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Lupaş post quantum Bernstein operators over arbitrary
compact intervals

Khan A.1, Iliyas M.1, Mansoori M.S.1, Mursaleen M.1,2,

This paper deals with Lupaş post quantum Bernstein operators over arbitrary closed and

bounded interval constructed with the help of Lupaş post quantum Bernstein bases. Due to the

property that these bases are scale invariant and translation invariant, the derived results on arbi-

trary intervals are important from computational point of view. Approximation properties of Lupaş

post quantum Bernstein operators on arbitrary compact intervals based on Korovkin type theorem

are studied. More general situation along all possible cases have been discussed favouring conver-

gence of sequence of Lupaş post quantum Bernstein operators to any continuous function defined

on compact interval. Rate of convergence by modulus of continuity and functions of Lipschitz class

are computed. Graphical analysis has been presented with the help of MATLAB to demonstrate

approximation of continuous functions by Lupaş post quantum Bernstein operators on different

compact intervals.
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Introduction

In 1912, S.N. Bernstein [14] introduced the famous polynomials for any bounded function f

defined on [0, 1] as follows

Bµ( f ; x) =
µ

∑
r=0

(

µ

r

)

xr(1 − x)µ−r f

(

r

µ

)

, x ∈ [0, 1]. (1)

This sequence of operators Bµ : C[0, 1] → C[0, 1] defined for any µ ∈ N was proposed to pro-

vide a constructive proof of Weierstrass approximation theorem which attracted the attention

of many researchers due to its applications in CAGD and other areas and is named as Bernstein

polynomials [31].

In 1987, A. Lupaş [30] proposed the first q-analogue of Bernstein operators (rational) to

approximate any continuous function defined on [0, 1] via q-calculus as follows

Lµ,q( f ; x) =
µ

∑
r=0

f

(

[r]q
[µ]q

) [

µ

r

]

q

q
r(r−1)

2 xr (1 − x)µ−r

µ

∏
j=1

{(1 − x) + qj−1x}

.
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Ten years later, G.M. Phillips [42] introduced another generalization of the classical Bern-

stein operators (1) using q-calculus, the so-called Phillips q-Bernstein operators (polynomials)

as follows

Bµ,q( f ; x) =
µ

∑
r=0

[

µ

r

]

q

xr
µ−r−1

∏
s=0

(1 − qsx) f

(

[r]q
[µ]q

)

, x ∈ [0, 1], (2)

where Bµ,q : C[0, 1] → C[0, 1] defined for any µ ∈ N and any function f ∈ C[0, 1].

The Lupaş operators Lµ,q( f ; x) have an advantage of generating positive linear operators

for all q > 0, whereas Phillips polynomials generate positive linear operators for 0 < q < 1.

Extension of quantum calculus (q-calculus) is post quantum calculus ((p, q)-calculus).

Recently, first of all, M. Mursaleen et al. [35] applied concept of post quantum calculus or

(p, q)-calculus in Approximation Theory and introduced (p, q)-analogue of Bernstein opera-

tors based on (p, q)-integers. They also introduced and studied several other operators based

on post quantum calculus in [8–12,36–39]. For similar works in Approximation Theory and its

applications in Computer Aided Geometric Design, one can refer to [1–7, 15, 17–19, 21–29, 32,

33, 41, 44–48].

One of the advantage of using the extra parameter p has been discussed in [39].

Firstly, we give certain notations and basic definitions from (p, q)-calculus. For any p > 0

and q > 0, the (p, q) integers [µ]p,q are defined by

[µ]p,q = pµ−1 + pµ−2q + pµ−3q2 + · · ·+ pqµ−2 + qµ−1 =



























pµ−qµ

p−q , when p 6= q 6= 1,

µ pµ−1, when p = q 6= 1,

[µ]q, when p = 1,

µ, when p = q = 1,

where [µ]q denotes the q-integers and µ = 0, 1, 2, · · · .

The formula for (p, q)-binomial expansion is as follows

(ax + by)
µ
p,q :=

µ

∑
r=0

p
(µ−r)(µ−r−1)

2 q
r(r−1)

2

[

µ

r

]

p,q

aµ−rbrxµ−ryr,

(x + y)
µ
p,q = (x + y)(px + qy)(p2 x + q2y) · · · (pµ−1x + qµ−1y),

(1 − x)
µ
p,q = (1 − x)(p − qx)(p2 − q2x) · · · (pµ−1 − qµ−1x),

where (p, q)-binomial coefficients are defined by
[

µ

r

]

p,q

=
[µ]p,q!

[r]p,q![µ − r]p,q!
.

For more details on (p, q)-calculus, one can refer to [17, 35, 39, 43].

1 Essential preliminaries and review of results

M. Mursaleen et al. [35] introduced (p, q)-Bernstein operators for 0 < q < p ≤ 1 to ap-

proximate any f ∈ C[0, 1] as follows

Bµ,p,q( f ; x) =
1

p
µ(µ−1)

2

µ

∑
r=0

[

µ

r

]

p,q

p
r(r−1)

2 xr
µ−r−1

∏
s=0

(ps − qsx) f

(

[r]p,q

pr−µ[µ]p,q

)

, x ∈ [0, 1]. (3)
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Note that the above operator approximate continuous function for sequence qµ and pµ satisfy-

ing 0 < qµ < pµ ≤ 1.

