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operators
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In the present paper, we consider the Kantorovich modification of generalized Lupaş operators,

whose construction depends on a continuously differentiable, increasing and unbounded function

ρ. For these new operators we give weighted approximation, Voronovskaya type theorem, quanti-

tative estimates for the local approximation.
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Introduction

Classical approximation theory, including polynomial approximation is a fundamental re-

search area in applied mathematics. Development in approximation theory play an important

role in numerical solution of partial differential equation, image processing as well as data sci-

ence and many other disciplines. For example, radial basis functions and shift invariant spaces

are widely used for geometric modeling in aerospace and automobile industries.

In 1912, S.N. Bernstein [7] proposed the famous polynomials, constructed by probabilistic

method, to give the simple, short and most elegant proof of Weierstrass theorem [25], namely

Bm(g; u) =
m

∑
j=0

bm,j(u)g
( j

m

)
,

where Bm : C[0, 1] → C[0, 1], u ∈ [0, 1], m = 1, 2, . . . , and the Bernstein basis bm,j is defined by

bm,j(u) =

(
m

j

)
uj(1 − u)m−j. (1)

Bernstein polynomials are not useful for discontinuous measureable functions, more suit-

able modification of the Bernstein polynomials, for this kind of functions, that was introduced

by L.V. Kantorovich [17], namely, for any g ∈ LP[0, 1], u ∈ [0, 1] and p ≥ 1

Km(g; u) = (m + 1)
m

∑
j=0

bm,j(u)
∫ (j+1)/(m+1)

j/(m+1)
g(y) dy,
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where bm,j(u) is given by (1).

After that Kantorovich type modification of several sequences of linear positive opera-

tors has been made and studied for their approximation behavior (cf. [11, 23, 24]). Several

researchers also defined different types of generalizations of these operators and studied their

approximation properties, we refer the reader to e.g. [1, 6, 8, 16, 20–22] etc.

In 2011, D. Cárdenas-Morales, P. Garrancho and I. Raşa [9] introduced Bernstein-type

operators defined for f ∈ C[0, 1] by Bm(goρ−1)oρ, Bm being the classical Bernstein opera-

tors and ρ being any function that is continuously differentiable ∞ times on [0, 1], such that

ρ(0) = 0, ρ(1) = 1 and ρ−1(u) > 0 for u ∈ [0, 1]. The results obtained there showed that

approximation with these new construction of Bernstein operators are sensitive and present

better convergence results with the suitable selection of ρ. A Durrmeyer type generalization

of Bm(goρ−1)oρ was also studied in [4]. The results of the aforementioned papers show that

it is possible to obtain some improvements of the classical approximation by Bernstein and

Bernstein-Durrmeyer operators in certain senses, simultaneously. Inspired by this idea, many

researchers have performed studied in this direction. Recently A. Aral, D. Inoan and I. Raşa [5]

introduced similar modifications of the Szász-Mirakyan operators further properties in [2],

also Szász-Durrmeyer operators in [3].

Very recently, a new modification of Lupaş operators [19] has been introduced in [14] by

using a suitable function ρ, which satisfies following properties:

(ρ1) ρ is a continuously differentiable function on [0, ∞);

(ρ2) ρ(0) = 0 and inf
u∈[0,∞)

ρ
′
(u) ≥ 1.

The new operators which are called generalized Lupaş operators are defined as

L
ρ

m(g; u) = 2−mρ(u)
∞

∑
j=0

(mρ(u))j

2j j!
(goρ−1)

( j

m

)
(2)

for m ≥ 1, u ≥ 0, and suitable function g defined on [0, ∞). If ρ(u) = u, then (2) reduces to the

Lupaş operators defined in [19].

In this paper, we define Kantorovich variant of operators (2) which depends on ρ. In Kan-

torovich type modifications we mainly replace the sample values j/m by the mean values of

(goρ−1) in the interval [j/(m + 1), (j + 1)/(m + 1)].

The present work is organized as follows. In the second section, we define Kantorovich

variant of the generalized Lupaş operators and calculate their moments and central moments.

