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On convergence of branched continued fraction expansions of
Horn’s hypergeometric function H3 ratios

Antonova T.M.

The paper deals with the problem of convergence of the branched continued fractions with two

branches of branching which are used to approximate the ratios of Horn’s hypergeometric function

H3(a, b; c; z). The case of real parameters c ≥ a ≥ 0, c ≥ b ≥ 0, c 6= 0, and complex variable

z = (z1, z2) is considered. First, it is proved the convergence of the branched continued fraction for

z ∈ Gh, where Gh is two-dimensional disk. Using this result, sufficient conditions for the uniform

convergence of the above mentioned branched continued fraction on every compact subset of the

domain H =
⋃

ϕ∈(−π/2,π/2) Gϕ, where

Gϕ =
{

z ∈ C
2 : Re(z1e−iϕ) < λ1 cos ϕ, |Re(z2e−iϕ)| < λ2 cos ϕ,

|zk|+ Re(zke−2iϕ) < νk cos2 ϕ, k = 1, 2; |z1z2| − Re(z1z2e−2ϕ) < ν3 cos2 ϕ
}

,

are established.
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Introduction

Solving various problems of applied mathematics involves the use of special functions. An

important class of special functions is hypergeometric functions, among which the hypergeo-

metric function of Gauss should be noted at the first place. This function is a solution to the

ordinary differential equation [13, p. 56]. Usually, the literature provides a definition of the

hypergeometric function of Gauss with the help of a hypergeometric series. In 1889, J. Horn

gave the definition of a hypergeometric series of two variables. He studied, in particular, the

series of the second order. The list of the series, regions of convergence and corresponding

systems of differential equations in partial derivatives are given in [13, pp. 224–229].

It is known that continued fractions have numerous applications in the theory of approxi-

mation of functions of one variable [15, 16]. Multidimensional generalizations of continued

fractions can be considered as a tool of rational approximation of functions of several variables

[11, 12]. In particular, branched continued fractions (BCF) of the form

d0(z) +
∞

D
k=1

2

∑
ik=1

ci(k)(z)

di(k)(z)
, (1)

where i(k) = (i1, i2, . . . , ik) is a multiindex, I = {i(k) : ir = 1, 2; 1 ≤ r ≤ k, k ≥ 1} is a set of
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multiindices, the d0(z) and the elements ci(k)(z) and di(k)(z), i(k) ∈ I , are certain polynomials,

that usually used to approximate the ratios of some hypergeometric functions from the Horn’s

list [14, 17]. In this case, we need to solve the following problems:

• to construct the expansion of ratio of multiple hypergeometric functions into BCF;

• to investigate the convergence of this expansion;

• to prove that the BCF converges to a function which is an analytic continuation of the

ratio of multiple hypergeometric function in some domain.

Some approaches for solving these problems for ratios of the Horn hypergeometric function

H3 (see [13]), which is defined by double power series

H3(a, b; c; z) =
∞

∑
m,n=0

(a)2m+n(b)n

(c)m+n

zm
1

m!

zn
2

n!
, |z1| < r, |z2| < s, r +

(

s −
1

2

)2
=

1

4
, (2)

are described in [5]. In the series (2), the parameters a, b and c are complex constants, c is

not a non-positive integer, z = (z1, z2) ∈ C
2, (·)k is the Pochhammer symbol defined for any

complex number α and non-negative integer k by (α)0 = 1 and (α)k = α(α + 1) . . . (α + k − 1).

In the above mentioned paper, the ratios

Rk(a, b; c; z) =
H3(a, b; c; z)

H3(a + δ1
k , b + δ2

k ; c + 1; z)
, k = 1, 2,

where δ
j
k is the Kronecker delta, are considered.