Also when p = 1, (p, q)-Bernstein operators given by (3) turns out to equation (2) which

is known as Phillips q-Bernstein operators [42].

On the other hand, another sequence of operators as (p, q)-analogue of Lupaş Bernstein

operators L
µ
p,q : C[0, 1] → C[0, 1] is introduced by Kh. Khan, D.K. Lobiyal in [28], namely for

all p > 0, q > 0,

L
µ
p,q( f ; x) =

µ

∑
k=0

f

(

pµ−k [k]p,q

[µ]p,q

) [

µ

k

]

p,q

p
(µ−k)(µ−k−1)

2 q
k(k−1)

2 xk (1 − x)µ−k

µ

∏
j=1

{pj−1(1 − x) + qj−1x}

. (4)

Also note that in [28] authors have discussed only one case in which sequence of operators

L
µ
p,q( f ; x) approximates continuous functions for sequence qµ and pµ satisfying 0< qµ< pµ≤1.

Now in this paper we reanalyse the convergence criteria and also discuss the other cases in

which convergence hold by extending [0, 1] to [α, β].

The paper is organized as follows. In Section 2, we define a Lupaş (p, q)-analogue of

Bernstein basis functions over [α, β] which will be used to construct the operator and which

may be useful to construct Bézier curves and surfaces in CAGD. In Section 3, (p, q)-analogue

of Lupaş operators are constructed and their approximation properties via Korovkin’s type

approximation theorem are presented and convergence criteria are reanalysed. The conver-

gence criteria has been widely used by many mathematicians in their papers for different

operators using quantum and post quantum calculus (see [8, 9, 34] and [28, remark (5.1)]).

In [16], Q.B. Cai and X.W. Xu indicated this as a basic problem of (p, q)-Bernstein-type oper-

ators (3), i.e. choosing (pµ, qµ)-integer satisfying 0 < qµ < pµ ≤ 1, lim
µ→∞

pµ = 1, lim
µ→∞

qµ = 1

with lim
µ→∞

[µ]pµ ,qµ = ∞ for which the sequence of operators (3) converges uniformly to con-

tinuous functions defined on [0, 1]. Kh. Khan, D.K. Lobiyal in [28] mentioned the following

criteria for convergence in Remark (5.1): let pµ and qµ be the sequeces of real numbers sat-

isfying 0 < qµ < pµ ≤ 1, lim
µ→∞

pµ = 1, lim
µ→∞

qµ = 1 and lim
µ→∞

p
µ
µ = 1, lim

µ→∞
q

µ
µ = 1, then

lim
µ→∞

[µ]pµ ,qµ = ∞ and lim
µ→∞

[µ−1]pµ,qµ

[µ]pµ,qµ
= 1. Later in [8], author presented an assertion: let qµ, pµ

such that 0 < qµ < pµ ≤ 1 and qµ → 1, pµ → 1, qµ → a, pµ → b as µ → ∞, a < b, then

lim
µ→∞

[µ]pµ ,qµ = ∞. In [16], authors did not give proof but they found out the class of sequences

pµ and qµ satisfying the above criteria mentioned in [8]. We present an extended form of a

convergence criteria by theorem and provide proofs. We state a theorem with proof which

guarantees convergence. We show that when p and q are fixed numbers, then convergence

can not be established in some cases. But convergence in those cases can also be achieved by

choosing sequences pµ and qµ satisfying certain criteria.

Classical Bernstein basis function over arbitrary interval [α, β] is given by

B
µ
r (u; [α, β]) =

[

µ

r

]

(u − α)r (β − u)µ−r

(β − α)µ for r = 0, 1, . . . , µ.



Lupaş post quantum Bernstein operators over arbitrary compact intervals 737

P. Simeonova et al. defined quantum q-Bernstein basis functions for arbitrary interval [45]

as follows

B
µ
r (u; [α, β]; q) =

[

µ

r

]

q

(u − α) . . . (u − qr−1α) (β − u) . . . (β − qµ−r−1u)

(β − α) . . . (β − qµ−1α)
for r = 0, 1, . . . , µ.

Motivated by the work of Kh. Khan, D.K. Lobiyal [28], we extend post quantum Bernstein

basis functions and sequence of operators over arbitrary interval [α, β].

2 Construction of post quantum Lupaş basis functions on interval [α, β]

Extension of Lupaş type post quantum analogue of the Bernstein functions (rational) over

[α, β] using post quantum binomial expansion is defined as follows.

For any p > 0 and q > 0, we set

b
r,µ
p,q(t; α, β) =

[

µ

r

]

p,q

p
(µ−r)(µ−r−1)

2 q
r(r−1)

2 (t − α)r (β − t)µ−r

µ

∏
j=1

{pj−1(β − t) + qj−1(t − α)}

, (5)

where b
0,µ
p,q(t; α, β), b

1,µ
p,q(t; α, β), · · · , b

µ,µ
p,q (t; α, β) are the (p, q)-analogue of the Lupaş q-Bernstein

functions [20] of degree µ on the interval [α, β].

Some observations about basis functions (5) are listed below.

