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k-BITRANSITIVE AND COMPOUND OPERATORS ON BANACH SPACES

In this this paper, we introduce new classes of operators in complex Banach spaces, which we
call k-bitransitive operators and compound operators to study the direct sum of diskcyclic operators.
We create a set of sufficient conditions for an operator to be k-bitransitive or compound. We give
a relation between topologically mixing operators and compound operators. Also, we extend the
Godefroy-Shapiro Criterion for topologically mixing operators to compound operators.
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INTRODUCTION

A bounded linear operator T on a separable Banach space X is hypercyclic if there is a
vector x ∈ X such that Orb(T, x) = {Tnx : n ≥ 0} is dense in X, such a vector x is called
hypercyclic for T. Similarly, an operator T is called diskcyclic if there is a vector x ∈ X such
that the disk orbit DOrb(T, x) = {αTnx : α ∈ C, |α| ≤ 1, n ∈ N} is dense in X, such a vector x

is called diskcyclic for T. In Banach spaces, hypercyclic (or diskcyclic) operators are identical
to topological transitive (or disk transitive, respectively) [3, 4].

Definition 1. A bounded linear operator T : X → X is called

1. topological transitive, if for any two non empty open sets U and V, there exists a positive
integer n such that TnU ∩ V 6= ∅;

2. disk transitive, if for any two non empty open sets U and V, there exist a positive integer
n and α ∈ C, 0 < |α| ≤ 1, such that TnαU ∩ V 6= ∅.

For more information on hypercyclic and diskcyclic operators the reader may refer to [2, 3,
4, 11].

A sufficient condition for hypercyclicity, the well known Hypercyclicity Criterion, indepen-
dently discovered by Kitai [13] and Gethner and Shapiro [9]. Latter on, Godefroy and Shapiro
[10] created another hypercyclic criterion which is called Godefroy-Shapiro Criterion, that is a
set of sufficient condition in terms of the eigenvalues of an operator to be hypercyclic.

In 1982, Kitai [13] showed that if T1 ⊕ T2 is hypercyclic, then T1 and T2 are hypercyclic.
However, for the converse, Salas constructed an operator T such that both it and its adjoint
T∗ are hypercyclic, and so that their direct sum T ⊕ T∗ is not. Moreover, Herrero asked in [12]
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whether T ⊕ T is hypercyclic whenever T is. De la Rosa and Read [7] showed that the Herrero’s
question is not true by giving a hypercyclic operator T such that T ⊕ T is not. On the other
hand, if T satisfies hypercyclic criterion, then T ⊕ T is hypercyclic [4]. In 1999, Bés and Peris [5]
proved that the converse is also true; that is, if T ⊕ T is hypercyclic, then T satisfies hypercyclic
criterion.

For diskcyclic operators, Zeana proved that if the direct sum of k operators is diskcyclic
then every operator is diskcyclic [14]. However, the converse is unknown. Particularly, we
have the following question:

Question 1. If there are k diskcyclic operators, what about their direct sum?

The main purpose of this paper is to give a partial answer to this question by defining
and studying a new class of operators, namely k-bitransitive operators. We determine condi-
tions that ensure a linear operator to be k- bitransitive which is called k-bitransitive criterion.
We use this criterion to show that in some cases the direct sum of k diskcyclic operators is
k-bitransitive. Then, we define compound operators as a general form of mixing operators [6]
to show that under certain conditions the direct sum of k diskcyclic operators is k-bitransitive.
Then, we studied some properties of compound operators. In particular, we give some suf-
ficient conditions for an operator to be compound which is refer to compound criterion. We
use this criterion to show that not every compound operator is mixing. Finally, we extend
Godefroy-Shapiro Criterion [1, Theorem 1.3] for mixing operators to compound operators. In
particular, a special case of Theorem 3 is when p = 1 which is Godefroy-Shapiro Criterion.

1 MAIN RESULTS

In this this paper, all Banach spaces are separable over the field C of complex numbers. We
denote by D the closed unit disk in C, by N the set of all positive integers and by B(X) the set
of all bounded linear operators on a Banach space X.

