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Two variables generalized Laguerre polynomials

Asad A.

The objective of this paper is to introduce and study the generalized Laguerre polynomial for

two variables. We prove that these polynomials are characterized by the generalized hypergeometric

function. An explicit representation, generating functions and some recurrence relations are shown.

Moreover, these polynomials appear as solutions of some differential equations.

Key words and phrases: Laguerre polynomial, hypergeometric function, generating function, re-
currence relation.
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1 Introduction

Laguerre polynomials play a great role in mathematics and in mathematical physics. They

can be found in many monographs on special functions. Special functions are particular math-

ematical functions which have more or less established names and notations due to their im-

portance in mathematical analysis, functional analysis, physics or other branches of mathe-

matics. There is no need for us to review the impact that classical orthogonal polynomial and

special functions theory have applications in mathematics, science, engineering and compu-

tations [1, 4, 12]. Laguerre, Hermite, Bateman, Gegenbauer and Chebyshev polynomial se-

quences have appeared in connection with the study of differential equations [2, 3, 6]. In [5, 7],

the Laguerre and Hermite polynomials were introduced as examples of right orthogonal poly-

nomial sequences for appropriate right moment functionals of integral type. The Laguerre

polynomials were introduced and studied in [8]. In [9], it is shown that these polynomials

are orthogonal with respect to a weight function. Recently, the numerical inversion of Laplace

transforms using Laguerre polynomials has been given in [10]. A generalized form of the

Bateman polynomials is presented in [3, 9]. The Laguerre polynomials for two variables are

defined in [7] by the generating function

∞

∑
n=0

L
(α)
n (x, y)tn = (1 − yt)−1−αe

(

−xt
1−yt

)

. (1)

By using [5], we can get the following equation

L
(α)
n (x, y) =

n

∑
k=o

(1 + α)n(−x)kyn−k

(n − k)!(1 + α)kk!
. (2)
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From (2) we can easily derive

L
(α)
n (x, y) =

(1 + α)nyn

n! 1F1

(

−n ; 1 + α ;
x

y

)

, (3)

where n ∈ N0, 1 + α ∈ C \ Z
−
0 , x, y ∈ C. Here and elsewhere, let N, R and C be the sets

of positive integers, real number and complex numbers, respectively, and let N0 := N ∪ {0}.

1F1 is a particular case of the well-known generalized hypergeometric series pFq, p, q ∈ N0,

given by [13, p. 73]

pFq

[

α1, . . . , αp ;

β1, . . . , βq ;
z

]

=
∞

∑
n=0

(α1)n · · · (αp)n

(β1)n · · · (βq)n

zn

n!
=p Fq(α1, . . . , αp; β1, . . . , βq; z). (4)

Here (λ)ν denotes the Pochhammer symbol, which is defined for λ, ν ∈ C in terms of the

familiar Gamma function Γ by

(λ)ν :=
Γ(λ + ν)

Γ(λ)
=

{

1, ν = 0, λ ∈ C \ {0},

λ(λ + 1) · · · (λ + n − 1), ν = n ∈ N, λ ∈ C.
(5)

It being read traditionally that (λ)0 := 1. The particular case α = 0 of (3), i.e.

Ln(x, y) = L
(0)
n (x, y) = yn

1F1

(

−n ; 1 ;
x

y

)

, (6)

where n ∈ N0, x, y ∈ C, is called simple Laguerre polynomial for two variables, which has

also accepted much attention. Numerous generating functions can produce (3) or (6), certain

formulas and properties, including these polynomials [1, 9, 11, 13].