1. When p = 1 and α = 0, β = 1, Lupaş post quantum Bernstein functions over [α, β] turns

out to be Lupaş q-Bernstein functions as given in [20], whereas when p = q = 1, and

α = 0, β = 1, Lupaş post quantum Bernstein functions turns out to be classical Bernstein

functions.

2. These basis functions are translation invariant and scale invariant both. While basis of

operator (3) are not translation invariant but scale invariant.

Translation invariance: for any real number c

b
r,µ
p,q(t + c; α + c, β + c) = b

r,µ
p,q(t; α, β).

Scale invariance: for any nonzero real number c 6= 0

b
r,µ
p,q(ct; cα, cβ) = b

r,µ
p,q(t; α, β).

3. These basis functions (5) forms the basis of operator (4) for the values α = 0 and β = 1.

4. These basis functions are nonnegative for all p, q > 0, while basis functions of operator

(3) are nonnegative on interval [0, 1] for 0 < q < p < ∞.

Further, we construct sequence of operators over an arbitrary interval [α, β], using these

basis functions (5) and derive some results which will be useful from computational aspects.
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3 Construction of operators on arbitrary compact intervals

Now, we present post quantum analogue of Lupaş Bernstein operators over [α, β] as fol-

lows.

For any p > 0 and q > 0, the operators L
µ,α,β
p,q : C[α, β] → C[α, β] are defined by

L
µ,α,β
p,q ( f ; x) =

µ

∑
r=0

f

(

α +
(β−α)pµ−r [r]p,q

[µ]p,q

) [

µ

r

]

p,q

p
(µ−r)(µ−r−1)

2 q
r(r−1)

2 (x − α)r (β − x)µ−r

µ

∏
j=1

{pj−1(β − x) + qj−1(x − α)}

. (6)

Again, when p = 1, and α = 0, β = 1, post quantum Lupaş Bernstein operators turns out

to be Lupaş q-Bernstein operators as given in [30].

When p = q = 1, α = 0, β = 1 post quantum Lupaş Bernstein operators on [α, β] turns out

to be classical Bernstein operators.

It follows directly from the definition that operators L
µ,α,β
p,q ( f ; t) possess the end point in-

terpolation property, that is

L
µ,α,β
p,q ( f ; α) = f (α), L

µ,α,β
p,q ( f ; β) = f (β)

for all p > 0 and q > 0, and all µ = 1, 2, · · · .

Clearly the sequence of operators L
µ,α,β
p,q (t) is positive for all p > 0, q > 0. Also it is linear

as L
µ,α,β
p,q (a f + bg) = aL

µ,α,β
p,q ( f ) + bL

µ,α,β
p,q (g) for all f , g ∈ C[α, β] and a, b ∈ R. Hence, L

µ,α,β
p,q (t)

is positive linear operator on C[α, β].

4 Some auxillary results for Chebyshev test functions

The following properties hold:

(1) L
µ,α,β
p,q (1;

βu+α
u+1 ) = 1,

(2) L
µ,α,β
p,q (t; βu+α

u+1 ) = βu+α
u+1 ,

(3) L
µ,α,β
p,q (t2;

βu+α
u+1 ) = α2 +

(

u
u+1

pµ−1

[µ]p,q
+ qu

u+1(
qu

p+qu )
[µ−1]p,q

[µ]p,q

)

(β − α)2 + 2α(β − α) u
u+1 ,

or equivalently for x = βu+α
u+1

(1) L
µ,α,β
p,q (1; x) = 1,

(2) L
µ,α,β
p,q (t; x) = x,

(3) L
µ,α,β
p,q (t2; x) = α2 +

(

pµ−1(x−α)
[µ]p,q(β−α)

+ q2(x−α)2

(β−α)(p(β−x)+q(x−α))
[µ−1]p,q

[µ]p,q

)

(β − α)2 + 2α(x − α).

Proof. Using post quantum binomial expansion, (1) is obvious, namely

L
µ,α,β
p,q

(

1;
βu + α

u + 1

)

=
µ

∑
r=0

[

µ

r

]

p,q

p
(µ−r)(µ−r−1)

2 q
r(r−1)

2 ur

µ

∏
j=1

{pj−1 + qj−1u}

= 1.
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(2)

L
µ,α,β
p,q

(

t;
βu + α

u + 1

)

=
µ

∑
r=0

(

α + (β − α)
pµ−r [r]p,q

[µ]p,q

) [

µ

r

]

p,q

p
(µ−r)(µ−r−1)

2 q
r(r−1)

2 ur

µ

∏
j=1

{pj−1 + qj−1u}

=
µ

∑
r=0

(

α + (β − α)
pµ−r [r]p,q

[µ]p,q

) [

µ

r

]

p,q

p
(µ−r)(µ−r−1)

2 q
r(r−1)

2 ur

µ−1

∏
j=0

{pj + qju}

,

L
µ,α,β
p,q

(

t;
βu + α

u + 1

)

= α +
µ

∑
r=0

(β − α)pµ−r

[

µ − 1

r − 1

]

p,q

p
(µ−r)(µ−r−1)

2 q
r(r−1)

2 ur

µ−1

∏
j=0

{pj + qju}

= α +
µ

∑
r=1

(β − α)pµ−r

[

µ − 1

r − 1

]

p,q

p
(µ−r)(µ−r−1)

2 q
r(r−1)