Using the recurrence relations for the function (2), the formal expansions for

(1 − 4z1δ2
i0
)Ri0(a, b; c; z), i0 = 1, 2,

into BCF of the form (1) are constructed. The elements of these BCF are defined as follows

d0(z) = 1 +
(b + 1 − a

c
z2 − 2

2c − a

c
z1

)

δ2
i0

, (3)

c1(z) = −
(2c + δ2

i0
− a − 2δ2

i0
(2c − a − b)z2)(a + δ1

i0
)z1

c(c + 1)
, (4)

c2(z) = −
(b + δ2

i0
)(c + δ2

i0
− a)(1 − 4z1)z2

c(c + 1)
, (5)

and

di(k)(z) = 1 +
b + ∑

k−1
p=0(δ

2
ip
− δ1

ip
) + 1 − a

c + k
δ2

ik
z2 − 2

2c − a + k + ∑
k−1
p=0 δ2

ip

c + k
δ2

ik
z1, (6)

ci(k),1(z) = −
(2c − a + k + ∑

k−1
p=0 δ2

ip
− 2δ2

ik
(2c − a − b + k)z2)(a + ∑

k−1
p=0 δ1

ip
)z1

(c + k)(c + k + 1)
, (7)

ci(k),2(z) = −
(b + ∑

k−1
p=0 δ2

ip
)(c − a + ∑

k−1
p=0 δ2

ip
)(1 − 4z1)z2

(c + k)(c + k + 1)
(8)

for all i(k) ∈ I .
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In this paper we continue to investigate the convergence of the obtained BCF. Let us recall

some basic concepts and notations. Finite BCF

fn(z) = d0(z) +
n

D
k=1

2

∑
ik=1

ci(k)(z)

di(k)(z)

is called the nth approximant of the BCF (1). Note that for each n ∈ N the approximant fn(z)

can also be written as

fn(z) = d0(z) +
2

∑
i1=1

ci(1)(z)

Q
(n)
i(1)

(z)
,

where the tails Q
(n)
i(k)

(z), i(k) ∈ I , 1 ≤ k ≤ n, are defined as follows

Q
(n)
i(n)

(z) = di(n)(z), n ≥ 1, (9)

Q
(n)
i(k)

(z) = di(k)(z) +
2

∑
ik+1=1

ci(k+1)(z)

Q
(n)
i(k+1)

(z)
, i(k) ∈ I , 1 ≤ k ≤ n − 1, n ≥ 2. (10)

The BCF (1) and the BCF

d∗0(z) +
∞

D
k=1

2

∑
ik=1

c∗i(k)(z)

d∗
i(k)

(z)
,

with nth approximants fn and f ∗n , respectively, are said to be equivalent if fn = f ∗n , n ≥ 1. The

BCF

d0(z) +
∞

D
k=1

2

∑
ik=1

ci(k)(z)ρi(k−1)ρi(k)

di(k)(z)ρi(k)
, (11)

where ρi(0) = 1, ρi(k), i(k) ∈ I , k ≥ 1, are non-zero complex numbers, is equivalent to the

BCF (1).

The BCF (1), whose elements are functions of two variables in the certain domain D,

D ⊂ C
2, is called uniformly convergent on set E, E ⊂ D, if sequence of its approximants

{ fn(z)} converges uniformly on E. When this occurs for an arbitrary set E such that E ⊂ D

(here E is the closure of the set E) we say that the BCF converges uniformly on every compact

subset of D.

Note that some interesting and effective methods for studying the convergence of branched

continued fractions are considered in works [1, 3, 4, 7, 8, 10].

In what follows, we will use the following auxiliary statements.

Proposition 1. Let elements of the BCF (1) be the functions defined in some domain D,

D ⊂ C2. If there exist positive functions gi(k)(z) given in the domain D such that for each

z ∈ D and for all possible values of multiindices i(k) ∈ I the following condition

|di(k)(z)| ≥ gi(k)(z) +
2

∑
ik+1=1

|ci(k+1)(z)|

gi(k+1)(z)
, (12)

holds, then BCF (1) converges for each z ∈ D and

| fn(z)− d0(z)| ≤
2

∑
i1=1

|ci(1)(z)|

gi(1)(z)
.
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The correctness of this statement can be verified by the scheme of proving the general-

ization of the Sleshinsky-Pringsheim criterion for other multidimensional generalizations of

continued fractions [2].