Let k be a positive integer and Ti ∈ B(X) for all 1 ≤ i ≤ k, and let
T =

⊕k
i=1 Ti :

⊕k
i=1 X →

⊕k
i=1 X then we call each operator Ti a component of T.

Definition 2. An operator T is called k-bitransitive if there exist T1, T2, · · · Tk ∈ B(X) such that
T =

⊕k
i=1 Ti and for any 2k-tuples U1, · · · , Uk, V1, · · · , Vk ⊂ X of nonempty open sets, there

exist some n ∈ N and α1, · · · , αk ∈ D\ {0} such that

Tn
(

k
⊕

i=1

αiUi

)

∩
(

k
⊕

i=1

Vi

)

6= ∅.

It is clear from Definition 2 above that 1-bitransitive is identical to disk transitive which in
turn identical to diskcyclic.

To simplify Definition 2 above, we provide the following definition.

Definition 3. Let r ∈ N be fixed. For each 1 ≤ i ≤ r, let Ti be a bounded linear operator
on a Banach space X, and Ai, Bi be nonempty subsets of X. Assume that T =

⊕r
i=1 Ti, A =

⊕r
i=1 Ai and B =

⊕r
i=1 Bi. The junction set from the set A to the set B under T is defined as

JT(A, B) = {(n, α1, · · · , αr) ∈ N × D
r\ {(0, · · · , 0)} : Tn(

⊕r
i=1 αi Ai) ∩ (

⊕r
i=1 Bi) 6= ∅}.
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In Definition 3 above, we sometimes write JT(A, B) as J(A, B). The next proposition gives
an equivalent definition to k-bitransitivity in terms of junction set.

Proposition 1. Let T =
⊕k

i=1 Ti. Then T is k-bitransitive if and only if for each 1 ≤ i ≤ k and
any nonempty open sets Ui and Vi, there exist αi ∈ D\ {0} and n ∈ N such that

(n, αi) ∈ JTi
(Ui, Vi).

The proof follows immediately by applying the definition of junction sets to Definition 2.
To answer Question 1, we need the following proposition, which gives a set of sufficient

conditions for k-bitransitivity.

Proposition 2 (k-bitransitive criterion). Let T =
⊕k

i=1 Ti, and let {nr}r∈N
be an increasing

sequence of positive integers. Suppose that for each 1 ≤ i ≤ k there exist a sequence
{

λ
(i)
nr

}

⊂

D\ {0}, dense sets Xi, Yi ⊂ X, and a map Si : Yi → X such that for all (x1, · · · , xk) ∈
⊕k

i=1 Xi

and (y1, · · · , yk) ∈
⊕k

i=1 Yi, we have

(i)
∥

∥

∥

⊕k
i=1 λ

(i)
nr Tnr

i (x1, · · · , xk)
∥

∥

∥
→ 0,

(ii)

∥

∥

∥

∥

⊕k
i=1

1

λ
(i)
nr

Snr
i (y1, · · · , yk)

∥

∥

∥

∥

→ 0,

(iii)
⊕k

i=1 Tnr
i Snr

i (y1, · · · , yk) → (y1, · · · , yk)

as r → ∞. Then T is k-bitransitive.

Proof. Let Ui, Vi be open subsets of X for all 1 ≤ i ≤ k, then
⊕k

i=1 Ui and
⊕k

i=1 Vi are open in
⊕k

i=1 X. Also
⊕k

i=1 Xi and
⊕k

i=1 Yi are dense in
⊕k

i=1 X. Let

(x1, · · · , xk) ∈
k
⊕

i=1

Ui ∩
k
⊕

i=1

Xi

and

(y1, · · · , yk) ∈
k
⊕

i=1

Vi ∩
k
⊕

i=1

Yi.