2 ur

µ−1

∏
j=0

{pj + qju}

⇒ L
µ,α,β
p,q

(

t;
βu + α

u + 1

)

= α + (β − α)
µ−1

∑
r=0

pµ−r−1

[

µ − 1

r

]

p,q

p
(µ−r−1)(µ−r−2)

2 q
r(r+1)

2 ur+1

µ−1

∏
j=0

{pj + qju}

= α +
(β − α)u

u + 1

µ−1

∑
r=0

pµ−1

[

µ − 1

r

]

p,q

p
(µ−r−1)(µ−r−2)

2 q
r(r−1)

2 ( qu
p )

r

µ−2

∏
j=0

{pj p + qj(qu)}

⇒ L
µ,α,β
p,q

(

t;
βu + α

u + 1

)

= α +
(β − α)u

u + 1

µ−1

∑
r=0

[

µ − 1

r

]

p,q

p
(µ−r−1)(µ−r−2)

2 q
r(r−1)

2 ( qu
p )

r

µ−2

∏
j=0

{pj + qj( qu
p u)}

= α +
(β − α)u

u + 1
=

βu + α

u + 1
,

or equivalently for x = βu+α
u+1

L
µ,α,β
p,q (t, x) = x.

(3) To prove, L
µ,α,β
p,q (t2, x) = α2 +

(

pµ−1(x−α)
[µ]p,q(β−α)

+ q2 (x−α)2

(β−α)(p(β−x)+q(x−α))
[µ−1]p,q

[µ]p,q

)

(β − α)2 +

2α(x − α), consider



740 Khan A., Iliyas M., Mansoori M.S., Mursaleen M.

L
µ,α,β
p,q

(

t2;
βu + α

u + 1

)

=
µ

∑
r=0

(

α + (β − α)
pµ−r [r]p,q

[µ]p,q

)2 [

µ

r

]

p,q

p
(µ−r)(µ−r−1)

2 q
r(r−1)

2 ur

∏
µ−1
j=0 {pj + qju}

= (β − α)2
µ

∑
r=0

p2µ−2r [r]p,q

[µ]p,q

[

µ − 1

r − 1

]

p,q

p
(µ−r)(µ−r−1)

2 q
r(r−1)

2 ur

∏
µ−1
j=0 {pj + qju}

+ α2 + 2α(β − α)
µ

∑
r=0

pµ−r [r]p,q

[µ]p,q

[

µ

r

]

p,q

p
(µ−r)(µ−r−1)

2 q
r(r−1)

2 ur

∏
µ−1
j=0 {pj + qju}

= (β − α)2 u

u + 1

µ−1

∑
r=0

pµ−1−r [r + 1]p,q

[µ]p,q

[

µ − 1

r

]

p,q

p
(µ−r−1)(µ−r−2)

2 q
r(r−1)

2 ( qu
p )

r

∏
µ−2
j=0 {pj + qj( q

p u)}

+ α2 + 2α(β − α)
u

u + 1

⇒ L
µ,α,β
p,q

(

t2;
βu + α

u + 1

)

= (β − α)2 u

u + 1

[µ − 1]p,q

[µ]p,q

×
µ−1

∑
r=0

pµ−1−r

(

pr + q[r]p,q

[µ − 1]p,q

)

[

µ − 1

r

]

p,q

p
(µ−r−1)(µ−r−2)

2 q
r(r−1)

2 ( qu
p )

r

∏
µ−2
j=0 {pj + qj( q

p u)}

+ α2 + 2α(β − α)
u

u + 1
= (β − α)2

(

u

u + 1

pµ−1

[µ]p,q

+
qu

u + 1

[µ − 1]p,q

[µ]p,q

µ−1

∑
r=0

pn−r−1

[

µ − 2

r − 1

]

p,q

p
(µ−r−1)(µ−r−2)

2 q
r(r−1)

2 ( qu
p )

r

∏
µ−2
j=0 {pj + qj( q

p u)}

)

+ α2 + 2α(β − α)
u

u + 1

⇒ L
µ,α,β
p,q

(

t2;
βu + α

u + 1

)

= (β − α)2

(

u

u+1

pµ−1

[µ]p,q
+

qu

u+1

[µ − 1]p,q

[µ]p,q

qu
p

1 + qu
p

×
µ−2

∑
r=0

pµ−2

[

µ − 2

r

]

p,q

p
(µ−r−2)(µ−r−3)

2 q
r(r−1)

2 ( q2u
p2 )

r

pµ−2 ∏
µ−3
j=0 {pj + qj( q2

p2 u)}

)

+ α2 + 2α(β− α)
u

u + 1

= α2+(β−α)2

(

u

u+1

pµ−1

[µ]p,q
+

qu

u+1

(

qu

p+qu

)

[µ − 1]p,q

[µ]p,q

)

+ 2α(β− α)
u

u + 1

or equivalently for x = βu+α
u+1 ,

L
µ,α,β
p,q (t2; x)=α2+

(

pµ−1(x− α)

[µ]p,q(β− α)
+

q2(x − α)2

(β−α)(p(β−x) + q(x−α))

[µ − 1]p,q

[µ]p,q

)

(β− α)2 + 2α(x− α).
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Remark 1. Clearly that L
µ,α,β
p,q (At + B) = Ax + B for all p > 0 and q > 0, A, B ∈ R and for all

µ = 1, 2, 3, · · · . It means that operator L
µ,α,β
p,q (t) preserves linear test functions.