In the third section, we study convergence properties of new constructed operators in the light

of weighted space. In section fourth, we obtain the order of approximation of generalized

Lupaş-Kantorovich operators associated with the weighted modulus of continuity. In section

fifth, a Voronovskaya type result is obtained. Finally, in last section, we obtain some local

approximation results related to K -functional, also we define a Lipschitz-type functions, as

well as related results.

1 Construction of the generalized Lupaş-Kantorovich operators

Inspired by the above mentioned work, we introduce Kantorovich variant of operators (2),

which depend on a suitable function ρ as follows.
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Definition 1. For g ∈ L1[0, ∞) and m ∈ N, we define Kantorovich variant of generalized Lupaş

operators as

K
ρ

m (g; u) = (m + 1)2−mρ(u)
∞

∑
j=0

(mρ(u))j

2j j!

∫ (j+1)/(m+1)

j/(m+1)
(goρ−1)(y)dy, (3)

where the rising factorial (mρ(u))j is defined as:

(mρ(u))0 = 1, (mρ(u))j = (mρ(u))(mρ(u) + 1)(mρ(u) + 2) . . . (mρ(u) + j − 1), j ≥ 0.

The operators (3) are linear and positive. The operators K
ρ

m are constructed to obtain results

in approximation for discontinuous functions on the basis of integral mean of (goρ−1) over

small intervals. Next, we prove some auxiliary results for K
ρ

m , which are used to prove main

results.

Lemma 1. Let K
ρ

m be given by (3). Then for each u ≥ 0 and m ∈ N we have:

(i)

K
ρ

m (1; u) = 1;

(ii)

K
ρ

m (ρ; u) =
mρ(u)

m + 1
+

1

2(m + 1)
;

(iii)

K
ρ

m (ρ2; u) =
m2ρ2(u)

(m + 1)2
+

3mρ(u)

(m + 1)2
+

1

3(m + 1)2
;

(iv)

K
ρ

m (ρ3; u) =
m3ρ3(u)

(m + 1)3
+

15m2ρ2(u)

2(m + 1)3
+

10mρ(u)

(m + 1)3
+

1

4(m + 1)3
;

(v)

K
ρ

m (ρ4; u) =
m4ρ4(u)

(m + 1)4
+

14m3ρ3(u)

(m + 1)4
+

50m2ρ2(u)

(m + 1)4
+

43mρ(u)

(m + 1)4
+

1

5(m + 1)4
.

Proof. (i)

K
ρ

m (1; u) =
m + 1

2mρ(u)

∞

∑
j=0

(mρ(u))j

2j j!

∫ (j+1)/(m+1)

j/(m+1)
dy =

m + 1

2mρ(u)
2mρ(u) 1

m + 1
= 1.

(ii)

K
ρ

m (ρ; u) =
m + 1

2mρ(u)

∞

∑
j=0

(mρ(u))j

2j j!

∫ (j+1)/(m+1)

j/(m+1)
y dy

=
m + 1

2mρ(u)

∞

∑
j=0

(mρ(u))j

2j j!

j

(m + 1)2

=
2−mρ(u)

(m + 1)

∞

∑
j=0

(mρ(u))j

2j j!
j =

mρ(u)

(m + 1)
+

1

2(m + 1)
.
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(iii)

K
ρ

m (ρ2; u) =
m + 1

2mρ(u)

∞

∑
j=0

(mρ(u))j

2j j!

∫ (j+1)/(m+1)

j/(m+1)
y2 dy

=
m + 1

2mρ(u)

∞

∑
j=0

(mρ(u))j

2j j!

3j2 + 3j + 1

3(m + 1)3

=
2−mρ(u)

3(m + 1)2

∞

∑
j=0

(mρ(u))j

2j j!
(3j2 + 3j + 1) +

2−mρ(u)

3(m + 1)2

∞

∑
j=0

(mρ(u))j

2j j!
3j2

+
2−mρ(u)

3(m + 1)2

∞

∑
j=0

(mρ(u))j

2j j!
3j +

2−mρ(u)

3(m + 1)2

∞

∑
j=0

(mρ(u))j

2j j!

=
m2ρ2(u)

(m + 1)2
+

3mρ(u)

(m + 1)2
+

1

3(m + 1)2
.

(iv)

K
ρ

m (ρ3; u) =
m + 1

2mρ(u)

∞

∑
j=0

(mρ(u))j

2j j!