Suppose that zr = (x1, · · · , xk) +
⊕k

i=1
1

λ
(i)
nr

Snr
i (y1, · · · , yk). By (ii), as r → ∞ we have

‖zr − (x1, · · · , xk)‖ =

∥

∥

∥

∥

∥

k
⊕

i=1

1

λ
(i)
nr

Snr
i (y1, · · · , yk)

∥

∥

∥

∥

∥

→ 0. (1)

Since
k
⊕

i=1

λ
(i)
nr Tnr

i (zr) =
k
⊕

i=1

λ
(i)
nr Tnr

i

(

(x1, · · · , xk) +
k
⊕

i=1

1

λ
(i)
nr

Snr
i (y1, · · · , yk)

)

,

then by (i) and (iii), we have

∥

∥

∥

∥

∥

k
⊕

i=1

λ
(i)
nr Tnr

i (zr)− (y1, · · · , yk)

∥

∥

∥

∥

∥

=

∥

∥

∥

∥

∥

k
⊕

i=1

λ
(i)
nr Tnr

i (x1, · · · , xk)

∥

∥

∥

∥

∥

→ 0, (2)
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as r → ∞. From Equations (1) and (2), there exists N ∈ N such that zN ∈
⊕k

i=1 Ui and
⊕k

i=1 λ
(i)
nr Tnr

i (zN) ∈
⊕k

i=1 Vi, that is,

k
⊕

i=1

λ
(i)
nr Tnr

i

(

k
⊕

i=1

Ui

)

∩
k
⊕

i=1

Vi 6= ∅ for all r ≥ N,

which is equivalent to

(T1 ⊕ · · · ⊕ Tk)
nr(λ

(1)
nr U1 ⊕ · · · ⊕ λ

(k)
nr Uk) ∩ (V1 ⊕ · · · ⊕ Vk) 6= ∅ for all r ≥ N.

That is,
(nr, λ

(i)
nr ) ∈ JTi

(Ui, Vi) for all 1 ≤ i ≤ k.

By Proposition 1, T is k-bitransitive.

The following theorem gives a partial answer to Question 1.

Theorem 1. If k operators satisfy diskcyclic criterion for the same increasing sequence of posi-
tive integers {nr}r∈N

, then their direct sum is a k-bitransitive operator.

Proof. Let Ti ∈ B(X) satisfies diskcyclic criterion with respect to the same increasing sequence
of positive integers {nr}r∈N

for all 1 ≤ i ≤ k [2, Theorem 2.6]. Then for each 1 ≤ i ≤ k, there

exists a sequence
{

λ
(i)
nr

}

r∈N

∈ D\ {0}, two dense sets Di, D′
i and a map Si such that for all

xi ∈ Di and yi ∈ D′
i , we have

∥

∥

∥
λ
(i)
nr Tnr

i xi

∥

∥

∥
→ 0, (3)

∥

∥

∥

∥

∥

1

λ
(i)
nr

Snr
i yi

∥

∥

∥

∥

∥

→ 0, (4)

Tnr
i Snr

i yi → yi (5)

as r → ∞. By Equation (3), we get ∑
k
i=1

∥

∥

∥
λ
(i)
nr Tnr

i xi

∥

∥

∥
→ 0; that is,

∥

∥

∥

∥

∥

k
⊕

i=1

λ
(i)
nr Tnr

i (x1, · · · , xk)

∥

∥

∥

∥

∥

→ 0 (6)

as r → ∞. Also by Equation (4), we get ∑
k
i=1

∥

∥

∥

∥

1

λ
(i)
nr

Snr
i yi

∥

∥

∥

∥

→ 0; that is,

∥

∥

∥

∥

∥

k
⊕

i=1

1

λ
(i)
nr

Snr
i (y1, · · · , yk)

∥

∥

∥

∥

∥

→ 0 (7)

as r → ∞. Finally, by Equation (5), we get (Tnr
1 Snr

1 y1, · · · , Tnr
k Snr

k yk) → (y1, · · · , yk); that is,

k
⊕

i=1

Tnr
i Snr

i (y1, · · · , yk) → (y1, · · · , yk) (8)

as r → ∞. By Proposition 2, we get T =
⊕k

i=1 Ti is k-bitransitive.
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To give another partial answer to Question 1, we define another class of operators which is
called compound operators.

Definition 4. Let T ∈ B(X). Then T is called compound if for any nonempty open sets U and
V, there exist some N ∈ N and a sequence {αn}n∈N

∈ D\ {0} such that

Tn(αnU) ∩ V 6= ∅

for all n ≥ N.