5 Convergence criteria

Now, we analyse the conditions for convergence by sequence of operators (6) to any con-

tinuous function defined on [α, β].

Remark 2. For q > 0 and p > 0, it is easy to compute that lim
µ→∞

[µ]p,q = 0 or 1
p−q or 1

q−p or ∞

and lim
µ→∞

[µ−1]p,q

[µ]p,q
= 1 or 1

p or 1
q .

Consider the following cases.

Case 1. When 0 < q < p < 1, then lim
µ→∞

[µ]p,q = 0 and lim
µ→∞

[µ−1]p,q

[µ]p,q
= 1

p .

Proof. Recall that [µ]p,q = pµ−qµ

p−q , as both p and q satisfies 0 < p < 1, 0 < q < 1. So

lim
µ→∞

pµ = 0 and lim
µ→∞

qµ = 0, hence lim
µ→∞

pµ−qµ

p−q = 0. Now, [µ − 1]p,q = pµ−1−qµ−1

p−q , and
[µ−1]p,q

[µ]p,q
=

pµ−1−qµ−1

pµ−qµ = pµ−1

pµ

(

1−(q/p)µ−1

1−(q/p)µ

)

= 1
p

(

1−(q/p)µ−1

1−(q/p)µ

)

. For 0 <
q
p < 1, it is clear that lim

µ→∞
(q/p)µ = 0,

lim
µ→∞

(q/p)µ−1 = 0, and hence lim
µ→∞

[µ−1]p,q

[µ]p,q
= 1

p .

Similarly other cases can be proved.

Case 2. When 0 < q < 1 and p = 1, then lim
µ→∞

[µ]p,q = 1
1−q and lim

µ→∞

[µ−1]p,q

[µ]p,q
= 1.

Case 3. When 0 < p < q < 1, then lim
µ→∞

[µ]p,q = 0 and lim
µ→∞

[µ−1]p,q

[µ]p,q
= 1

q .

Case 4. When 0 < p < 1 and q = 1, then lim
µ→∞

[µ]p,q = 1
1−p and lim

µ→∞

[µ−1]p,q

[µ]p,q
= 1.

Case 5. When 1 ≤ q < p < ∞, then lim
µ→∞

[µ]p,q = ∞ and lim
µ→∞

[µ−1]p,q

[µ]p,q
= 1

p .

Case 6. When 1 ≤ p < q < ∞, then lim
µ→∞

[µ]p,q = ∞ and lim
µ→∞

[µ−1]p,q

[µ]p,q
= 1

q .

Observe that in all the cases of choosing p and q lim
µ→∞

[µ]p,q 6= ∞ and lim
µ→∞

[µ−1]p,q

[µ]p,q
6= 1

simultaneously. One can notice from the results for test functions 1, t and t2 (especially the

expression of L
µ,α,β
p,q (t2; x)) that in order to reach convergence result by the operator, we must

have lim
µ→∞

[µ]p,q = ∞ and lim
µ→∞

[µ−1]p,q

[µ]p,q
= 1. When p and q are fixed numbers, then convergence

can not be established. In order to get these limits, we need to choose sequences pµ and qµ

based on following remarks.

Remark 3. Notice that in Case 1 and Case 3 of Remark (2) convergence can not be established

for fixed p and q. For the Case 2 and Case 6, we need a sequence q = qµ → 1 and for Case 4

and Case 5, we need a sequence p = pµ → 1.

Now we propose a theorem to overcome this shortcoming. Here one needs to choose

sequences p = pµ and q = qµ in place of fixed p and q satisfying Theorem 1.
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Theorem 1. Let p = pµ and q = qµ be the sequences of postive real numbers such that

lim
µ→∞

pµ = 1, lim
µ→∞

qµ = 1 and lim
µ→∞

p
µ
µ = M1, lim

µ→∞
q

µ
µ = M2, where M1 and M2 are any pos-

itive real numbers. Then lim
µ→∞

[µ]p,q = ∞ and lim
µ→∞

[µ−1]p,q

[µ]p,q
= 1.

The above theorem has been widely used by many authors in different form for different

operators based on q-integer and (p, q)-integer (see [8, 9, 34], [28, remark (5.1)]). Proof has not

been provided yet, however in [16], Q.B. Cai and X.W. Xu has found the class of sequences qµ

and pµ satisfying 0 < qµ < pµ ≤ 1 and qµ → 1, pµ → 1 such that lim
µ→∞

[µ]pµ ,qµ = ∞. To prove

the above Theorem 1, first we prove the following lemma.

Lemma 1. Let aµ be a sequence of positive real numbers such that lim
µ→∞

aµ =1 and lim
µ→∞

(aµ)µ=M,

where M is any positive real number. Then lim
µ→∞

[µ]aµ = ∞.

Proof. To prove this we need [13, Theorem 3.6.4 and Remark (a)].

Following cases are arised.

Case 1. 1 < aµ < ∞ for all µ ≥ m0 and some m0 ∈ N. We have [µ]aµ =
1−aµ

µ

1−aµ
=

1 + aµ + aµ
2 + · · · + aµ

µ−1
> 1 + 1 + 1 + · · · + 1 = µ. Hence µ < [µ]aµ for all µ ≥ m0. Thus

lim
µ→∞

[µ]aµ = ∞.