∫ (j+1)/(m+1)

j/(m+1)
y3 dy

=
m + 1

2mρ(u)

∞

∑
j=0

(mρ(u))j

2j j!

4j3 + 6j2 + 4j + 1

4(m + 1)4

=
2−mρ(u)

4(m + 1)3

∞

∑
j=0

(mρ(u))j

2j j!
(4j3 + 6j2 + 4j + 1) +

2−mρ(u)

3(m + 1)

∞

∑
j=0

(mρ(u))j

2j j!
4j3

+
2−mρ(u)

3(m + 1)

∞

∑
j=0

(mρ(u))j

2j j!
6j2 +

2−mρ(u)

3(m + 1)

∞

∑
j=0

(mρ(u))j

2j j!
4j +

2−mρ(u)

3(m + 1)

∞

∑
j=0

(mρ(u))j

2j j!

=
m3ρ3(u)

(m + 1)3
+

15m2ρ2(u)

2(m + 1)3
+

10mρ(u)

(m + 1)3
+

1

4(m + 1)3
.

(v)

K
ρ

m (ρ4; u) =
m + 1

2mρ(u)

∞

∑
j=0

(mρ(u))j

2j j!

∫ (j+1)/(m+1)

j/(m+1)
y4 dy

=
m + 1

2mρ(u)

∞

∑
j=0

(mρ(u))j

2j j!

5j4 + 10j3 + 10j5 j + 1

5(m + 1)5

=
2−mρ(u)

5(m + 1)4

∞

∑
j=0

(mρ(u))j

2j j!
(5j4 + 10j3 + 10j5 j + 1)

=
m4ρ4(u)

(m + 1)4
+

14m3ρ3(u)

(m + 1)4
+

50m2ρ2(u)

(m + 1)4
+

43mρ(u)

(m + 1)4
+

1

5(m + 1)4
.

Corollary 1. By using Lemma 1 and by linearity of operators K
ρ

m , we can acquire the central

moments as:

(i)

K
ρ

m (ρ(ζ) − ρ(u); u) =
1 − 2ρ(u)

2(m + 1)
;
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(ii)

K
ρ

m ((ρ(ζ) − ρ(u))2; u) =
1

(m + 1)2
ρ2(u) +

2m − 1

(m + 1)2
ρ(u) +

1

3(m + 1)2
;

(iii)

K
ρ

m ((ρ(ζ) − ρ(u))3; u) =
m3 − 3m(m + 1) + 3(m + 1)2 − (m + 1)3

(m + 1)3
ρ3(u)

+
15m2 − 9m(m + 1) + 3(m + 1)2

(m + 1)2
ρ2(u) +

9m − 1

(m + 1)3
ρ(u) +

1

4(m + 1)3
;

(iv)

K
ρ

m ((ρ(ζ) − ρ(u))4; u) =
m4 − 4m3(m + 1) + 6m2(m + 1)2 − 4(m + 1)3 + (m + 1)4

(m + 1)4
ρ4(u)

+
14m3 + 30m2(m + 1) + 18m(m + 1)2 − 2(m + 1)3

(m + 1)4
ρ3(u)

+
50m2 − 40m(m + 1)− 2(m + 1)2

(m + 1)4
ρ2(u)+

42m − 1

(m + 1)4
ρ(u)+

1

5(m + 1)4
.

2 Weighted approximation

In this section we prove convergence properties of new constructed operators K
ρ

m in the

light of weighted space.

Let Φ(u) be a function satisfying the conditions (ρ1) and (ρ2) given above. Also, we take

the weight function Φ(u) = 1 + ρ2(u) and we define the weighted spaces as follows

BΦ[0, ∞) = {g : [0, ∞) → R
∣∣|g(u)| ≤ MgΦ(u), u ≥ 0},

where Mg is a constant, which depends only on g. BΦ[0, ∞) is a normed linear space equipped

with the norm

‖ g ‖Φ= sup
u∈[0,∞)

|g(u)|
Φ(u)

.