2 Two variables generalized Laguerre polynomials

We begin by defining two variables generalized Laguerre polynomials (TVGLP for short)

L
(α)
p,n(x, y) by the following generating function

1

(1 − yt)1+α
exp

(

−xptp

(1 − yt)p

)

=
∞

∑
n=0

L
(α)
n,p(x, y) tn, p ∈ N; x, y, α ∈ C. (7)

One may observe that for p = 1 the relations (1) and (7) are identical. That is, L
(α)
n,1(x, y) =

L
(α)
n (x, y), which is classical Laguerre polynomials for two variables. Hereafter we explore

certain formulas and properties involving the TVGLP in (7). Throughout, let F(p; x, y, t) be the

left-handed generating function in (7).
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2.1 Explicit expression

We give an explicit expression of TVGLP L
(α)
n,p(x, y) and prove that these polynomials are

characterized by the generalized hypergeometric function in the following theorem.

Theorem 1. Let x, α ∈ C, p ∈ N, and n ∈ N0. Then

L
(α)
n,p(x, y) = (1 + α)n

[n/p]

∑
k=0

(−1)kyn−pk

k! (1 + α)pk (n − pk)!
xpk

=
(1 + α)n

n!
yn

[n/p]

∑
k=0

(−1)(p+1)k (−n)pk

k! (1 + α)pk

(

x

y

)pk

.

(8)

Here and throughout, [m] denotes the greatest integer less than or equal to m ∈ R. Or,

equivalently,

L
(α)
n,p(x, y) =

(1 + α)n

n!
yn

pFp









−n

p
,
−n + 1

p
, . . . ,

−n − 1 + p

p
;

α + 1

p
,

α + 2

p
, . . . ,

α + p

p
;

(−1)p+1

(

x

y

)p









. (9)

Proof. Expanding the exponential in the left-hand side of (7), we find

F(p; x, y, t) =
1

(1 − yt)1+α+pk

∞

∑
k=0

(−1)k xpk tpk

k!
.

Employing the binomial theorem

(1 − z)−a =
∞

∑
n=0

(a)n

n!
zn = 1F0 (a ; ; z) , a ∈ C, |z| < 1, (10)

we obtain the following double series

F(p; x, y, t) =
∞

∑
n=0

∞

∑
k=0

(−1)k (1 + α + pk)n yn xpk

k! n!
tn+pk. (11)

Recall a known double series manipulation [13]:

∞

∑
n=0

∞

∑
k=0

A(k, n) =
∞

∑
n=0

[n/p]

∑
k=0

A(k, n − pk), p ∈ N, (12)

is equivalent to
∞

∑
n=0

[n/p]

∑
k=0

A(k, n) =
∞

∑
n=0

∞

∑
k=0

A(k, n + pk), p ∈ N, (13)

where A denotes a function of two variables and the involved double series is assumed to be

absolutely convergent.
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Applying (12) in (11), we get

F(p; x, y, t) =
∞

∑
n=0

[n/p]

∑
k=0

(−1)k (1 + α + pk)n−pk yn−pk xpk

k! (n − pk)!
tn. (14)

Equating the coefficients of tn in the right members of (7) and (14) yields

L
(α)
n,p(x, y) =

[n/p]

∑
k=0

(−1)k (1 + α + pk)n−pk

k! (n − pk)!
yn−pk xpk.

Using (5) and a known identity

(n − k)! =
(−1)k n!

(−n)k
, k, n ∈ N0, 0 ≤ k ≤ n, (15)

we derive

(1 + α + pk)n−pk =
(1 + α)n

(1 + α)pk
and (n − pk)! =

(−1)pk n!

(−n)pk
. (16)

Hence, using (16) in (15) leads to the desired identity (8). Finally, applying the multiplication

formula

(λ)mn = mmn
m

∏
j=1

(

λ + j − 1

m

)

n

, λ ∈ C, m ∈ N, n ∈ N0, (17)

to (8), gives the equivalent expression (9).

2.2 Generating functions

We establish two generating functions for TVGLP L
(α)
n,p(x, y) in the following theorem.