Case 2. aµ = 1 for all µ ≥ m0 and some m0 ∈ N. We have [µ]aµ = µ for all µ ≥ m0. Hence

lim
µ→∞

[µ]aµ = ∞.

Case 3. 0 < aµ < 1 for all µ ≥ m0 and some m0 ∈ N. Let bµ = 1
aµ

. We have [µ]aµ =
1−aµ

µ

1−aµ
=

(aµ)
µ

(aµ)

(

(1/aµ)
µ−1

(1/aµ)−1

)

=
(aµ)

µ

(aµ)
[µ] 1

aµ
=

(aµ)
µ

(aµ)
[µ]bµ

. Clearly 0 < aµ < 1 ⇒ 1 <
1
aµ

< ∞ ⇒ 1 < bµ < ∞

for all µ ≥ m0. By Case 1 lim
µ→∞

[µ]bµ
= ∞. So, lim

µ→∞
[µ]aµ =

lim
µ→∞

(aµ)
µ

lim
µ→∞

(aµ)
× lim

µ→∞
[µ]bµ

= ∞.

Proof of Theorem 1. Let aµ =
pµ

qµ
,

[µ]pµ ,qµ =
p

µ
µ − q

µ
µ

pµ − qµ
=

q
µ
µ

qµ

((
pµ

qµ
)µ − 1

(
pµ

qµ
)− 1

)

=
q

µ
µ

qµ
[µ] pµ

pµ

=
q

µ
µ

qµ
[µ]aµ , lim

µ→∞
aµ =

lim
µ→∞

pµ

lim
µ→∞

qµ
= 1

and lim
µ→∞

(aµ)µ =
lim

µ→∞
(pµ)µ

lim
µ→∞

(qµ)µ = M1
M2

> 0, hence by Lemma 1, we have lim
µ→∞

[µ]aµ = ∞. Finally,

lim
µ→∞

[µ]pµ ,qµ =
lim

µ→∞
(qµ)µ

lim
µ→∞

(qµ)
lim

µ→∞
[µ]aµ = ∞.

Consider
[µ−1]pµ,qµ

[µ]pµ,qµ
=

p
µ−1
µ −q

µ−1
µ

p
µ
µ−q

µ
µ

=
q

µ−1
µ

q
µ
µ

(

(
pµ
qµ

)µ−1−1

(
pµ
qµ

)µ−1

)

= 1
qµ

(

(aµ)
µ−1−1

(aµ)µ−1

)

= 1
qµ

(

1−(aµ)
µ−1

1−(aµ)µ

)

.

Now,

(

1−(aµ)
µ−1

1−(aµ)µ

)

=
(1−aµ)(1+aµ+a2

µ+···+a
µ−2
µ )

(1−aµ)(1+aµ+a2
µ+···+a

µ−2
µ +a

µ−1
µ )

=
1+aµ+a2

µ+···+a
µ−2
µ +a

µ−1
µ −a

µ−1
µ

1+aµ+a2
µ+···+a

µ−2
µ +a

µ−1
µ

=
[µ]aµ−a

µ−1
µ

[µ]aµ
=

1 −
(a

µ
µ)

aµ[µ]aµ
. Hence

[µ−1]pµ,qµ

[µ]pµ,qµ
= 1

qµ

(

1 −
(a

µ
µ)

aµ[µ]aµ

)

⇒ lim
µ→∞

[µ−1]p,q

[µ]p,q
= lim

µ→∞

1
qµ

lim
µ→∞

(

1 −
(aµ)

µ

aµ[µ]aµ

)

=

1(1 − 0) = 1.
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Observe that Lemma 1 is quantum version of Theorem 1. Now, we state a theorem which

guarantees this approximation process to approximate every continuous function from the

space C[α, β] by sequence of operators (6) for all p > 0 and q > 0, via Korovkin type approxi-

mation and using Remark 3.

Theorem 2. Let us consider sequences 0 < pµ, qµ < ∞ for each µ ∈ N such that lim
µ→∞

pµ = 1,

lim
µ→∞

qµ = 1 and lim
µ→∞

p
µ
µ = M1, lim

µ→∞
q

µ
µ = M2, where M1 > 0 and M2 > 0. Then for each

f ∈ C[α, β], L
µ,α,β
p,q ( f ; x) converges uniformly to f on C[α, β].

Proof. Let us recall the following Korovkin’s theorem.

Let (Tµ) be a sequence of positive linear operators from C[α, β] into C[α, β]. Then

lim
µ

‖Tµ( f , x)− f (x)‖C[α,β] = 0, for all f ∈ C[α, β] if and only if lim
µ

‖Tµ( fi , x)− fi(x)‖C[α,β] = 0,

for i = 0, 1, 2, where f0(t) = 1, f1(t) = t and f2(t
2) = t2.

We need to show that if the sequence of operators converges for the test functions 1, t and

t2, then any continuous function can be approximated with the help of these positive linear

operators.

Since L
µ,α,β
p,q ( f ; x) are positive linear operators, the Korovkin’s theorem implies that

L
µ,α,β
p,q ( f ; x) → f (x)

if and only if L
µ,α,β
p,q (tm, x) → xm for all x ∈ [α, β] and m = 0, 1, 2.

