N
, 0, 0, 0, 0,

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0, 0,
1

N
, 0, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0, 0, 0, 0,
1

N
, 0
)t∥
∥

∥
≤ 1.

By Lemma 1,
v2 = −v4 = v6, v1 = v3 = v5 = 0.

It follows that

1 = av1 + bv2 + cv3 + dv4 + ev5 + f v6 = v2(b − d + f ) = −2 sign(T(U7))v2,

which shows that v2 = − sign(T(U7))
2 and H = sign(T(U7))X7.

Therefore, T ∈ sm BLs(2Ls(2l2
∞)).

Case 8. j0 = 8.
It follows that

1 = sign(T(U8))
(1

4
(a + b + c) +

1

2
(−d + e − f )

)

.

By Theorem 2, there is N ∈ N such that

∥

∥

∥
T ±

( 1

N
,−

1

N
, 0, 0, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

( 1

N
, 0,−

1

N
, 0, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

( 1

N
, 0, 0,

1

2N
, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

( 1

N
, 0, 0, 0,−

1

2N
, 0
)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

( 1

N
, 0, 0, 0, 0,

1

2N

)t∥
∥

∥
≤ 1.

By Lemma 1, v2 = v1 = v3 = −1
2 v4 = 1

2 v5 = −1
2 v6. It follows that

1 = av1 + bv2 + cv3 + dv4 + ev5 + f v6 = v1

(

a + b + c + 2(−d + e − f )
)

= 4 sign(T(U8))v1,
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which shows that v1 =
sign(T(U8))

4 and H = sign(T(U8))X8. Therefore, T ∈ sm BLs(2Ls(2l2
∞)).

Case 9. j0 = 9.
It follows that

1 = sign(T(U9))
(1

4
(a + b − c)−

1

2
d
)

.

By Theorem 2, there is N ∈ N such that

∥

∥

∥
T ±

( 1

N
,−

1

N
, 0, 0, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

( 1

N
, 0,

1

N
, 0, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

( 1

N
, 0, 0,

1

2N
, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0, 0, 0, 0,
1

N
, 0
)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

(

0, 0, 0, 0, 0,
1

N

)t∥
∥

∥
≤ 1.

By Lemma 1, v2 = v1 = −v3 = −1
2 v4, v5 = v6 = 0. It follows that

1 = av1 + bv2 + cv3 + dv4 + ev5 + f v6 = v1(a + b − c − 2d) = 4 sign(T(U9))v1,

which shows that v1 = sign(T(U9))
4 and H = sign(T(U9))X9. Therefore, T ∈ sm BLs(2Ls(2l2

∞)).

Case 10. j0 = 10.
It follows that

1 = sign(T(U10))
(1

4
(a + b + c) +

1

2
(−d − e + f )

)

.

By Theorem 2, there is N ∈ N such that

∥

∥

∥
T ±

( 1

N
,−

1

N
, 0, 0, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

( 1

N
, 0,−

1

N
, 0, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

( 1

N
, 0, 0,

1

2N
, 0, 0

)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

( 1

N
, 0, 0, 0,

1

2N
, 0
)t∥
∥

∥
≤ 1,

∥

∥

∥
T ±

( 1

N
, 0, 0, 0, 0,−

1

2N

)t∥
∥

∥
≤ 1.

By Lemma 1, v2 = v1 = v3 = −1
2 v4 = −1

2 v5 = 1
2 v6. It follows that

1 = av1 + bv2 + cv3 + dv4 + ev5 + f v6 = v1(a + b + c − 2d − 2e + 2 f ) = 4 sign(T(U10))v1,

which shows that v1 = sign(T(U10))
4 and H = sign(T(U10))X10 . Therefore, T ∈ sm BLs(2Ls(2l2

∞)).
We complete the proof.
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У статтi [Carpathian Math. Publ. 2020, 12 (2), 340–352] автор класифiкував екстремальнi та
виставленi точки одиничної кулi простору симетричних бiлiнiйних форм на просторi Ls(2l2

∞),
де Ls(2l2

∞) — це простiр симетричних бiлiнiйних форм на площинi iз супремум нормою. У
продовження результатiв згаданої статтi ми класифiкуємо неперервнi точки одиничної кулi
простору симетричних бiлiнiйних форм на Ls(2l2

∞).

Ключовi слова i фрази: гладка точка, простiр симетричних бiлiнiйних форм.