Proposition 2. Let elements of the BCF (1) be the functions defined in some domain D,

D ⊂ C2, and the following conditions for each z ∈ D and for all possible values of multi-

indices i(k) ∈ I are valid:

(1) Re di(k)(z) > 0;

(2) there exist functions gi(k)(z) given in the domain D such that 0 < gi(k)(z) ≤ Re di(k)(z)

and
2

∑
ik+1=1

|ci(k+1)(z)| − Re ci(k+1)(z)

gi(k+1)(z)
≤ 2(Re di(k)(z)− gi(k)(z)).

Then for each n ≥ 1

Re(Q
(n)
i(k)

(z)) ≥ gi(k)(z) for all i(k) ∈ I , 1 ≤ k ≤ n, and z ∈ D,

where Q
(n)
i(k)

(z), i(k) ∈ I , 1 ≤ k ≤ n, n ≥ 1, defined by (9) and (10).

This statement follows from [6, Lemma 1] for N = 2.

Theorem 1. Let { fn(z)} be a sequence of functions, holomorphic in the domain D, D ⊂ C
2,

which is uniformly bounded on every compact subset of D. Let this sequence converges at

each point of the set E, E ⊂ D, which is the 4-dimensional neighborhood of the point z0,

z0 ∈ D. Then { fn(z)} converges uniformly on every compact subset of the domain D to a

function holomorphic in D.

This theorem follows from [9, Theorem 2.17 ] for N = 2.

Main results

Using the method of studying the convergence of branched continued fractions, which

was described in the article [5], some new sufficient conditions for convergence of BCF are

established.

Theorem 2. Let parameters of hypergeometric function H3(a, b; c; z) are such that

c ≥ a ≥ 0, c ≥ b ≥ 0. (13)

Then the BCF (1) with d0(z), ci(k)(z), and di(k)(z), i(k) ∈ I , defined by (3)–(8), for i0 = 1

converges to a finite value f (z) for each z ∈ Gh, where

Gh = {z ∈ C
2 : |z1| ≤ h1, |z2| ≤ h2}, (14)

and h1, h2 are positive numbers such that

8h1(1 + 2h2)(1 − 4h1 − h2) + 4(1 + 4h1)h2 ≤ (1 − 4h1 − h2)
2; (15)

it converges uniformly on every compact subset of Int Gh to a function f (z) holomorphic in

Int Gh.
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Proof. Let i(k) ∈ I and z ∈ Gh with positive numbers h1 and h2. If 2gi(k)(z) = |di(k)(z)|, then

condition (12) takes the form

2

∑
ik+1=1

|ci(k+1)(z)|

|di(k)(z)di(k+1)(z)|
≤

1

4
.

Let us estimate elements of the investigated fractions under conditions (13)–(15) and i0 = 1.

If ik = 1, then di(k)(z) = 1. If ik = 2, then

|di(k)(z)| ≥ 1 −
|b + ∑

k−1
p=0(δ

2
ip
− δ1

ip
) + 1 − a|

c + k
|z2| − 4|z1|

2c − a + 2k − 1

2c + 2k

≥ 1 −
|b − a|+ k − 1

c + k
|z2| − 4|z1|

2c − a + 2k − 1

2c + 2k
> 1 − |z2| − 4|z1| ≥ 1 − h2 − 4h1.