Also, the subspaces CΦ[0, ∞), UΦ[0, ∞) and UΦ[0, ∞) of BΦ[0, ∞) are defined as

CΦ[0, ∞) = {g ∈ BΦ[0, ∞) : g is continuous on [0, ∞)},

C
∗
Φ[0, ∞) =

{
g ∈ CΦ[0, ∞) : lim

u→∞

g(u)

Φ(u)
= Mg = constant

}
,

UΦ[0, ∞) =
{

g ∈ CΦ[0, ∞) :
g(u)

Φ(u)
is uniformly continuous on [0, ∞)

}
.

It is obvious that C ∗
Φ[0, ∞) ⊂ UΦ[0, ∞) ⊂ CΦ[0, ∞) ⊂ BΦ[0, ∞).

In [12], A.D. Gadjiev and A. Aral prove the following results for the weighted Korovkin

type theorems. We consider (Gm)m≥1 a sequence of positive linear operators, which act from

CΦ[0, ∞) to BΦ[0, ∞).

Lemma 2 ([12]). The positive linear operators Gm, m ≥ 1, act from CΦ[0, ∞) to BΦ[0, ∞) if and

only if the inequality

|Gm(Φ; u)| ≤ MmΦ(u), u ≥ 0,

holds, where Mm > 0 is a constant depending on m.
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Theorem 1 ([12]). Let the sequence of positive linear operators Gm, m ≥ 1 act from CΦ[0, ∞) to

BΦ[0, ∞) and satisfy

lim
m→∞

‖ Gmρi − ρi ‖Φ= 0, i = 0, 1, 2.

Then for any function g ∈ C∗
Φ[0, ∞) we have

lim
m→∞

‖ Gm(g)− g ‖Φ= 0.

Therefore, we can prove the following results.

Theorem 2. For each function g ∈ C∗
Φ[0, ∞) we have

lim
m→∞

‖ K
ρ

m (g)− g ‖Φ= 0.

Proof. By Lemma 1 (i) and (ii), it is clear that

‖ K
ρ

m (1; u)− 1 ‖Φ= 0

and

‖ K
ρ

m (ρ; u)− ρ ‖Φ=
∣∣∣

m

m + 1
− 1

∣∣∣ sup
u∈[0,∞)

ρ(u)

1 + ρ2(u)
+

1

2(m + 1)
≤ 3

2(m + 1)
.

Again by Lemma 1 (iii), we have

‖ K
ρ

m (ρ2; u)− ρ2 ‖Φ =
∣∣∣

m2

(m + 1)2
− 1

∣∣∣ sup
u∈[0,∞)

ρ2(u)

1 + ρ2(u)

+
3m

(m + 1)2
sup

u∈[0,∞)

ρ(u)

1 + ρ2(u)
+

1

3(m + 1)2
≤ 15m + 4

3(m + 1)2
.

(4)

Then, from Lemma 1 and (4) we get

lim
m→∞

‖ K
ρ

m (ρi)− ρi ‖Φ= 0, i = 0, 1, 2.

Hence, the proof is completed.

3 Rate of convergence

In this section, we determine the rate of convergence for K
ρ

m by weighted modulus of con-

tinuity ωρ(g; δ), which was recently considered by A. Holhoş [15] as follows

ωρ(g; δ) = sup
u,ζ∈[0,∞), |ρ(ζ)−ρ(u)|≤δ

|g(ζ) − g(u)|
Φ(ζ) + Φ(u)

, δ > 0,

where g ∈ CΦ[0, ∞), with the following properties:

(i) ωρ(g; 0) = 0;

(ii) ωρ(g; δ) ≥ 0, δ ≥ 0 for g ∈ CΦ[0, ∞);

(iii) lim
δ→0

ωρ(g; δ) = 0 for each g ∈ UΦ[0, ∞).
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Theorem 3 ([15]). Let Gm : CΦ[0, ∞) → BΦ[0, ∞) be a sequence of positive linear operators

with

‖ Gm(ρ
0)− ρ0 ‖Φ0= am, ‖ Gm(ρ)− ρ ‖Φ1/2= bm,

‖ Gm(ρ
2)− ρ2 ‖Φ= cm, ‖ Gm(ρ

3)− ρ3 ‖Φ3/2= dm,
(5)

where the sequences am, bm, cm and dm converge to zero as m → ∞. Then

‖ Gm(g)− g ‖Φ3/2≤ (7 + 4am + 2cm)ωρ(g; δm)+ ‖ g ‖Φ am,

for all g ∈ CΦ[0, ∞), where

δm = 2
√
(am + 2bm + cm)(1 + am) + am + 3bm + 3cm + dm.