Following cases can arise.

Case 1. If we choose sequences pµ and qµ satisfying 0 < qµ < pµ ≤ 1 for all µ ≥ N0

and some N0 ∈ N, such that lim
µ→∞

qµ = 1, lim
µ→∞

q
µ
µ = M, M > 0, then by squeeze theorem for

sequences, we have lim
µ→∞

pµ = 1 and lim
µ→∞

q
µ
µ ≤ lim

µ→∞
p

µ
µ ≤ 1 and hence lim

µ→∞
p

µ
µ = K, where K is

some positive real number.

Case 2. If we choose sequences pµ and qµ satisfying 0 < pµ < qµ ≤ 1 for all µ ≥ N0

and some N0 ∈ N, such that lim
µ→∞

pµ = 1, lim
µ→∞

p
µ
µ = M, M > 0, then squeeze theorem for

sequences implies that lim
µ→∞

qµ = 1 and lim
µ→∞

q
µ
µ = K, where K is some positive real number.

Case 3. When 1 ≤ qµ < pµ < ∞ for all µ ≥ N0 and some N0 ∈ N, such that lim
µ→∞

pµ = 1

and lim
µ→∞

p
µ
µ = M, M > 0, then by squeeze thorem we have lim

µ→∞
qµ = 1 and lim

µ→∞
q

µ
µ = K, where

K is some positive real number.

Case 4. When 1 ≤ pµ < qµ < ∞ for all µ ≥ N0 and some N0 ∈ N, such that lim
µ→∞

qµ = 1

and lim
µ→∞

q
µ
µ = M, M > 0, then by squeeze thorem we have lim

µ→∞
pµ = 1 and lim

µ→∞
p

µ
µ = K,

where K is some positive real number.

In all the cases we get lim
µ→∞

[µ]pµ ,qµ = ∞, lim
µ→∞

[µ−1]pµ,qµ

[µ]pµ,qµ
= 1, and thus lim

µ→∞

p
µ−1
µ x

[µ]pµ,qµ
= 0, which

implies

α2 +

(

p
µ−1
µ

[µ]pµ ,qµ

(x − α)

(β − α)
+

q2
µ (x − α)2

(β − α)(pµ(β − x) + qµ(x − α))

[µ − 1]pµ ,qµ

[µ]pµ ,qµ

)

(β − α)2 + 2α(x − α)

→ α2 + (x − α)2 + 2α(x − α) = x2.

This completes the proof.
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Remark 4. To show the convergence of sequence of operators (6) to any continuous function

defined on [0, 1], authors of [28] have discussed only some particular part of Case 2, consid-

ered in the proof of Theorem 2. They have taken condition on choosing sequences pµ and qµ

satisfying 0 < qµ < pµ ≤ 1 such that lim
µ→∞

pµ = 1, lim
µ→∞

qµ = 1 and lim
µ→∞

p
µ
µ = 1, lim

µ→∞
q

µ
µ = 1,

while we take more general condition on sequences pµ and qµ in above Theorem 2.

Theorem 3. Let f ∈ C[α, β], g(x) = f (α + β − x). Then for any p > 0, q > 0,

L
µ,α,β
p,q ( f ; t) = L

µ,α,β
1
p , 1

q

(g; α + β − t) for t ∈ [α, β].

Proof. The proof of above theorem follows easily along the lines of [40] and using the following

relations

[µ]p,q = (pq)µ−1[µ] 1
q , 1

p
,

pr[µ − r]p,q

[µ]p,q
= 1 −

pr−µ[r] 1
q , 1

p

[µ] 1
q , 1

p

,

and
[

µ

r

]

p,q

=

[

µ

r

]

1
q , 1

p

(pq)
r(2µ−r+1)

2

(pq)
r(r+1)

2

.

Remark 5. For p = 1, α = 0 and β = 1 this equality coincides with [40, formula (10), Theo-

rem 3].

6 The Rate of Convergence

In this section, rates of convergence of the operators (6) obtained by modulus of continuity

and for the functions of Lipschitz type will be studied.

For any continuous function f ∈ C[α, β], the modulus of continuity w( f ; δ) is given by

w( f ; δ) = sup
u,x∈[α,β], |x−u|<δ

| f (x) − f (u)|

and it satisfies the two conditions below

lim
δ→0

w( f ; δ) = 0 and | f (x) − f (u)| ≤ w( f ; δ)

(

|x − u|

δ
+ 1

)

for all f ∈ E.

Theorem 4. Let p, q > 0, δ > 0 and f ∈ C[a, b]. We have

‖L
µ,α,β
p,q ( f ; x)− f (x)‖C[α,β] ≤ 2ω( f ; δµ),

where

δµ =

((

pµ−1(x − α)

[µ]p,q(β − α)
+

q2(x − α)2

(β − α)(p(β − x) + q(x − α))

[µ − 1]p,q

[µ]p,q

)

(β − α)2 − (x − α)2

)

1
2

.