Also, then

|c1(z)| =
(2c − a)(a + 1)

c(c + 1)
|z1| ≤ 2|z1| ≤ 2|h1|,

|c2(z)| =
b(c − a)|(1 − 4z1)z2|

c(c + 1)
≤ (1 + 4|z1|)|z2| ≤ (1 + 4h1)h2,

and

|ci(k),1(z)| =
|2c − a + k + ∑

k
p=0 δ2

ip
− 2δ2

ik
(2c − a − b + k)z2|(a + ∑

k
p=0 δ1

ip
)

(c + k)(c + k + 1)
|z1|

≤
(2c − a + 2k + 2δ2

ik
(2c − a − b + k)|z2|)(a + k + 1)

(c + k)(c + k + 1)
|z1|

≤
(2c − a + 2k)(1 + 2|z2|)(a + k + 1)

(c + k)(c + k + 1)
|z1| ≤ 2(1 + 2|z2|)|z1| ≤ 2h1(1 + 2h2),

|ci(k),2(z)| ≤
(c − a + ∑

k
p=0 δ2

ip
)(b + ∑

k
p=0 δ2

ip
)

(c + k)(c + k + 1)
(1 + 4|z1|)|z2|

≤
(c − a + k)(b + k)

(c + k)(c + k + 1)
(1 + 4|z1|)|z2| ≤ (1 + 4|z1|)|z2| ≤ (1 + 4h1)h2.

Hence it follows that

2

∑
ik+1=1

|ci(k+1)(z)|

|di(k)(z)||di(k+1)(z)|
≤

2h1(1 + 2h2)

1 − 4h1 − h2
+

h2(1 + 4h1)

(1 − 4h1 − h2)2
≤

1

4
,

therefore, according to Proposition 1 and Theorem 1, the BCF converges for each z ∈ Gh

to a function f (z). Convergence is uniform on every compact subset of Int Gh, and f (z) is

holomorphic in Int Gh.

Remark 1. It is easy to check that in the case of h1 = h2 = 1/25 the inequality (15) is valid.
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Theorem 3. Let the parameters a, b, and c of the hypergeometric function (2) satisfy inequali-

ties (13), λ1, λ2, µ1, µ2, ν1, ν2, and ν3 be positive numbers such that

ν2 + 4ν3

µ2
≤ min

(

2(1 − µ1)−
2ν1

µ1
, 2(1 − 4λ1 − λ2 − µ2)−

2ν1 + 4ν3

µ1

)

. (16)

Then the BCF (1), where d0(z), ci(k)(z) and di(k)(z), i(k) ∈ I , defined by (3)–(8), for i0 = 1,

converges uniformly on every compact subset of H =
⋃

ϕ∈(−π/2,π/2) Gϕ, where

Gϕ =
{

z ∈ C
2 : Re(z1e−iϕ) < λ1 cos ϕ, |Re(z2e−iϕ)| < λ2 cos ϕ,

|zk|+ Re(zke−2iϕ) < νk cos2 ϕ, k = 1, 2; |z1z2| − Re(z1z2e−2ϕ) < ν3 cos2 ϕ
}

, (17)

to a function f (z) holomorphic in H.

Proof. Let for all i(k) ∈ I

ρi(k) = e−iϕ, ϕ ∈ (−π/2, π/2). (18)

We will estimate the elements of the BCF of the form (11), equivalent to the investigated BCF,

under conditions (13), (16) and i0 = 1 in the domain (17).

Let i(k) ∈ I , ϕ be an arbitrary real in (−π/2, π/2) and z be an arbitrary point in Gϕ. If

ik = 1, then

Re(di(k)(z)e
−iϕ) = cos ϕ > µ1 cos ϕ.

If ik = 2, then

Re(di(k)(z)e
−iϕ) = cos ϕ +

b + ∑
k−1
p=0(δ

2
ip
− δ1

ip
) + 1 − a

c + k
Re(z2e−iϕ)

− 2
2c − a + k + ∑

k−1
p=0 δ2

ip

c + k
Re(z1e−iϕ).

Taking into account condition (13), we obtain

−c − k ≤ −a − k < b +
k−1

∑
p=0

(δ2
ip
− δ1

ip
) + 1 − a < b + k ≤ c + k

and

0 < 2c − a + k +
k−1

∑
p=0

δ2
ip
< 2c + 2k − a − 1 < 2c + 2k,

hence

Re(di(k)(z)e
−iϕ) > (1 − 4λ1 − λ2) cos ϕ > µ2 cos ϕ.