Theorem 4. Let for each g ∈ CΦ[0, ∞) we have

‖ K
ρ

m (g)− g ‖Φ3/2≤ 21m2 + 72m + 39

3(m + 1)2
ωρ(g; δm),

where

δm = 2

√
24m + 13

3(m + 1)2
+

120m2 + 142m + 27

4(m + 1)3
.

Proof. If we calculate the sequences (am), (bm), (cm) and (dm), then by using Lemma 1, clearly

we have

‖ K
ρ

m (ρ0)− ρ0 ‖Φ0= 0 = am,

‖ K
ρ

m (ρ)− ρ ‖Φ1/2≤ 3

2(m + 1)
= bm,

and

‖ K
ρ

m (ρ2)− ρ2 ‖Φ≤
15m + 4

3(m + 1)2
= cm.

Finally,

‖ K
ρ

m (ρ3)− ρ3 ‖Φ3/2≤ 42m2 + 4m + 5

4(m + 1)3
= dm.

Thus, the conditions (5) are satisfied. Now by Theorem 3, we obtain the desired result.

Remark 1. From property (iii) of ωρ(g; δ) and Theorem 4, we have

lim
m→∞

‖ K
ρ

m (g)− g ‖Φ3/2= 0 for g ∈ UΦ[0, ∞).

4 Voronovskaya type theorem

In this section, we prove pointwise convergence of K
ρ

m by using a technique, which is

developed in [9] by D. Cárdenas-Morales, P. Garrancho and I. Raşa.

Theorem 5. Let g ∈ CΦ[0, ∞), u ∈ [0, ∞) and suppose that (goρ−1)′ and (goρ−1)′′ exist at ρ(u).

If (goρ−1)′′ is bounded on [0, ∞), then we have

lim
m→∞

m[K
ρ

m (g; u)− g(u)] = ρ(u)(goρ−1)′
{1 − 2ρ(u)

2

}
+ ρ(u)(goρ−1)′′ρ(u).
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Proof. By using Taylor expansion of (goρ−1) at ρ(u) ∈ [0, ∞) we have

g(ζ) = (goρ−1)(ρ(ζ)) =(goρ−1)(ρ(u)) + (goρ−1)′(ρ(u))(ρ(ζ) − ρ(u))

+
(goρ−1)′′(ρ(u))(ρ(ζ) − ρ(u))2

2
+ λu(ζ)(ρ(ζ) − ρ(u))2,

(6)

where

λu(ζ) =
(goρ−1)′′(ρ(ζ)) − (goρ−1)′′(ρ(u))

2
. (7)

Therefore, by the assumption on g and (7) ensures that |λu(ζ)| ≤ K for all ζ ∈ [0, ∞) and

lim
ζ→u

λu(ζ) = 0.

Now by applying the operators (3) to the equality (6), we get

[K
ρ

m (g; u)− g(u)] = (goρ−1)′(ρ(u))K ρ
m ((ρ(ζ) − ρ(u)); u)

+
(goρ−1)′′(ρ(u))K ρ

m ((ρ(ζ) − ρ(y))2; u)

2
+K

ρ
m (λu(ζ)((ρ(ζ) − ρ(u))2; u))ζ.

(8)

From Lemma 1 and Corollary 1, we obtain

lim
m→∞

mK
ρ

m ((ρ(ζ) − ρ(u)); u) =
1 − 2ρ(u)

2
, (9)

and

lim
m→∞

mK
ρ

m ((ρ(ζ) − ρ(u))2; u) = 2ρ(u).

By estimating the last term on the right hand side of equality (8), we will get the proof.

Since from (7), for every ǫ > 0,

lim
ζ→u

λu(ζ) = 0.