Proof. For u ∈ [α, β], we take

|L
µ,α,β
p,q ( f ; u)− f (u)| ≤ w( f ; δ)

{

1 +
1

δ
(L

µ,α,β
p,q ((x − u)2 : u)

1
2

}

.
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Then using Lemma (2.2) we get

‖L
µ,α,β
p,q ( f ; u)− f (u)‖C[α,β] ≤ w( f ; δ)

{

1 +
1

δ
(L

µ,α,β
p,q ((x − u)2 : u)

1
2

}

≤ w( f ; δ)

{

1 +
1

δ

((

pµ−1(x − α)

[µ]p,q(β − α)

+
q2(x − α)2

(β − α)(p(β − x)+q(x − α))

[µ − 1]p,q

[µ]p,q

)

(β − α)2− (x − α)2

)
1
2
}

.

If we choose

δµ =

((

pµ−1(x − α)

[µ]p,q(β − α)
+

q2(x − α)2

(β − α)(p(β − x) + q(x − α))

[µ − 1]p,q

[µ]p,q

)

(β − α)2 − (x − α)2

)
1
2

,

then we have

‖L
µ,α,β
p,q ( f ; u)− f (u)‖C[α,β] ≤ 2ω( f ; δµ).

So we have the desired result.

Now we compute the rate of convergence for the functions of Lipschitz class.

Let f ∈ C[α, β] and 0 < ρ ≤ 1. We recall that f ∈ LipM(ρ) if | f (u)− f (v)| ≤ M|u − v|ρ for

all u, v ∈ [α, β].

Theorem 5. For all f ∈ LipM(ρ) we have ‖L
µ,α,β
p,q ( f ; u)− f (u)‖C[α,β] ≤ Mδ

ρ
µ(u), where

δµ =

((

pµ−1(x − α)

[µ]p,q(β − α)
+

q2(x − α)2

(β − α)(p(β − x) + q(x − α))

[µ − 1]p,q

[µ]p,q

)

(β − α)2 − (x − α)2

)
1
2

and M is a positive constant.

Proof. Let f ∈ LipM(ρ) and 0 < ρ ≤ 1. By (6) and linearity of L
µ,α,β
r,p,q ( f ; u), we have

|L
µ,α,β
p,q ( f ; u)− f (u)| ≤ L

µ,α,β
p,q (| f (x) − f (u)|) ≤ ML

µ,α,β
p,q (|x − u|ρ).

Using the Hölder’s inequality with l = 2
ρ and r = 2

2−ρ , we have

|L
µ,α,β
p,q ( f ; u)− f (u)| ≤ M(L

µ,α,β
p,q ((x − u)2))

ρ
2 ,

if we choose δ = δµ, then our proof is completed.

7 Graphical Analysis

Finally, let us consider the function f (x) = 2 + sin 5x for graphical analysis. In Figures

1, 2, 3, 4, 5 and 6, we have presented approximation of this function by Lupaş post quantum

Bernstein operators (6) on different intervals [α, β] for different values of p, q and µ.

Figures 1, 3 and 5 represent approximation of function f (x) = 2 + sin 5x by Lupaş post

quantum Bernstein operators (6) for µ = 20. Figures 2, 4 and 6 represent approximation of this

function by Lupaş post quantum Bernstein operators (6) for µ = 40. If we compare a figure on
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Figure 1: µ = 20
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Figure 2: µ = 40
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Figure 3: µ = 20
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Figure 4: µ = 40
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Figure 5: µ = 20
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Figure 6: µ = 40

left side by a figure on right side, wich means that µ increases from 20 to 40, approximation

becomes better for fixed p and q, which is also theortically true by Theorem 2.

Note, that Figures 1, 2 represent graphs on interval [0, 2], and Figures 5 and 6 represent

graphs on interval [−3,−1.5], when p and q tends to 1 from right. The graphs of operators

represented by blue colour are much closer to graph of function in comparison to graphs of

operators represented by red and green colours. It is also theoretically true by Theorem 2

(Case 3 and Case 4), approximation becomes better, when sequences pµ and qµ converges to 1

from right.
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У цiй статтi розглянуто постквантовi за Лупашом оператори Бернштейна над довiльним

замкнутим i обмеженим iнтервалом, побудованими за допомогою Лупашаiвських посткванто-

вих базисiв Бернштейна. Завдяки властивостi, що цi базиси є iнварiантними вiдносно масшта-

бування та вiдносно трансляцiй, отриманi результати на довiльних iнтервалах є важливими

з точки зору обчислень. Дослiджено апроксимацiйнi властивостi постквантових за Лупашом

операторiв Бернштейна на довiльних компактних iнтервалах на основi теореми типу Коров-

кiна. Обговорено бiльш загальну ситуацiю для всiх можливих випадкiв щодо збiжностi послi-

довностi постквантових за Лупашом операторiв до будь-якої неперервної функцiї, визначеної

на компактному iнтервалi. Обчислено швидкiсть збiжностi за модулем неперервностi та фун-

кцiями класу Лiпшица. Для демонстрацiї апроксимацiї неперервних функцiй постквантовими

за Лупашом операторами Бернштейна на рiзних компактних iнтервалах представлено графi-

чний аналiз за допомогою програми MATLAB.

Ключовi слова i фрази: постквантове числення, постквантовий базис Бернштейна, посткван-

товий оператор Бернштейна, модуль неперервностi, критерiй збiжностi, швидкiсть збiжностi.