Further,

|ci(k),1(z)| − Re(ci(k),1(ze−2iϕ) ≤
(a + ∑

k
p=0 δ1

ip
)(2c − a + k + ∑

k
p=0 δ2

ip
)

(c + k)(c + k + 1)
(|z1|+ Re(z1e−2iϕ))

+
2δ2

ik
(a + ∑

k
p=0 δ1

ip
)(2c − a − b + k)

(c + k)(c + k + 1)
(|z1z2| − Re(z1z2))

< 2(|z1|+ Re(z1e−2iϕ)) + 4δ2
ik
(|z1z2| − Re(z1z2))

≤ (2ν1 + 4δ2
ik

ν3) cos2 ϕ
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and

|ci(k),2(z)| − Re(ci(k),2ze−2iϕ) <
(c − a + ∑

k
p=0 δ2

ip
)(b + ∑

k
p=0 δ2

ip
)

(c + k)(c + k + 1)
(|z2|+ Re(z2e−2iϕ)

+ 4|z1z2| − 4Re(z1z2e−2iϕ)) ≤ (ν2 + 4ν3) cos2 ϕ,

hence, for all i(k) ∈ I ,

2

∑
ik+1=1

|ci(k+1)(z)| − Reci(k+1)(ze−2iϕ)

µik+1
cos ϕ

≤
(2ν1

µ1
+

ν2 + 4ν3

µ2

)

cos ϕ ≤ 2(1 − µ1) cos ϕ

= 2(Re(di(k)e
−iϕ)− µ1 cos ϕ), ik = 1,

(19)

and

2

∑
ik+1=1

|ci(k+1)(z)| − Reci(k+1)(ze−2iϕ)

µik+1
cos ϕ

≤
(2ν1 + 4ν3

µ1
+

ν2 + 4ν3

µ2

)

cos ϕ

≤ 2(1 − 4λ1 − λ2 − µ2) cos ϕ

< 2(Re(di(k)e
−iϕ)− µ2 cos ϕ), ik = 2.

(20)

It follows from (19), (20) that for the elements of the BCF (11), where ρi(k) is defined by (18),

the conditions of Proposition 2, where gi(k)(z) = µik
, i(k) ∈ I , are satisfied. Therefore, for the

tails of the BCF (1), whose elements are defined by (3)–(8), the inequalities

Re(Q
(n)
i(k)

(z)e−iϕ) ≥ µik
cos ϕ, i(k) ∈ I , (21)

are valid. This means that the approximants of investigated BCF are holomorphic functions in

the domain Gϕ and, consequently, by virtue of arbitrariness of ϕ, for all z ∈ H.

Let Kϕ be an arbitrary compact subset of the domain Gϕ. Then there exists an open ball Bϕ

with center in the origin and radius rϕ such that Kϕ ⊂ Bϕ. Taking into account estimate (21),

we obtain for the arbitrary z ∈ Kϕ and any n ≥ 1

| fn(z)| ≤ 1 +
2

∑
i1=1

|ci(1)(z)|

|Q
(n)
i(1)

(z)|
≤ 1 +

(2c − a)(a + 1)

µ1c(c + 1) cos ϕ
rϕ

+
b(c − a)

µ2c(c + 1) cos ϕ
(1 + 4rϕ)rϕ = M(Kϕ),

i.e. { fn(z)} is a uniformly bounded sequence on Kϕ. Thus, this sequence is uniformly bounded

on every compact subset of the domain (17).

Let K be an arbitrary compact subset of H. Let us cover K with domains of the form Gϕ.

From this cover we choose the finite subcover

Gϕ(1), Gϕ(2), . . . , Gϕ(k).

Set M(K) = max
1≤r≤k

M(Gϕ(r)). Then for arbitrary z ∈ K we obtain | f (z)| ≤ M(K), for n ≥ 1, i.e.

the sequence f (z) is uniformly bounded on every compact subset of H.