Let δ > 0 such that |λu(ζ)| < ǫ for every ζ ≥ 0. By Cauchy-Schwartz inequality, we get

lim
m→∞

mK
ρ

m (|λu(ζ)|(ρ(ζ) − ρ(u))2; u) ≤ ǫ lim
m→∞

mK
ρ

m ((ρ(ζ) − ρ(u))2; u)

+
K

δ2
lim

m→∞
K

ρ
m ((ρ(w) − ρ(u))4; u).

Since

lim
m→∞

mK
ρ

m ((ρ(ζ) − ρ(u))4; u) = 0, (10)

we obtain

lim
m→∞

mK
ρ

m (|λu(ζ)|(ρ(ζ) − ρ(u))2; u) = 0. (11)

Thus, by taking into account the equations (9), (10) and (11) to equation (8) this prove the

theorem.
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5 Local and global Approximation

In order to prove local approximation theorems for the operators K
ρ

m , let us recall some

basic concepts and results concerning modulus of continuity and K-functional. Let CB[0, ∞)

be the space of real-valued continuous and bounded functions g defined on the interval [0, ∞).

The norm ‖ · ‖ on the space CB[0, ∞) is given by

‖ g ‖= sup
0≤u<∞

| g(u) | .

Further, K-functional is defined as

K2(g, δ) = inf
r∈W2

{‖ g − r ‖ +δ ‖ g′′ ‖},

where δ > 0 and W2 = {s ∈ CB[0, ∞) : r′, r′′ ∈ CB[0, ∞)}. Then, in view of known result [10],

there exists an absolute constant D > 0 such that K (g, δ) ≤ Dω2(g,
√

δ).

For g ∈ CB[0, ∞) the second order modulus of smoothness is defined as follows

ω2(g,
√

δ) = sup
0<h≤

√
δ

sup
u∈[0,∞)

| g(u + 2h)− 2g(u + h) + g(u) |

and the usual modulus of continuity is defined as

ω(g, δ) = sup
0<h≤δ

sup
u∈[0,∞)

| g(u + h)− g(u) | .

Theorem 6. Let g ∈ CB[0, ∞) and ρ be a function satisfying the conditions (ρ1), (ρ2) and ||ρ′′||
is finite. Then, there exists an absolute constant D > 0 such that

|K ρ
m (g; u)− g(u)| ≤ DK(g, δm(u)),

where

δm(u) =
{ 1

(m + 1)2
ρ2(u) +

2m − 1

(m + 1)2
ρ(u) +

1

3(m + 1)2

}
.

Proof. Let r ∈ W2 and u, y ∈ [0, ∞). By using Taylor’s formula we have

r(y) = r(u) + (roρ−1)′(ρ(u))(ρ(y) − ρ(u)) +
∫ ρ(y)

ρ(u)
(ρ(y)− v)(roρ−1)′′(v) dv. (12)

We use the equality

(roρ−1)′′(ρ(u)) =
r′′(u)

(ρ′(u))2
− r′′(u)

ρ′′(u)
(ρ′(u))3

.

Now, put v = ρ(z) in the last term in equality (12), we get

∫ ρ(y)

ρ(u)
(ρ(y) − v)(roρ−1)′′(v) dv =

∫ y

u
(ρ(y)− ρ(z))

r′′(z)ρ′(z)− r′(z)ρ′′(v)
(ρ′(z))2

dz

=
∫ ρ(y)

ρ(u)
(ρ(y)− v)

r′′(ρ−1(v))

(ρ′(ρ−1(v))2
dv −

∫ ρ(y)

ρ(u)
(ρ(y) − v)

r′(ρ−1(v))ρ′′(ρ−1(v))

(ρ′(ρ−1(v))3
dv.

(13)
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By applying the operator (3) to the both sides of equality (12) and by using Lemma 1 and (13),

we deduce

K
ρ

m (r; u) = r(u) +K
ρ

m

( ∫ ρ(y)

ρ(u)
(ρ(y) − v)

r′′(ρ−1(v))

(ρ′(ρ−1(v))2
dv; u

)

−K
ρ

m

( ∫ ρ(y)

ρ(u)
(ρ(y) − v)

r′(ρ−1(v))ρ′′(ρ−1(v))

(ρ′(ρ−1(v))3
dv; u

)
.