The following theorem gives another partial answer to Question 1. First, we need the fol-
lowing lemma.

Lemma 1. If T ∈ B(X) is diskcyclic, then there exist an increasing sequence of positive integers
{

mj

}

j∈N
and a sequence

{

γmj

}

⊂ D\ {0} such that
{

(mj, γmj
) : j ∈ N

}

⊆ J(U, V) for any

two nonempty open sets U, V ⊂ X.

Proof. Let (n1, α1) ∈ J(U, V), and let W = U ∩ T−n1 1
α1

V. Since W is open set, then there exist
n2 ∈ N and α2 ∈ D such that (n2, α2) ∈ J(W, W), that is,

Tn2 α2U ∩ Tn2−n1
α2

α1
V ∩ U ∩ T−n1

1

α1
V 6= ∅.

It follows that
Tn2 α1α2U ∩ T−n1V 6= ∅.

Now, we have
Tn1+n2α1α2U ∩ V = Tn1(Tn2 α1α2U ∩ T−n1V) 6= ∅,

that is,
(n1 + n2, α1α2) ∈ J(U, V).

By continuing the same process, we get (∑
j
i=1 ni, ∏

j
i=1 αi) ∈ J(U, V) for any j, ni ∈ N and

αi ∈ D. Let mj = ∑
j
i=1 ni and γmj

= ∏
j
i=1 αi for all j ∈ N, then

{

(mj, γmj
) : j ∈ N

}

⊆ J(U, V).

Theorem 2. Let T =
⊕k

i=1 Ti. If every component of T is disk transitive and at least (k − 1) of
them are compound, then T is k-bitransitive.

Proof. Without loss of generality, we suppose that k = 2 and T1 is compound. Let U1, U2, V1, V2

be nonempty open sets, by hypothesis there exist N1, N2 ∈ N, α1 ∈ D\ {0} and a sequence
{βn : n ∈ N} ⊂ D\ {0} such that

TN1
2 α1U1 ∩ U2 6= ∅ and Tn

1 βnV1 ∩ V2 6= ∅

for all n ≥ N2. By Lemma 1, there exist N ∈ N and α ∈ D\ {0} such that

TN
2 αU1 ∩ U2 6= ∅ and TN

1 βNV1 ∩ V2 6= ∅.

It follows that
(T1 ⊕ T2)

N(αU1 ⊕ βNV1) ∩ (U2 ⊕ V2) 6= ∅.

Hence T is 2-bitransitive.
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It is clear that every compound operator is diskcyclic. A special case of compound operator
is when αn = 1 for all n ≥ N, and it is called mixing operators (see [6]). Therefore every mixing
operator is compound. However, not every compound operator is mixing as shown in the
following example. First, we need the following proposition which give sufficient conditions
for an operator to be compound.

Proposition 3. Let T ∈ B(X), suppose that there exist a sequence {λn}n∈N
⊂ D\ {0}, two

dense sets D1 and D2 in X, and a sequence of maps Sn : D2 → X and such that

(i) ‖λnTnx‖ → 0 for any x ∈ D1,

(ii)
∥

∥

∥

1
λn

Sny
∥

∥

∥
→ 0 for any y ∈ D2,

(iii) TnSny → y for any y ∈ D2

as n → ∞. Then T is compound and it is called compound with respect to the sequence {λn}.

Proof. Suppose that U and V be two nonempty open sets. Let x ∈ U ∩ D1 and y ∈ V ∩ D2. Let
N be a large positive integer such that z = x + 1

λN
SNy, then by hypothesis we get

‖z − x‖ =

∥

∥

∥

∥

1

λN
SNy

∥

∥

∥

∥

→ 0 and
∥

∥

∥
λNTNz − y

∥

∥

∥
=
∥

∥

∥
λNTN x

∥

∥

∥
→ 0.

Thus TnλnU ∩ V 6= ∅ for all n ≥ N. So, T is compound.

The following proposition gives another criterion for compound operators without the
need of the scalar sequence.