Further, we set

γ = min
(

λ1 cos ϕ, λ2 cos ϕ,
ν1

2
cos2 ϕ,

ν2

2
cos2 ϕ,

√

ν3

2
cos ϕ,

1

25

)

.
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Let Gγ = {z ∈ C2 : |z1| < γ, |z2| < γ}. If z ∈ Gγ, then elements of the BCF (1) satisfy

the conditions of Theorem 2, and this BCF converges. Since Gγ ⊂ Gϕ ⊂ H and Gγ is the

neighborhood of the point z = 0, then, according to Theorem 1, the BCF converges uniformly

on compact subsets of H to a function f (z) holomorphic in H.

Corollary 1. Let µ1, µ2, ν2, λ2 be positive numbers such that

ν2

µ2
< min(2(1 − µ1), 2(1 − λ2 − µ2)). (22)

Then the BCF (1), whose elements are defined by (3)–(8), where i0 = 1, converges at each point

z ∈ Pϕ, where

Pϕ =
{

z ∈ C
2 : z1 = |z1|e

i(π+2ϕ), z2 = |z2|e
iπ, |z2| < min(λ2, ν2/2)

}

, |ϕ| ≤ π/4.

Proof. Indeed, if condition (22) is satisfied, then there are positive constants λ1, ν1, ν3, such that

conditions (16) are satisfied. Let us show that Pϕ ⊂ Gϕ. For any ϕ ∈ [−π/4, π/4] and z ∈ Pϕ

we have

|z1|+ Re(z1e−2iϕ) = |z1|+ Re(|z1|e
iπ) = 0,

|z2|+ Re(z2e−2iϕ) = |z2|+ Re(|z2|e
i(π−2ϕ)) = |z2|(1 − cos(2ϕ)) < ν2 cos2 ϕ,

|z1z2| − Re(z1z2e−2iϕ) = |z1z2| − Re(|z1z2|e
2iπ) = 0,

Re(z1e−iϕ) = Re(|z1|e
i(π+ϕ)) = −|z1| cos ϕ < λ1 cos ϕ,

|Re(z2e−iϕ)| = |Re(|z2|e
i(π−ϕ))| = |z2| cos ϕ < λ2 cos ϕ,

which had to be proved.
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Антонова Т.М. Про збiжнiсть розвинень вiдношень гiпергеометричних функцiй Горна H3 у гiлля-

стi ланцюговi дроби // Карпатськi матем. публ. — 2021. — Т.13, №3. — C. 642–650.

Стаття присвячена дослiдженню збiжностi гiллястого ланцюгового дробу з двома гiлками

розгалужень, який використовується для наближення вiдношень гiпергеометричної функцiї

Горна H3(a, b; c; z). Розглянуто випадок дiйсних параметрiв c ≥ a ≥ 0, c ≥ b ≥ 0, c 6= 0 i ком-

плексної змiнної z = (z1, z2). Спочатку доведено збiжнiсть гiллястого ланцюгового дробу для

z ∈ Gh, де Gh – двовимiрний круг. Використовуючи цей результат, встановлено достатнi умо-

ви рiвномiрної збiжностi вищезгаданого гiллястого ланцюгового дробу на кожнiй компактнiй

пiдмножинi областi H =
⋃

ϕ∈(−π/2,π/2) Gϕ, де

Gϕ =
{

z ∈ C
2 : Re(z1e−iϕ) < λ1 cos ϕ, |Re(z2e−iϕ)| < λ2 cos ϕ,

|zk|+ Re(zke−2iϕ) < νk cos2 ϕ, k = 1, 2; |z1z2| − Re(z1z2e−2ϕ) < ν3 cos2 ϕ
}

.

Ключовi слова i фрази: гiпергеометрична функцiя Горна H3, гiллястий ланцюговий дрiб,

збiжнiсть.