Theorem 2. The two variables generalized Laguerre polynomials satisfy the following gener-

ating functions

eyt
0Fp

(

;
α + 1

p
,

α + 2

p
, . . . ,

α + p

p
;−

(

xt

p

)p)

=
∞

∑
n=0

L
(α)
n,p(x, y) tn

(1 + α)n
(18)

and

1

(1 − yt)c pFp

(

c
p , c+1

p , . . . ,
c+p−1

p ;
α+1

p , α+2
p , . . . ,

α+p
p ;

−

(

xt

1 − yt

)p
)

=
∞

∑
n=0

(c)n L
(α)
n,p(x, y) tn

(1 + α)n
, |t| < 1. (19)
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Proof. Using (8), (13), and (17), we have

∞

∑
n=0

L
(α)
n,p(x, y) tn

(1 + α)n
=

∞

∑
n=0

(yt)n

n!

∞

∑
k=0

(−1)k(xt)pk

k! (1 + α)pk
= eyt

∞

∑
k=0

(−1)k

k!
p

∏
j=1

(

α+j
p

)

k

(

xt

p

)pk

.
(20)

In view of (4), the rightmost term of (20) can be expressed as the left-hand side of (18). Em-

ploying (8), (13), and (10), we find

∞

∑
n=0

(c)n L
(α)
n,p(x, y) tn

(1 + α)n
=

∞

∑
k=0

∞

∑
n=0

(c + pk)n (yt)n

n!
·
(c)pk {−(xt)p}k

k! (1 + α)pk

=
1

(1 − yt)c

∞

∑
k=0

(c)pk

k! (1 + α)pk

{

−

(

xt

1 − yt

)p}k

,

which, upon using (17) and (4), leads to the left-hand member of (19).

It is noted that the case c = 1 + α of (19) yields the generating function (7).

2.3 Recurrence relations

We give some recurrence relations involving TVGLP L
(α)
n,p(x, y) and their derivative in the

following theorem.

Theorem 3. The two variables generalized Laguerre polynomials satisfy the following rela-

tions

x DL
(α)
n,p(x, y)− n L

(α)
n,p(x, y) + y(α + n) L

(α)
n−1,p(x, y) = 0, (21)

DL
(α)
n,p(x, y) =

{

0, 0 ≤ n ≤ p − 1,

−p xp−1 L
(α+p)
n−p,p(x, y), n ≥ p,

(22)

y(α + n) L
(α)
n−1,p(x, y)− n L

(α)
n,p(x, y) = p xp L

(α+p)
n−p,p(x, y), n ≥ p, (23)

where D = d
dx .

Proof. From (20), we can set

G(p; x, y, t) :=
∞

∑
n=0

L
(α)
n,p(x, y) tn

(1 + α)n
= eyt Φ

(

−xp tp

pp

)

, (24)

where

Φ

(

−xp tp

pp

)

=
∞

∑
k=0

(−1)k

k!
p

∏
j=1

(

α+j
p

)

k

(

xt

p

)pk

.
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Differentiating G(p; x, y, t) with respect to x and t, respectively, gives

Gx(p; x, y, t) = eyt Φ′

(

−xp tp

pp

)

·
−xp−1 tp

pp−1

and

Gt(p; x, y, t) = yeytΦ

(

−xp tp

pp

)

+ eyt Φ′

(

−xp tp

pp

)

·
−xp tp−1

pp−1
.

Combining Gx(p; x, y, t) and Gt(p; x, y, t) yields

x Gx(p; x, y, t)− t Gt(p; x, y, t) + yt G(p; x, y, t) = 0. (25)

Applying the series in (24) to (25), we obtain

∞

∑
n=1

x DL
(α)
n,p(x, y) tn

(1 + α)n
−

∞

∑
n=1

n L
(α)
n,p(x, y) tn

(1 + α)n
+ y

∞

∑
n=1

L
(α)
n−1,p(x, y) tn

(1 + α)n−1
= 0. (26)

We find from (26) that each coefficient of tn should be zero, which gives (21).