Proposition 4. Let T ∈ B(X). If there exist two dense sets D1 and D2 in X, and a sequence of
maps Sn : D2 → X such that

(i) ‖Tnx‖ ‖Sny‖ → 0 for all x ∈ D1 and y ∈ D2,

(ii) ‖Sny‖ → 0 for all y ∈ D2,

(iii) TnSny → y for all y ∈ D2

as n → ∞. Then T is compound.

The proof of Proposition 4 is followed by showing that both compound criteria in Proposi-
tions 3 and 4 are equivalent by using the same lines in [2, Proposition 2.8].

Example 1. Let T be a bilateral forward weighted shift on ℓp, 1 ≤ p < ∞, with the weight
sequence

wn =

{

R1, if n ≥ 0,

R2, if n < 0,

where R1, R2 ∈ R
+; 1 < R1 < R2. Then T is compound not mixing.
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Proof. By applying [3, Corollary 2.15] and taking {nr}r∈N
= {n}n∈N

, we get

lim
n→∞

n

∏
k=1

1

w−k
= lim

n→∞

n

∏
k=1

1

R2
= lim

n→∞

1

Rn
2
= 0

and

lim
n→∞

(

n

∏
k=1

wk

)(

n

∏
k=1

1

w−k

)

= lim
n→∞

(

n

∏
k=1

R1

)(

n

∏
k=1

1

R2

)

= lim
n→∞

(Rn
1 )(

1

Rn
2
) = 0.

It follows that T satisfies diskcyclic criterion with respect to the sequence {n}n∈N
. Then, by

Proposition 4, T is compound. Now, since

lim
n→∞

(

n

∏
k=1

wk

)

= ∞,

then by [8, Theorem 3.2] T is not topological transitive and so not mixing.

The following theorem extends the Godefroy-Shapiro Criterion [1, Theorem 1.3] for mixing
operators to compound operators.

Theorem 3. Let T ∈ B(X). If there exists a positive integer p ≥ 1 such that

A = span {x ∈ X : Tx = αx for some α ∈ C; |α| < p}

and
B = span {y ∈ X : Ty = λy for some λ ∈ C; |λ| > p}

are dense in X, then T is compound.

Proof. Let U and V be nonempty open sets in X. Since A and B are dense, then there exist
x ∈ A ∩ U and y ∈ B ∩ V. Then x = ∑

k
i=1 aixi and y = ∑

k
i=1 biyi, where ai, bi ∈ C for all

1 ≤ i ≤ k. Also, Txi = αixi and Tyi = λiyi, where |αi| < p and |λi| > p for all 1 ≤ i ≤ k. Let
c ∈ C be a scalar such that p ≤ |c| < |λi| for all 1 ≤ i ≤ k, and let

zn =
k

∑
i=1

bi(
c

λi
)nyi for all n ≥ 0.

Then
1

cn
Tnx =

k

∑
i=1

ai(
αi

c
)nxi → 0 and zn → 0 as n → ∞.

Also, 1
cn Tnzn = y for all n ≥ 0. It follows that there is a positive integer k such that for all n ≥ k,

we have

x + zn ∈ U and
1

cn
Tn(x + zn) =

1

cn
Tnx +

1

cn
Tnzn ∈ V for all n ≥ k.

Therefore, 1
cn TnU ∩ V 6= ∅ for all n ≥ k. It follows that T is compound.

Note that in the above theorem, if p = 1, then it will be a Godefroy-Shapiro criterion for
mixing operators [1, Theorem 1.3].
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В цiй статтi ми вводимо новi класи операторiв у комплексних банахових просторах, якi ми
називаємо k-бiтранзитивними операторами i операторами сполучення для вивчення прямих
сум дискциклiчних операторiв. Запропоновано набiр достатнiх умов для того, щоб опера-
тор був k-бiтранзитивним чи оператором сполучення. Також встановлено зв’язок мiж опе-
раторами топологiчного змiшування i операторами сполучення. Також розширено критерiй
Ґодефруа-Шапiро для операторiв топологiчного змiшування на випадок операторiв сполуче-
ння.

Ключовi слова i фрази: гiперциклiчнi оператори, дискциклiчнi оператори, оператори слаб-
кого змiшування, прямi суми.