As we know ρ is strictly increasing on [0, ∞) and with condition (ρ2), we get

|K ρ
m (r; u)− r(u)| ≤ M

ρ
m,2(u)

(
‖r′′‖+ ‖r′‖‖ρ′′‖

)
,

where

M
ρ
m,2(u) = K

ρ
m ((ρ(y) − ρ(u))2; u).

For all g ∈ CB[0, ∞), we have

|K ρ
m (r; u)| ≤ ‖goρ−1‖2−mρ(u)

∞

∑
j=0

(mρ(u))j

2j j!
≤ ‖g‖K ρ

m (1; u) = ‖g‖.

Hence, we have

|K ρ
m (g; u)−g(u)| ≤ |K ρ

m (g − r; u)|+ |K ρ
m (r; u)− r(u)|+ |r(u)− g(u)|

≤ 2‖g − r‖+
{ 1

(m + 1)2
ρ2(u) +

2m − 1

(m + 1)2
ρ(u) +

1

3(m + 1)2

}
(‖r′′‖+ ‖r′‖‖ρ′′‖),

if we choose D= max{2, ‖ρ′′‖}, then

|K ρ
m (g; u)− g(u)| ≤ D

(
2‖g − r‖+

{ 1

(m + 1)2
ρ2(u) +

2m − 1

(m + 1)2
ρ(u) +

1

3(m + 1)2

}
‖r′′‖W2

)
.

Taking infimum over all r ∈ W2 we obtain

|K ρ
m (g; u)− g(u)| ≤ DK(g, δm(u)).

Now, we recall the Lipschitz class given in [13]. Let ρ be a function satisfying the conditions

(ρ1), (ρ2), 0 < α ≤ 1 and LipH (ρ(u); α), H ≥ 0, is the set of functions g satisfying the

inequality

|g(y) − g(u)| ≤ H |ρ(u)− ρ(u)|α , u, y ≥ 0.

Moreover, for a bounded subset Y ⊂ [0, ∞), we say that the function g ∈ CB[0, ∞) belongs to

LipH (ρ(u); α), 0 < α ≤ 1, on Y if

|g(z)− g(u)| ≤ Hα,g|ρ(y)− ρ(u)|α , u ∈ Y and y ≥ 0,

where Hα,g is a constant depending on α and g.

Theorem 7. Let ρ be a function satisfying the conditions (ρ1), (ρ2). Then for any function

g ∈ LipH (ρ(u); α), 0 < α ≤ 1, and for every u ∈ (0, ∞), m ∈ N, we have

|K ρ
m (g; u)− g(u)| ≤ H (δm(u))

α/2,

where

δm(u) =
{ 1

(m + 1)2
ρ2(u) +

2m − 1

(m + 1)2
ρ(u) +

1

3(m + 1)2

}
.
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Proof. Assume that α = 1. Then, for g ∈ LipH (α; 1) and u ∈ (0, ∞), we have

|K ρ
m (g; u)− g(u)| ≤ K

ρ
m (|g(y) − g(u)|; u) ≤ H K

ρ
m (|ρ(y) − g(u)|; u).

By applying Cauchy-Schwartz inequality, we get

|K ρ
m (g; u)− g(u)| ≤ H

[
K

ρ
m ((ρ(y) − ρ(u))2; u)

]1/2 ≤ H

√
δm(u).

Let us assume that α ∈ (0, 1). Then, for g ∈ LipH (α; 1) and u ∈ (0, ∞), we have

|K ρ
m (g; u)− g(u)| ≤ K

ρ
m (|g(y) − g(u)|; u) ≤ H K

ρ
m (|ρ(y) − g(u)|α ; u).

By taking p = 1/α and q = 1/(1 − α), g ∈ LipH (ρ(u); α), and applying Hölder’s inequality

we have

|K ρ
m (g; u)− g(u)| ≤ H

[
K

ρ
m (|(ρ(y) − ρ(u)|; u)

]α
.

Finally, by applying Cauchy-Schwartz inequality, we get

|K ρ
m (g; u)− g(u)| ≤ H (δm(u))

α/2.