Differentiating both sides of (7) provides

∞

∑
n=1

DL
(α)
n,p(x, y) tn =

1

(1 − yt)1+α+p
exp

(

−xptp

(1 − yt)p

)

·
(

−p xp−1 tp
)

= −p xp−1
∞

∑
n=0

L
(α+p)
n,p (x, y) tn+p

= −p xp−1
∞

∑
n=p

L
(α+p)
n−p,p(x, y) tn,

which, upon equating the coefficients of tn, n ≥ p, in the leftmost and rightmost members,

produces (22). Setting (22) in (21) provides (23).

Theorem 4. The two variables generalized Laguerre polynomials is solution of the following

differential equation

[

1

p
θ

p

∏
j=1

(

1

p
(θ − 1 + α + j)

)

− (−1)p+1

(

x

y

)p p

∏
j=1

1

p
(θ + j − n − 1)

]

L
(α)
n,p(x, y) = 0, (27)

where θ = x d
dx .

Proof. With the suggestion of equation (9) before us, we can proceed as follows

φ =
(1 + α)n(y)n

n!
pFp

(−n

p
,
−n + 1

p
. . .

−n + p − 1

p
;
1 + α

p
,

2 + α

p
. . .

p + α

p
; (−1)p+1

(

x

y

)p
)

=
(1 + α)n

n!

[ n
p ]

∑
k=0

p

∏
i=1

(

i−n−1
p

)

k
(−1)(p+1)kxpkyn−pk

p

∏
i=1

(

i+α
p

)

k
k!

.
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Since 1
p θxpk = kxpk, it follows that

[

1

p
θ

p

∏
j=1

(

1

p
(θ − 1 + α + j)

)

]

φ =
(1 + α)n

n!

[ n
p ]

∑
k=1

p

∏
i=1

(

i−n−1
p

)

k

(

i+α+k−1
p

)

(−1)(p+1)kxpkyn−pk

p

∏
i=1

(

i+α
p

)

k
(k − 1)!

.

But the last factor in
(

i+α
p

)

k
is
(

i+α+k−1
p

)

, so the above equality can be proceed as follows

(1 + α)n

n!

[ n
p ]

∑
k=1

p

∏
i=1

(

i−n−1
p

)

k
(−1)(p+1)kxpkyn−pk

p

∏
i=1

(

i+α
p

)

k−1
(k − 1)!

.

Now we replace k by k + 1 and have

[ 1

p
θ

p

∏
i=0

1

p
(θ − 1 + α + i)

]

φ =
(1 + α)n

n!

[ n
p ]

∑
k=o

p

∏
i=1

(

i−n−1
p

)

k+1
(−1)(p+1)(k+1)xp(k+1)yn−p(k+1)

p

∏
i=1

(

i+α
p

)

k
k!

= (−1)p+1

(

x

y

)p (1 + α)n

n!

[ n
p ]

∑
k=o

p

∏
i=1

(

i−n−1
p

)

k

p

∏
i=1

(

k+i−n−1
p

)

(−1)(p+1)kxpkyn−pk

p

∏
i=1

(

i+α
p

)

k
k!

= (−1)p+1

(

x

y

)p
[

p

∏
j=1

1

p
(θ + j − n − 1)

]

φ.

Thus, we have shown that φ is solution of differential equation. It is worth noticing that

taking p = 1 in (27) gives the following

(

x
d2

dx2
+

(

(1 + α)−
x

y

)

d

dx
+

n

y

)

L
(α)
1,n (x, y) = 0, (28)

which is the differential of classical Laguerre polynomials for two variables.
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Метою цiєї статтi є представлення та вивчення узагальнених полiномiв Лаґерра вiд двох

змiнних. Ми доводимо, що цi полiноми характеризуються узагальненою гiпергеометричною

функцiєю. Показано явне представлення, генеруючу функцiю та деякi рекурентнi спiввiдно-

шення. Бiльше того, цi полiноми з’являються як розв’язки деяких диференцiальних рiвнянь.

Ключовi слова i фрази: полiном Лаґерра, гiпергеометрична функцiя, генеруюча функцiя,

рекурентне спiввiдношення.