Theorem 8. Let ρ be a function satisfying the conditions (ρ1), (ρ2) and Y be a bounded subset

of [0, ∞). Then for any g ∈ LipH (ρ(u); α), 0 < α ≤ 1, on Y , we have

|K ρ
m (g; u)− g(u)| ≤ Hα,g{(δm(u))

α/2 + 2[ρ′(u)]αdα(u, Y )}, u ∈ [0, ∞), m ∈ N,

where

d(u, Y ) = inf{‖u − z‖ : z ∈ Y },

Mα,g is a constant depending on α and g, and

δm(u) =
{ 1

(m + 1)2
ρ2(u) +

2m − 1

(m + 1)2
ρ(u) +

1

3(m + 1)2

}
.

Proof. Let Y be the closure of Y in [0, ∞). Then there exists a point u0 ∈ Y such that

d(u, Y ) = |u − u0|.

Using the monotonicity of K
ρ

m and the hypothesis of g, we obtain

|K ρ
m (g; u)− g(u)| ≤ K

ρ
m (|g(y) − g(u0)|; u) + K

ρ
m (|g(u) − g(u0)|; u)

≤ Mα,g{K ρ
m (|ρ(y) − ρ(u0)|α; u) + |ρ(u)− ρ(u0)|α}

≤ Hα,g{K ρ
m (|ρ(y) − ρ(u)|α ; u) + 2|ρ(u) − ρ(u0)|α}.

By using Hölder’s inequality for p = 2/α and q = 2/(2 − α), as well as the fact

|ρ(u)− ρ(u0)| = ρ′(u)|ρ(u) − ρ(u0)|

in the last inequality we get

|K ρ
m (g; u)− g(u)| ≤ Hα,g{[K ρ

m ((ρ(y) − ρ(u))2; u)]1/2 + 2[ρ′(u)|ρ(u) − ρ(u0)|]α}.

Hence, by Corollary1 we get the proof.
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Now, we recall the local approximation given in [18] for g ∈ CB[0, ∞), given as

ω̃
ρ
α(g; u) = sup

y 6=u,y∈(0,∞)

|g(y) − g(u)|
|y − u|α , u ∈ [0, ∞) and α ∈ (0, 1]. (14)

Then we get the next result.

Theorem 9. Let g ∈ CB[0, ∞) and α ∈ (0, 1]. Then, for all u ∈ [0, ∞), we have

|K ρ
m (g; u)− g(u)| ≤ ω̃

ρ
α(g; u)(δm(u))

α/2,

where

δm(u) =
{ 1

(m + 1)2
ρ2(u) +

2m − 1

(m + 1)2
ρ(u) +

1

3(m + 1)2

}
.

Proof. We know that

|K ρ
m (g; u)− g(u)| ≤ K

ρ
m (|g(y) − g(u)|; u).

From equation (14), we have

|K ρ
m (g; u)− g(u)| ≤ ω̃

ρ
α(g; u)K

ρ
m (|ρ(y) − ρ(u)|α ; u).

By applying Hölder’s inequality with p = 2/α and q = 2/(2 − α), we have

|K ρ
m (g; u)− g(u)| ≤ ω̃

ρ
α(g; u)[K

ρ
m,q((ρ(y) − ρ(u))2; u)]α/2 ≤ ω̃

ρ
α(g; u)(δm(u))

α/2,

which proves the desired result
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[7] Bernstein S.N. Démonstation du théorème de Weierstrass fondée sur le calcul de probabilités. Commun. Soc. Math.

Kharkow 1912, 2 série, 13 (1), 1–2.
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Касiм М., Хан А., Аббас З., Мурсалiн М. Властивостi збiжностi узагальнених операторiв Лупа-

ша-Канторовича // Карпатськi матем. публ. — 2021. — Т.13, №3. — C. 818–830.

У цiй статтi ми розглядаємо модифiкацiю Канторовича узагальнених операторiв Лупаша,

конструкцiя яких залежить вiд неперервно диференцiйовної зростаючої i необмеженої фун-

кцiї ρ. Для цих нових операторiв ми даємо зважену апроксимацiю, теорему типу Вороновської,

кiлькiснi оцiнки для локальної апроксимацiї.

Ключовi слова i фрази: оператор Лупаша, оператор Канторовича, теорема типу Коровкiна,

теорема про збiжнiсть, теорема типу Вороновської.


